Chapter 7 Techniques of Integration

7.1 Integration by Parts

Concepts and Vocabulary

1. True.

Skill Building

3. We use integration by parts with © = 2 and dv = €?* dz. Then du = dx and v = %621. We

obtain
1 1
2¢ - 2x _ - 2x
/xe der = x(2e ) /26 dx

1 1
= —ze¥® — —/629” dx

2 2

1 1/1
= 51’621 — 5 (§€2m> + C
_ %1’621—%6214—0.

5. We use integration by parts with v = x and dv = cosxz dx. Then du = dx and v = sinz.

We obtain
/:ccos:z:da: = a:sin:c—/sin:cdx

= zsinz — (—cosz)+C

= ‘xsinx—l—cosx—l—C".

7. We use integration by parts with u = Inz and dv = /z dz = 2'/? dz. Then du = 1 dz and
v = 223/2. We obtain

/\/Eln:cd:c = (1n:c)(§x3/2) —/(%:&’/2) (é) dz

= gx?’/anx—g/xl/zd:c
3 3

2 2/(2
= gzv?’/z Inz — §(§$3/2) +C

= %ZC3/21H.’L‘—%.’L‘3/2+C.
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662 Chapter 7 Techniques of Integration

9. We use integration by parts with u = cot ™'z and dv = dzx. Then du = (—ﬁ) dx and

(cot_lx)(x)—/(—ﬁ)(x) do

= xcotflx—l—/?xﬁd:r.

Let w = 1 4 22, then du = 2z dx, so xdx = ‘12—“. We now substitute and obtain

1d
/cot_lzzrdx x cot™ 1x+/ v

u 2

v = x. We obtain

/cot_l T dx

1
= :Ccot_lx—i——/—du
2 U
1 1
= xcot x+§ln|u|+0

= xcot_1x+%ln|1+x2‘+0

= xcotflx—l—%ln(l—i—xz)—i—c.

11. We use integration by parts with v = (Inz)® and dv = dz. Then du = 2z gy and v = z.

We obtain
/(lnx)de = (1na:)2x—/x<2lnx>dx
x

= x(lnx)2—2/lnxdx

We use integration by parts again with v = Inx and dv = dz. Then du = % dx and v = .

We obtain
/(mfdx = z(lnz)® -2 [(ln:c):c— /;«G) dx}

= z(lnz)® -2 [(lnx)x - / 1 d:v]
= z(lnz)’—2[(nz)z — 2] +C

= |z(lnz)® —2zlnz+2z+C|

13. We use integration by parts with v = 22 and dv = sinzdr. Then du = 2zdz and

v = —cosx. We obtain

/ (E2 sinxdr = — COS .’IJ — COS .’IJ dx

T cosx dx

—a%cosz + 2
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We use integration by parts again with v = z and dv = cosxdx. Then du = dr and
v = sinz. We obtain

/xQSinxda: = —z%cosx+2 [zsinx—/sinxdm}

= —x2cosx+2xsin:v—2/sinxdx

= —a?cosx + 2rsinx — 2(—cosz) + C

= ‘—x2 cosx+2xsinx+2cosx+0‘.

15. We use integration by parts with « = x cosx and dv = cosz dx. Then du = (—zsinz + cosz) dx
and v = sinz. We obtain

/xcos2xdx = (a:cosa:)(sina:)—/(sin:z:)(—xsina:—l—cosx) dx
= xcosxsinx+/xsin2xdx—/cosxsin:vd:v
= :vcos:vsinx+/x(1—0052:v) d:v—/cosxsinxd:v

= :vcos:vsinx—i—/xdx—/xcoszxdx—/cos:vsinxdx.

We add f x cos? x dx to each side, and then let u = sinz, so du = cos z dz in the remaining
integral. Upon substitution, we obtain

1
2/xcos2xdx = :vcos:vsinx+§:v2—/udu
. 15, 1,
= :vcos:vs1nx+§:v —§u +C

1 1
= gcoszsinx + 5:102 - §sin2:v+C.

Finally, we divide by 2 to obtain

/:Ccos2xdx: %xcosxsinx—i—% 2—%sin2x—|—C.

17. We use integration by parts with « = x and dv = sinh x dz. Then du = dx and v = cosh x.
We obtain

/xsinh:vd:v = :Ccoshx—/coshxd:v

= |xcoshx —sinhz + C'|

19. We use integration by parts with « = cosh™' z and dv = dz. Then du = \/% dxr and

1
/coshflxdx = (cosh71 :C)x — /x<7) dz.
2 —1

v = x. We obtain
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Let u = 22 — 1, then du = 2z dz, so zdx = dz—“. We substitute and obtain
_1 1 _1/2 du
cosh " zdr = xcosh  z— [u >
“1 1 —1/2
= zcosh™ z— 5 | du
1
= zcosh 'z — 5(2\/1_1) +C
= ‘xcoshflx — Va2 -1 —i—C‘.
21. We use integration by parts with v = sin (Inz) and dv = dr. Then du = w dx and
v = x. We obtain
1
/sin(lnx) dx = (sin (lnx))x—/:c<w> dx
x
= zsin(lnz) — /cos (Inz) dz.
We use integration by parts again with u = cos (Inz) and dv = dzx. Then du = %ﬂnz) dx
and v = . We obtain
. . —sin (Inx)
sin(Inz)dr = xsin(lnz)— |(cos(Inz))z — [ 2| ————= | dz
x
= zsin(Inz) —zcos(Inz) — /sin (Inx) dz.
We add [sin(Inz)dz to each side, divide by 2, and add the constant of integration to
obtain
2/sin (Inz)dzr = xsin(lnz)—xcos(lnx)+C
. 1 . 1 -
/sm (Inz)dz = zsin (Inx) — T cos (Inz)+C :‘ % [sin (Inz) — cos (Inx)] 4 C ‘
23. We use integration by parts with v = (In :10)3 and dv = dx. Then du = 3% dx and

v = z. We obtain
/(1n:17)3d:1: = (1nx)3x—/x<@> dz
= x(lnx)3—3/(lnx)2d:c.

We use integration by parts again with u = (Inz)” and dv = dz. Then du = 21“Tm dx and
v = z. We obtain

/(1na:)3da: = z(nz)’ -3 {(1“)2(1:)_/1:(21“7‘”) da:]

= z(lnz)® —3z(lnz)’+ 6/1n:vd:v.
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25.

27.

We use integration by parts again with u = Inx and dv = dx. Then du = % dx and v = x.
We obtain

/ (Inz)® dx

X

z(lnz)® — 3z(Inz)® + 6 {(hla:)x - /IG) da:]

z(lnz)® — 3z(Inz)® +6zxlnz — 6/ dx

= |z(lnz)’ —3z(nz)* 4+ 6zlnz — 6z + C |

We use integration by parts with u = (Inz)® and dv = 22 dz. Then du = 21“71 dx and

V= %:103. We obtain
1 1 1
(Inz)? (§£C3> - / <§$3> (2%) dz

/xz(lnx)2 dx
l173(111:17)2 - g/502 Inzdx.
3 3

dz

We use integration by parts again with u = Inz and dv = 2%dx. Then du = ¢ and
v = 12%. We obtain
/:102(1n:10)2 de = %x3(1n1)2 —g |:(1nl‘)(%l‘3) - / (%13) C;—x}
= %:v?’(ln:vf—gx?’lnx—i—%/fd:v
= %xS(lnx)2—§x3lnx+§<%x3> +C
= %:103(1n:10)2 — 2%z + £a3 + C|
We use integration by parts with v = tan~'z and dv = 2?dz. Then du = —'5 dz and

1+a2
v = %x?’. We obtain

/:172 tan" 'z dx

I
—~
=+
o
=
L
8
~—
7N
wl
8

1
3 —/ 1173 1 dx
3 1+ 22
3
= 1x3tan_1x—1/x—da¢.
3 3) 1+ 22

Let uw = 1+ 22, then du = 2z dx, so xdx = %. Since 22 = u — 1, we have z3 dz = %du.
We substitute and obtain

1 1 u—1
/x2tan_1:vd:v —x3tan_1x——/ 2 du

u

1
= —a:?’tanflzc—l/ 1—l du
3 6 U

1 1
= ga:?’ tan™!z — E(U —Inu|) +C

= %xgtan_lx—é((l—l—xz) —1n‘1+:172|)+0

= %x3tan’1x—%x2+%ln(l—i—x?)—i—c

)

where we have absorbed any constants with the constant C' of integration.
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29. We use integration by parts with u = x and dv = 7* dz. Then du = dxr and v = % We

obtain
N 7" 7"

Trx 1
= _— Id
In7 In7 T

T 1 7
Y ‘m(m) +C

A T G
- In7 (1n7)2+c'

31. Evaluate [ e~* cos (2z) dz using integration by parts.
Let u = e~ * and dv = cos (2z) dz.
Then du = —e~“dx and v = [ cos (2z) dz = 3 sin (2z).

Now
- o 1. -
/e Teos (2z)dx = e~ " {5 sin (296)] - / [5 sin (2:6)] (—e " dx)
1, . 1 .
= 5e “sin (2z) + 5 /¢ Tsin (2z) dx.
Integrate [ e~*sin (2z)dz using integration by parts again.

Let u = e~ * and dv = sin (2x) dz.

Then du = —e~*dz and v = ['sin (2z) dz = —3 cos (2z).

Now
—z _ 1 1 _
/e Tsin (2z)dr =€ ® {—5 cos (23:)} - / {—5 cos (23:)} (—e " dz)
1, 1 [,
= —ge “cos (2z) — 3 /e cos (2z) dx
and
. 1. 11, 10
/e cos (2x) dx = g€ "sin (2z) + 3 |:—§€ cos (2z) — 3 /e cos (2x) dw].
Simplifying, we obtain
—z 1 - 1 —z 1 —x
e cos (2z)dx = 3¢ sin (2z) — 46 cos (2z) — 7] € Tcos (22) dz.
Add 1 [ e cos (2z) dz to both sides of the equation to obtain

1 1 1
/e*z cos (2x) dx + 1 /efx cos (2z) dx = Ee*z sin (2z) — Ze*x cos (2z)

5 —x 1 - —x
Z/e cos (2z) dx = 1[26 sin (2z) — e~ " cos (2z)]

/e_w cos (2z) dx = % [2e™"sin (22) — e~ " cos (2z)]

=| e *[2sin (2z) — cos (2z)] + C
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33. Evaluate [ e2* sin x dr using integration by parts.

Let u = €%* and dv = sin z dx.
Then du = 2¢2* dx and v = fsinxdx = —cosz.

Now
/62”” sinz dr = e**(—cosx) — / (—cosz)(2e*" dz) = —e** cosz + 2 / e** cosx dz.

Integrate [ €2 cosz dx using integration by parts again.

Let u = 2% and dv = cosz dzx.

Then du = 2¢** dz and v = [ cosz dz = sinz.

Now
/62”” coszdr = e**sing — /sinx (2629” da:)
= e sing — 2/62:” sin z dx

and
2r _: o 2x 2r 2 :
e““sinxdr = —e“cosx +2(e**sinx —2 | e““sinxdx |.

Simplifying, we obtain
/62”” sinzdr = —e** cosx + 2e** sinz — 4 / e?Tsin x de.
Add 4 [ e**sinz dz to both sides of the equation to obtain
/ezm sinzdr + 4 / e?Tsinz dr = —e*® cosx + 2e*Tsinx

5 / e sinzdr = —e*® cosz + 2> sinx

/621 sinxdr =

=| te**(—cosz + 2sinz) + C

(—621 cos + 2¢%* sin :C)

(S

35. We use integration by parts with u = e® and dv = cosx dz. Then du = e* dv and v = sin .
We obtain

s s
/ e“coszdr = [e"sinz]; — / e” sinx dx
0 0

s
= [e”sinﬂ'—eosin()]—/ e®sinx dx
0

[e™(0) — 1(0)] — /OTr e’ sinx dr

us
= —/ e®sinx dzx.
0
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We use integration by parts again with u = e* and dv = sinx dx. Then du = e” dx and
v = —cosx. We obtain

[Tecosear = (1 cosaly - [ e cosa) o)

- ([e”(— cosm) — €”(—cos0)] + /07r e’ cosxda:)

(w1014 [ eosrar)

T
= —e”—l—/ e® coszdzx.
0

We add foﬂ e” cos x dz to each side, and then divide by 2 to obtain

v
2/ e“cosxdr = —e" -1
0
v s
—e™ —1 ™
/ e“cosxdr = = —62“.
0 2

37. We use integration by parts with v = 22 and dv = e 3 dx. Then du = 2zdx and

V= —%e‘zﬁ, ‘We obtain

2 1 2 2 1
/ e dr = [xz <——€3x>:| — / <——€3x) (2z) dx
0 3 o Jo 3
1 1 2 [?
[22 (—563(2)) -0° (—ge?’(o)ﬂ + 5/0 ze 3 dy

4 2 2
—56764-5/0 xe 3% dz.

We use integration by parts again with v = = and dv = e 3%*dx. Then du = dx and
v =—2e7%". We obtain

2 2 2
4 2 1 1
?e3dy = ——e 042 [x(——e_M)} —/ (——e_3m> dx
/0 3 3 3 o Jo 3
2
= —§€6+§<|:2<—%€3(2)) —O<—%eg(0))] +%/ e 3 da:>
0
T Y A T N I B U b
= 36 + 3 (( 36 ) + 3 [ 36 ]0
_o A e 2(( 2 6\ 1] 1 50 1 50
= 36 + 3 (( 36 ) + 3 [ 36 3e
4 e 22 5\, 1(1 1
- 3 +3(( 3° >+3(3 3¢ ))
_ |2 _ 50,6
= |27

39. Evaluate [ zsecz tanx dz using integration by parts.

Let w =z and dv = secz tan x dz.
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Then du = dz and v = fsecxtan:vdac = secx.
Now
/xsecxtana:da:::z:sec:z:—/sec:z:d:z:.

To integrate [ secx dz, multiply secz by secx + tanz:

secx + tanzx sec? z + secx tanx
secrdx = [ secx - ———— dx = dz
secx + tanx secx + tanx

Integrate using u-substitution:

Let uw = secx + tanz. Then du = (sec:ctan:z: + sec? x) dzx.

Now
1 ) 1
secxdr = [ —————  (sec®z +secwtanz)dr = [ —du=In|u| = In|secz + tanz]|.
secxr + tanx U
(This also could have been found using a Table of Integrals.)
So
/xsecxtanx = zsecx — In|secx + tanx| + C.
Then

/4
/ rsecztanx dr = (E sec = —111‘secz +tanz‘) — (0-sec0O — In [sec0 + tan0])
0 44 4 4

_ (gﬂ_myﬁuy)—(o-1—1n|1+0|>

%w—ln(\/?—i—l)

41. We rewrite flg Inzdr = flg Inz'/?2de = %flg Inz dr. We use integration by parts with
u =Inz and dv = dx. Then du = %dw and v = x. We obtain

/lglnﬁdx — 1/191nxdx
_ l([(lnx)(a:)]?—/f:r(é) da:>
_ —([(1119)(9)—(1111)(1)]—/19 da:>

1
= 5(9 In9 —8)
= |9In3—14|
43. We use integration by parts with u = (In x)2 and dv = dx. Then du = 21“71 dx and v = x.
We obtain
e e e 1
/ (Inz)® doz = [(11117)2(17)] - / 17(22) dx
1 1 1 €

- (1ne)2(e)_(1n1)2(1)_/1621nxdx

= 6—2/ Inzdz.
1

[\]

[\)

Do =
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We use integration by parts again with v = Inx and dv = dx. Then du = % dx and v = x.

We obtain
/ (nz)’ dz = e—2 ([(lnx) z)] — / xl dx)
1 1z

= 6_2((1116)6_(1111)(1)_/18 da:)

= e—2(e—(e—1))
= |le—2]|

45. To determine where the graphs intersect, set 3lnx = xzlnz, and obtain = 3. Since
Inz >0 when 1 <z < 3, we have zlnx < 3lnx on the interval 1 < x < 3 and the area
enclosed by the graphs of f and g is

3 3
/ (31n:v—xlnx)dx:/ (3—2)Inzdx.
1 1

We use integration by parts with v = Inz and dv = (3 — z)dz. Then du = %d:v and
v =3z — $2?. We obtain

3
/ B—z)lnzdx =
1

Il
O NI©O
E
w
S~—
IR
=
w
S~—
|
w
(V]
N~
|
E
—
S~—
IR
=
—_
S~— %)
=~ |
|
—_
(V]
N~
| I
|
»\
w
7 N
w
|
| =
8
~_
L
)

Il
)
—

=]
w

I

47. The area under the graph of y = e®sinz from 0 to 7 is given by fow e*sinxdx. We use
integration by parts with u = e” and dv = sinx dx. Then du = e* dx and v = — cosx. We
obtain

/ e’sincdr = [ex(—cos:r)]g—/ e’ (— cosx) dx
0 0
= [e"(—cosT) —e’(—cos0)] +/ e’ cosx dx
0
= e”—i—l—i—/ e’ cosz dz.
0

We use integration by parts again with u = e* and dv = cosxzdx. Then du = e® dx and
v = sinz. We obtain

™ T
/ewsin:vdac = e’r—l—l—i—[emsinx]g—/ e’ sinx dr
0 0
™
= e’r—l—l—l-(e”sinﬂ'—eosin())—/ e’sinzdz
0

s
= e”—l—l—/ e’ sinx dx
0
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We add foﬂ e” sinx dx to each side, and then divide by 2 to obtain
2/ e’sinzdr = e"+1
0

s
/ewsin:z:d:z: = 6;1.
0

49. Since y = xe™® is nonnegative on [0, 1], fol xe~ " dx is the area under the graph of y = ze™*
from x =0 to xz = 1.

¥

0.4

0.2

—_ e ———————

Evaluate [ze™* dx using integration by parts.

Let u =z and dv = e * dx.
Then du =dz and v = [e " dx = —e ",
Now

/3:679” de = —ze™* — / (—e ) do=—ze ™" —e " = —e "(x+1).
So,

[

/01 ze Tdr = [—e "(z+ 1)}(1) =2t —(=1)=|1-

51. (a) The velocity of the object at time ¢ is given by

t t
o(t) = v(0) + / o) dz = 8 + / 2 gin 2 da.
0 0

Integrate [ e 2% sin x dx using integration by parts.

Let u = ¢ 2% and dv = sin z dx.
Then du = —2e"** dz and v = [sinzdz = —cosx.
Now

/6_% sinz dr = e ?*(—cosx) — / (—cosz)(—2e~%" dx)
= —e *cosx — 2 / e 2" cosx d.

—2x

Integrate f e~ *% cos x dx using integration by parts again.
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Let u = e 2% and dv = cos z dz.
Then du = —2e~** dz and v = [ coszdr = sinz.
Now
/6_% coszdr =e *sinx — /sinx (—26_% d:v)
=e Psinz+2 / e 2 sinx dx
SO

/67296 sinzdr = —e **cosx — 2 <€2x sinz + 2 / e ging d:z:) .

Simplifying, we obtain
/6_21 sinzdr = —e **cosz — 2e > sinz — 4 / e % sinx de.
Add 4 f e~ 2% sin x dx to both sides of the equation to obtain

/e_% sinxdr +4 / e Psinzdr = —e * cosx — 2e T sinx

5 / e Psinzdr = —e * cosx — 2e T sinx
—2x _: 1 —2x —2x
e ““sinzdr = R (—e cosx — 2e” “* sin x)
1 —2x :
= ze (—cosx —2sinz) + C

Therefore,

e ¥ sinx dx

[
~
[
N~—

I
oo
_l’_
O\M

t

1
=8+ |:—€_21(—COSLL' — 2sinz)
5 0
1 1
=8+ {ge%(—cost — 2sint) — geo(—cosO — 2sin0)
1
=8+ 3 [e™?(—cost — 2sint) + 1]
1
=8— R [e7?(cost + 2sint) — 1]
41

[e™?(cost + 2sint)] |

o=

5

(b) The position of the object at time ¢ is given by

s(t):s(O)—i—/Otv(:c)dx:O—i—/Ot{%—%[e‘Qw(cosx—i—Qsinxﬂ} dz
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Recall [ e 2" sinz dx = te 2 (—cosz — 2sinz) + C.

Similarly, [ 2% cosx dx = te 2" (sinz — 2cosz) + C.
/e*h(cos x+2sinz)dr = /67296 coszdr + 2 / e”?®sinx dx

1 1
= —e ¥ (sinx — 2cosx) + 2 [56_%(—&5:6 — 2sinz)

~2%(sina — 2cosx — 2cosx — 4sinx)

iy
5
= —%6_2w(3sinx +4cosx)
So,
Plrar 1, .
s(t) = — — —[e7**(cosz + 2sinz)| p da
s, U5 5

t

41 1[ 1
~{Fo-g| s esna racmsa)| |
a, 17 1 _ .
~{Ft-gser et aomn] )5
=4t~ Le=2(3sint + dcost) — &

53. The volume is given by the integral fow/ *orzsinzdr. We use integration by parts with

u =27z and dv = sinx dzx. Then du = 2w dx and v = — cosxz. We obtain
/2 /2
/ 2rxsinzdr = [(2mx)(— cos x)]g/2 - / (—cosz)(2m) dx
0 0
T T /2
= [(2#(5)) (— oS 5) — (27(0))(— COSO)} —|—27T/ cosx dz
0
/2
= 27 / cosxdr
0
= 27 [sin x]g/2

= 27 {sing — sin O}
= |27}

55. The volume is given by the integral fle 7(In x)2 dx. We use integration by parts with
u = (Inz)® and dv = 7 dz. Then du = 2z gy and v = mz. We obtain

/1€7T(lnx)2dx - [(m)?(m;)]j_/16(7717)<21;x>dx

= [(lne)Q(ﬂ'e) — (In 1)2(71'1)} —27 /le Inxdx

= 7T€—27T/ Inzdz.
1
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We use integration by parts again with v = Inx and dv = dx. Then du = % dx and v = x.

We obtain
/lew(ln:v)2d:v = we—2w<[(1nx)x]§ —/le) d:c)

- 776—27T<[(1ne)e—(1n1)1]—/1€ dx)
= 7e—2m(e— (e —1))

= |me—27|

57. Using the method of disks, the volume is given by

2

V:7r/162 [f(x)]2d$=7r/162 (xx/ﬂ)zd:vzw/le z?Inzdr.

Integrate [ 22 In z dz using integration by parts.

Let w = Inz and dv = 22 dz.
Then du = %d:v and v = [2?dx = %x3.

Now

/a:2lnxdx—lnx<%x3>— %x3~ldx:1x3lnx—%/x2dx

T 3
= 196311196— 1903—1—0— l963(3111:10— H+C
-3 9 9 '

The volume of the solid is

2

V=7r/ 22 Inzdx
1
1: 4 2
:w-g[x (3lnx—1)]l
s
= § [566 — (—1)]

~[z(e5+1)]

59. Integrate [ xf’(x)dx using integration by parts.
Let u =z and dv = f/(z) dz.
Then du = dz and v = [ f'(z)dz = f(x).

Now

/:Cf'(ac)dxzu-v—/v-duzxf(ac)—/f(:v)d:v.
So,

5 5
/1 o f(x)de = [z f(2)]] — /1 f(@)de =5f(5) = f(1) = 10 = 5(~5) — 2 — 10 = =37
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61. (a) Since y = Inz is nonnegative on [1,€], A = [ Inxdz is the area under the graph of
y=Inz fromx=1tox=e.

y

1
0.8
0.6
04

0.2

) [ e e T

Evaluate f In x dz using integration by parts.

Let w = Inx and dv = dx.
Then du = %d:z: and v = [dz = z.
Now

/lnxdx: (mx)(x)—/x@dx) :xlnx—/d:z::xlnx—x:x(lnx—l)—l—c.

So,
A:/1 mazdr=[z(nz—1)];=e(l-1)—-10-1)=[1]

(b) Using the method of shells, the volume is given by

V=27r/ xf(:t)d;vz%r/ xlnzdx.
1 1

Integrate [z Inx dz using integration by parts.

Let w =Inzx and dv = x dx.
Then du = %d:z: andv:fa:da:: %xQ.

Now
/ﬂilnxdx—lnx<%x2> —/(%xz) (é da:) = %lenx—%/xda:

1 1
= Elenx— Z{EQ—FC

33:2(21n:1: -1 +C.

The volume of the solid is
e 1 e
V= 271'/ v*Inzdr = 27 - Z[I2(2lnx — 1)}1
1

— 5~ (-]

-E@+)]
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63. Let w = /x, then dw = ﬁ dx, so dx = 2w dw. We substitute and obtain

/sinﬁdm:/Qwsinwdw.

We use integration by parts, with v = 2w and dv = sinwdw. Then du = 2dw and
v = —cosw. We obtain

/2wsinwdw = (2w)(—cosw)—/(—cosw)(2)dw

= —2wcosw—|—2/coswdw

= —2wcosw + 2(sinw) +C
= ‘—2\/5(305\/5—1—25111\/54—0‘.

65. Let w = sinx, then dw = cosz dx. We substitute and obtain

/cos:cln (sinx) da::/lnwdw.

We use integration by parts, with v = Inw and dv = dw. Then du = % dw and v = w. We

obtain
/lnwdw - (m@@)-/(@(%) dw

= wlnw—/dw

= whw—-w+C

= ‘sin:vln(sin:v) —sinx—i—C‘.

67. Let w = €%, then dw = 2e3* dx, so e*® dx = % dw. We substitute and obtain

1 1
/e‘” cos (ezw) dx = /ezw cos (ezw) e dx = /wcosw (5 dw) = / §wcoswdw.

We use integration by parts, with u = %w and dv = coswdw. Then du = %dw and

v = sinw. We obtain

/%wcoswdw _ <%w> (sinw)—/(sinw)(%) dw
1

B . L[
= 2wsmw B SN w aw

1 1
= §wsinw - 5(—cosw) +C

— Swsinw+ = cosw+C
= 2wsmw 2COS’U}

= |1e¥sin (e2*) 4 §cos (e2*) + C|.
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69. We use integration by parts with u = 22 and dv = ze®” dz. Then du = 2z dr and v =

71.

1,02
: se” .
We obtain

/:v3e””2 dr = (ﬁ)(%e*) —/(%&2)(2:5) dx

1
— g% — /a:eg”2 dx
2

2 2
xe® — %e:” +C|

NIE

We use integration by parts with « = x cosx and dv = e® dx. Then du = (—zsinz + cosz) dx
and v = e¢”. We obtain

/xex cosxdr = (zcosz)e” — / (—xsinz + cosx)e” dx.

We use integration by parts again with v = —zsinx + cosx and dv = e*dx. Then
du = (—2sinz — x cosz) dz and v = e*. We obtain

/:ve”” cosxdr = (zcosx)e® — ((—xsinx—i—cosx)ew—/(—2sinx—:vcosx)ewdx)
= xcosxez—l—xsinxez—cosxez—2/sinxemd:1:—/a:cos:z:e””dx.
We add f ze” cos x dx to each side and divide by 2 to obtain
2/xe””cosxdx = :ccosa:e””+:csin:z:e””—cos:z:e””—2/sin:cewd:1:
ze¥ cosxdr = §(xc0sxe +zsinxze” —cosze”) — [ sinze®du.

We determine [ sinz e” dz using integration by parts. Let u = sinz and dv = e” dz. Then
du = cosx dr and v = e”. We obtain

/sinace”” dx = (sinz)e® — / (cosx)e” dz.

We integrate by parts again with v = cosz and dv = e*dx. Then du = —sinzdz and
v = e*. We obtain

/sinace”” dr = sinze” — [(cosx)ew —/(— sinx)e” dw}
= sinze® —cosze” — /sin:z:e”” dz.

We add [ (sinz)e” dz to each side and divide by 2 to obtain

2/sin:1:e””d3: = sinze® — cosze”
e 1. . 1 p
sinze®dr = §s1n:1:e —gcosxe + C.

We substitute into the above to obtain

1 1 1
/xexcosxdx = §(xcosxez+xsinxez —cosze’) — <§sin:1:e”” - 500s:1:e””> +C

1 1 1
= ixcosxez + gxsinxex — gsinxez +C

= %em (zsinz + xcosz —sinz ) + C |
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73. We use integration by parts with v = sin™ !z and dv = 2" dz. Then du = ﬁ dx and

mn+1

v = PES We obtain

anrl 1 anrl
/x” sintzdr = sin ™tz — / dx.
n+1 n+1/) 1—22

75. We use integration by parts with u = sin” ! z and dv = sin x dz. Then du =

(n—1)sin" 2z cosx dr and v = — cosz. We obtain
/sin" xdr = sin" 'z(—cosz) — / (—cosz)(n —1)sin" 2z cos x da
= —sin" tacosx+ (n—1) / cos? xsin" "% x da
= —sin" txcosz+ (n — 1)/ (1 —sin®z)sin" ?zda
= —sin" !zcosx+ (n—1) (/sin”zxdx—/sin”xdx)
= —sin" tacosx + (n— 1)/sin"_2 xdr —(n— 1)/sin" xdz.

We add (n — 1) [sin” 2 dz to each side, and then divide by n to obtain

(1+n—1)/sin”xdw = —sin"ilxcosx—i—(n—1)/sin”72:vd:v
sin" 'zcosz n—1 9
/sin":z:d:z: = - + /sin"_ rdz.
n n

77. (a) We use integration by parts with u = 2% and dv = e**dz. Then du = 2z dz and
v = 15, We obtain

/gﬂe% de = 172(%651) _/Ge«%)(m) do

1 2
ga:Qe&” 5 /xe&” dx.

We use integration by parts again with v = z and dv = € dz. Then du = dx and
v = 1e5. We obtain

1 2 1 1
2 5z _ ~ 2.5z 2 — 5| 5z
/x e’dr = 590 e 5 {x(5e ) /56 dw}

1 2 2
= —2%e% — — e + /651 dzx
5 25 25
1,55 2 5 2 (154
_ T . T 2 [ = 5z C
57 T Tt )T
— %$2€51—%$€51+1—3565w+c

(b) We use integration by parts with u = 2" and dv = €** dr. Then du = nz"~! dz and
v = %e’“. We obtain

/:r"ekz de = x”<%ek1) —/(%ekx> (nxnfl) dx

_ 1 n kx _ n n—1 _kx
= |ga"e 2 [antekT do |
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79. (a) We use integration by parts with u = sinz and dv = cosx dz. Then du = cosx dz
and v = sinz. We obtain

/sinx cosxdr =

(sinz)(sinz) — / (sinx)(cosz) dx

sin?x — /sin:v cosx dx.

We add f sinz cosz dx to each side, and then divide by 2 to obtain

So we obtain

2/sin:c cosx dr

/sin:c cosx dr

/()

1 2

= =sin“ x|

2

2

= sin“z

1
Esin2x+01.

(b) We use integration by parts with « = cosz and dv = sinzdzx. Then du = —sinz dz
and v = — cosx. We obtain

/sin:v cosx dr

= (cosz)(—coszx) —/(—cosx)(—sin:v) dx

= —cos’z —/sinx cosx dx.

We add f sinz cosz dx to each side, and then divide by 2 to obtain

So we obtain

2/sin:z: cosxdr =

/sin:z: cosxdr =

g(x)

=_1
= —3 oS

2

X |

— COS2 T

1
—5 cos®z + Cs.

1

(c) From the identity sin (22) = 2sinz cosz we have sinz cosz = 5 sin (2z). So [sinz cosz dr =

2

3 [sin(2z) dz. Let u = 2w, then du = 2dx, so dz = 1 du. We substitute and obtain

So we obtain

/sin:v cosxdr =

h(z)

=_1
= —7Cos

(2z) |

%/sin (2x)

dzr

1 1
—/sinu —du
2 2

1
Z/sinudu

1
Z(_ cosu) + C3

1
=7 o8 (2z) + Cs.

(d) We have f(z) + C; = g(z) + Ca, so Lsin®z + C; =

Co=tcos?z+ $sin*z+Cy =1+ Cy, so

2

2

02:%+Cl.

Lcos?xz + Cy. We obtain
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(e) We have f(z) + C, = h(z)+Cj, so 3sin® z + Cy = —1 cos (2z) +C5. We obtain C3 =
%cos (2x)+%sin2:1: +C1 =73 (1 — 2sin? x)+551n r+Ci = Z+Cl' So|C3 = Z +Cq |

81. (a) A

4t
2 ':\
0 t I\I/r F=r——t
1 2 3 4 st
o+
4+
(b) Set 3e~'cos(2t) + 2e 'sin(2t) = 0 and solve for t. We obtain tan (2t) = —3, so

2t = tan~! (—%) + km, where k is any integer. So the least positive number ¢ such

that z(t) =0ist =3 + S tan~' (=3) |

T _Llian—1 (2
(c) We integrate [;° °* tan”" (%) 3e ! cos (2t) 4+ 2e~*sin (2t) dt using a Computer Algebra
m_Llian~ 1 (3
System, and we obtain [,> * tan”" (2) (3e~*tcos (2t) + 2e~tsin (2t)) dt ~|1.890 |

83. We use integration by parts with « = sin (bz) and dv = e*® dx. Then du = bcos (bx) dx

and v = =e*. We obtain
: : 1 1
/e‘” sin (bx) dx (sm(bx))(—e‘””) - / (—e“)(bcos(bx)) dx
a a
! % sin (bx) b/ % cos (bx) d
= Ze"sin(br)—— [ e x) dx
a a

We integrate by parts again with v = cosbx and dv = e** dx. Then du = —bsin bz dz and
v = %e‘”. We obtain

/ ¢ sin (bz) dz = %e‘” sin (b:c)—g {(cos (bx))(%e‘””) - / (%e“)(—bsin (b:v))d:c}

1 ar .3 b ax b2 axr _:
= —esin (bx) — =€ cos (bx)—ﬁ e sin (br) dx

a a?

We add % f e sin (bz) dx from each side and divide by £ +b to obtain

1—i-b2 / % sin (bx) d ! “ sin (bx) b % cos (bx)
— e sin (br) dv = —e*sin(bx) — —e x
a2 a a?
b
/e‘”” sin (bx) de = ﬁllﬂe‘” sin (bx) — me‘” cos (bx) + C
_ e [asin (bx) — bcos (bx)] L
a? + b2

/2 /2 . 8 7(5)3)(1) /1« T
(c) J'" cos® wda = fo sin® xdx = %(5) =3z
(G)3) 1)
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Challenge Problems
87.

v=e¢e€

(a) We use integration by parts with u = 2™ and dv = e* dz. Then du = nz"~!dx and
*. We have

/:v"e”” dx = 2"e® — n/:v"_le”” dx

Repeating, we obtain for some constants ¢ and k

/*

edr = x”em—n<x"16m—(n—1)/ n—2 mdaz)

= (w" —nz" ') e +n(n— 1)/:6"_2ew dx

= (w" by --—i—kx)ew—i—c/ewd:v
= (2" —na"" ~-—|—k3:—|—c)e””—|—C
= p@)e"+C.
(b) Since di(p(:zz e”) = a™e”, we have p(z)e” + p'(x)e® = x2™e®. Divide by e” to obtain

3
=
&
+
S
Il

89. We use integration
v =e”. We have

We continue, using u = f’ (z

/f(:v)e”” dx

by parts with « = f(x) and dv = e® dz.

= z". We have

n— d n! n—
_x k+d:c<kz(_1)k(n—k)!x k)

k=0 0
x”+:§(—l)’“ o ﬁ!k)!x”*’“ +:Z_;( )" = ﬁ!k)!( —k)an kot

:(:”-I—ZZ:( Dk D ﬁ!k)!x”*’“ Jrlél(—l)k*1 o (’:_ Ny (n— (k= 1)) gn—(k=D=1
z" +:Z:( 1)* e ﬁ!k)!mnfk +§1(_1)k71 (n—2!+ . (n— k4 1)zn—*

"+ :z‘; (-1)F a ﬁ’k)!m”*k + kz::l( Dk (-t - +’;') D gk
"+ Z (n = ).m"*k _ kz: (—1)* (n+!k)!mnfk

Then du = f'(z)dx and

/f e da = f x)ez—/f’(x)ezdx

, dv = e” and obtain

! :C)ex—/f” (:C)emdx)
x))em+/f” (z)e” dx

+ fn= (x)) e’ +

/ f™ (z)e® da
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Since f(z) is a polynomial of degree n, f(™ (x) is a constant, k, and we have

/f(a?)exdx = (f(x)—f’ (@) + - £ f=1) (I)) o 4

= (F@ =7 @+ £ OV @) e ket 4 C

= (f@—F @)+ xR +C.

We nowhave f (x) = g (z) e* + C, where g (x) = f () — f’ (x) +--- £ k is a polynomial of

degree n.

91. We use integration by parts with u = f(z) and dv = dz. Then du = f'(z) dz and take

v = x. We obtain

b b
/ f@ydr = [af@)] - / of(z) de
b
= bf(b) — af(a) - / of(z) da

et ©

v T and

f(b). We substitute and obtain

f(b)
/f bi(b) — af(a) - /f() £ ) dy,

SO

b f(b)
/ f(@)da + / £ () dy = b (5) — af (a).
a f(a)

AP® Practice Problems
1. The velocity of the object at time ¢ is given by

v(t)—v(l)—l—/lta(x)da:—2—|—/1t1n(:17—|—1)d:17.

Use integration by parts to find [In (z + 1) dz.
Let u =In(z + 1) and dv = dz.
Then du = %Hda: and v = [dz = z.

Now /ln(x+1)dm::1:1n(:1:+1)—/x~x+1

::vln(:v—l—l)—/(l—x—il)d:v

=zln(z+1)—z+n(z+1)+C
=+ 1)n(x+1)—-z+C.

dx

Therefore, v( (z+1)d

+
1

2+ [(z+1)n(z+1) -]}

2+ [(t+1)In(t+1)—# - (2In2 - 1), and

f- ( ), then f(xz) = y, so f'(z)dx = dy. The limits of integration become
an

v(3)=2+[4In4—3] - (2In2—-1)=2+4In(4) —In4 —3+1=|31In4]

The answer is B.
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3. Use integration by parts to find [ cos™ !z dx.

1

Let w = cos™ z and dv = dx.

Thenduz—ﬁdw and v = [dx = .

Now/cosflxdx::rcosflx—/x~ <—#d:1:> :xcosflx—l-/de.
V1—22 V1—2a2

To evaluate [ Tz dr, let w=1— 2?. Then dw = —2zdz, vdr = —%2, and

T dx

x 1
- dr= | —
/\/1—:102 v /\/1—962
dw
— -1/2( _ 2%
(=)
1

:—§/w71/2dw

1 1/2
=—§(wT>+C

2

=—Vw+C
=—V1-22+C.

So, /00571 rdr = xcos™

1 x —1
24+ | ——=dx =|zcos tx—V1-22+C|
/\/1—962 ‘ ‘

The answer is C.
5. Integrate [ (3:102 + 2) sin x dx using integration by parts.
Let u = 322 + 2 and dv = sinz dz.

Then du = 6z dx and v = fsinxdx = —cosz.

So / (32% + 2) sinz dx = (32% + 2)(—cosz) — / (—cosx)(6x dx)

=|—(32*+2)cosz +6 [zcoszdx |

The answer is B.
7. The diameter of each semicircular slice is VInx. The radius is %\/ In x.

2
The volume of each semicircular slice of thickness dz is dV = % ST ( % In :C) dr = % Inx.

The volume of the solid is V = f1€2 dV =% fle2 In z dz.
Use integration by parts to find [Inz dx.

Let w = Inx and dv = dz.

Thendu:%dmamdv:fd:c::c.

NOW/lnxdaclenx—/x-ld:vlenx—/d:vz:vlnx—x—i—c.
T

2

SO,E/ lnxd:vzz[xlnx—x]f:z[(ezlne2—ez)—(0—1)]:
8/, 8 8

(e +1)|

E]

The answer is A.
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7.2 Integrals Containing Trigonometric Functions

Concepts and Vocabulary

1. True.

Skill Building

3. Factor out cosz and use the identity cos? z = 1 — sin® z.

/cos5xd:c = /cos4:c cosx dr

= /(0052 x)2 cosx dr
/ (1 — sin® x)2 cosxdr.

Let u = sinx, then du = cosx dx. We substitute and obtain

/cos5xdx = /(1—u2)2du

= / u — 242 +1)d
1
5

2
u® 3u +u+C

= 581n5x—%sm z+sinz +C|

1—cos (2z)
2

5. Use the identity sin®z = and obtain

/sinG:cdx = /(sin2:c)3d:c
1—cos(2z)\°
/< cos (2 > g

1
= 3 / 1 — 3cos (2z) 4 3cos® (2z) — cos® (2z)) dz
1 3 3 , 1 ,
= 3 / dx 3 /cos (2z) dx + 3 /cos (22) dx 3 /cos (22) dx
1 3 3 1
= 3%~ 15 sin (2z) + 3 cos? (2z) dx — 3 /c053 (2z) dx.
We evaluate
/cos2 (2z)dx = /71 + CC;S () dx
1
= 5/(1 + cos (4z)) dx
x  sin(4x)
= = C.
2 + 8 +

And also

(1 —sin® (22)) cos (22) dz.

/cos3 (2z)dz = /C082 (2z) cos (2x) dx
/
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Let u = sin (2z), then du = 2 cos (2z) dz, so cos (2z) dz = 4. We substitute and obtain

/cos3 (2z) dx /(1 —u?) 5
(1% ) +e

2
sin (2z)  sin® (2x)
= — C.
2 6 +
We now obtain
1 3 3 in (4 1 (sin (2 in® (2
[t = Lo B 25 W9 (0w o

5 L
5L

e sin® (22) 4+ C'|

— Isin (2z) + & sin (4z) +

—

1—cos (27x)

5 and obtain

/

1

2
1

2

7. Use the identity sin? (rz) =

1 — cos (27z)
2

/ (1 — cos (27z)) dx

1.
r — — sin
2

— &= sin (27z) + C|

dx

/sin2 (mz) dx

(m)) +C

z
2

2

9. Factor out cosx and use the identity cos?z = 1 — sin® .

T
/ cos® zdx
0

s
/ cos*x cosz dx
0
T 2
/ (0052 :1:) cosx dr
0

/ (1 — sin? £C)2 cosx dx.
0

Let v = sinz, then du = cosx dz. The lower limit of integration is v = sin0 = 0 and the
upper limit of integration is u = sinw = 0. We substitute and obtain

™ 0
/ cos5:cd:c:/ (1—u)2du:@.
0 0

11. Factor out sinz and use the identity sin®

/ sin® x cos® z dx

2.

xr=1—cos
/sin2 x cos® x sinz dz

/ (1 — cos? x) cos® x sin z dz.
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13.

15.

Let u = cosz, then du = —sinz dx, so sinx dxr = —du. We substitute and obtain
/sin3 xcos’wdr = / (1 —u?)(v?)(—du)
= / (u4 — u2) du

1 1
= gu5—§u3+c
1 5 1

= |5 cos x—gcos?’a:—l—C.

Integrate foﬂ/ ? sin® x(cos 2)3/2 dx using trigonometric identities.

The exponent of sinz is 3, a positive, odd integer. Factor sinz from sin® z and write the
rest of the integrand in terms of cosines.

/2 /2
/ sin® z(cos 2)%/% dx = / sin? z(cos 2)%/? sin z da
0 0

/2
= / (1 — cos?z) (cos2)*? sinz dz.
0

Now use the substitution © = cosx and du = —sinx dx. Then sinx dx = —du. The lower
limit of integration becomes u = cos 0 = 1 and the upper limit of integration becomes

u = cos 5 = 0. Therefore,

/2 /2
/ sin® z(cos 2)%/% dx = / (1 — cos® z)(cos )32 sinx dx
0 0

0 1
_ — )32 (—du) = — w23’ du.
_/1 (1= w?)u®?(—du) /0(1 Ju**d

Use algebraic manipulation to rewrite (1 —u?)u? in a form whose antiderivative is
recognizable: (1 — u2)u3/2 =32 —u"/2,

Then
1 1
/ (l—uz)ug/zdu:/ (u3/2 —u7/2) du
0 0
2 50 2 9/ ! 2 2 8
=z -z =(=-—=]—-0-0)=|5|
{5” 5t “\575) 00 = s
Integrate [ sin® x(cos :C)l/ 3 dx using trigonometric identities.

The exponent of sinz is 3, a positive, odd integer. Factor sinz from sin® z and write the
rest of the integrand in terms of cosines.

/sin3 x(cos x)'/3 dx = /sin2 z(cos )3 sinz dx = / (1 — cos® ) (cos x)1/3 sinx de.
Now use the substitution u = cosz and du = —sinx dz. So, sinx dr = —du and

/sin3 z(cos )3 de = / (1 — cos® x)(cosx)l/3 sinz dx

= [t = - [ (=)t a.

Use algebraic manipulation to rewrite (1 —u2)u1/ 3 in a form whose antiderivative is
recognizable: (1 —u?)ul/? = ul/3 —4/7/3,
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Then
/51n3:c(cos:v1/3d:v— / ul/3 — 7/3 du = — 3 w3 2103 4L o
4 10
_ (3 4/3 10/3) ‘C
=13 (cos :C)lo/3 — 3(cos S RaE el

17. Factor out cos (%) and use the identity cos? (%) =1 —sin? (%)

furt (G ot (§)an = [t () (5 (5)
[ (s (2)) e (5 e ()

Let u = sin (%), then du = %cos (%) dx, so cos ( ) dx = 2 du. We substitute and obtain

/sin2 (%) cos® (g) de = /(1 — ) (u?) (2 du)

I
[\
—
g

[
|
S

[
~
U
S

19. Integrate [ tan® x sec® x dx using trigonometric identities.

The exponent of tan x is 3, a positive, odd integer > 3. Factor sec z tan x from tan® z sec®

and write the rest of the integrand in terms of secants. Use the identity tan? z = sec® x — 1.
/tan3 zrsec® rdr = /tan2 xrsec® z - secxtanx dr = / (sec2 T — 1) sec® x - secx tan z dz.
Now use the substitution u = secx and du = sec x tan z dx.

/tan3 xrsecd xdr = / (sec2 T — 1) sec - secxtanz dr = / (u2 — 1)u2 du.

Use algebraic manipulation to rewrite (u2 — 1)u2 in a form whose antiderivative is recog-

nizable: (u2 — 1)u2 =ut — 2.

Then

1 1
/tangxsec?’:vdx:/(u2—1)u2du:/(u4—u3)du=5u5—§u3+02 %—%—FC.

21. Integrate [ tan®/? z sec? x dz using trigonometric identities.

The exponent of sec z is 4, a positive, even integer. Factor sec? x from sec* z and write the

rest of the integrand in terms of tangents. Use the identity sec? x = 1 + tan? z.

/ tan®/2 zsect z dx = /tan3/2 zsec® rsec xdx = / tan®/2 g (1 + tan? :1:) sec? z dz.
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Now use the substitution u = tanz and du = sec? z dz.
/tan3/2 rsect xdr = /tan3/2 T (1 + tan? :1:) sec’ xdr = /u3/2(1 + u2) du.
Use algebraic manipulation to rewrite u3/2 (1 + u2) in a form whose antiderivative is
recognizable: u%/2(1 +u?) = u*/2 + u7/2,
Then
/tan3/2xsec4xd:17 = / (u3/2 +u7/2) du = §u5/2 + %ugﬂ +C

= %tan5/2:v+%tan9/2x+c.

23. Integrate ftan3 x (sec x)3/2 dx using trigonometric identities.

The exponent of tan z is 3, a positive, odd integer. Factor tanz sec x from tan® z (sec x)3/2
and write the rest of the integrand in terms of secants. Use the identity tan? z = sec? x —1.

/tan3 x (sec x)3/2 dzx = /tan2 x (sec x)1/2 tan z sec x dz

= / (sec® z — 1)(secx)1/2 tan x sec x dz.

Now use the substitution u = sec x and du = tanz sec z dz.
/tan3 x (sec:v)3/2 dr = / (se62 T — 1)(secx)1/2 tanzsecz dr = / (u2 — 1)u1/2 du.

1/2

Use algebraic manipulation to rewrite (u2 — 1)u in a form whose antiderivative is rec-

ognizable: (u2 — 1)u1/2 =ub/? — /2,

Then
/tan3 x (sec x)3/2 dx = / (u5/2 - ul/z) du

2 2
= ?U7/2 — §U3/2 + C

= %(secgc)w2 - %(secx)3/2 +C|

25. Factor out cscx cot x, and use the identity cot? z = csc?z — 1.

/cot3xcscxdx = /cot2ac cscx cot x dx

= / (csc2 T — 1) cscx cot x dw.

Let uw = cscx, then du = —cscxcotxdr, so cscxcotzdr = —du. We substitute and
obtain

/cot?’:ccsc:rd:r = /(csczx—l)cscxcotxd:r
= /(uQ—l)(—du)

/(1—u2) du

1
= u—§u3+c

= cscx—%csc%c—i—c.
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27. We use the identity sin A cos B = £(sin (A 4+ B) + sin (A — B)) to obtain
1
/sin (3z)coszdx = 3 / (sin (42) + sin (2z)) dz

1 1 1
= 5 <_Z cos (4z) — 5 cos (21:)) +C

= | —4cos(4z) — Fcos(2z) + C|

29. We use the identity cos A cos B = %(cos (A + B) + cos (A — B)) to obtain
1
/cos:v cos (3x)dx = 3 / (cos (4x) + cos (—2z)) dx
1
= 5/(005 (4x) + cos (2z)) dx

1/1 . 1.
= 3 <Z sin (4z) + 3 sm(2:17)> +C

= | gsin(4z) + §sin(2z) + C|

31. We use the identity sin Asin B = 1 (cos (A — B) — cos (A + B)) to obtain
/sin (22) sin (4z)dx = %/(cos (—2x) — cos (6z)) dx
= %/(cos (2x) — cos (6z)) dx

1/1 . 1.
ol <§ sin (2z) — g Sin (61:)) +C

= | 4sin(2z) — {5 sin (6z) + C |

33. We use the identity sin Asin B = 1 (cos (A — B) — cos (A + B)) to obtain

/2
/ sin (2z) sinzdx = / (cos (x) — cos (3z)) dx
0
/2
= sinx — - sm :v)}
0

Nl NI= N = N =

(sm - — = sm (327T>) — (sinO — %sin (3(0)))}
4
3

|
|
(—)

35. Integrate fo sin? z cos® z dx using trigonometric identities.

The exponent of cos z is 5, a positive, odd integer. Factor cosz from sin? z cos® z and write

the rest of the integrand in terms of sines. Use the identity sin? z = 1 — cos? z.

/2 /2 /2 9
/ sin® z cos® z dx = / sin® x cos* z cosz dx = / sin® x (1 — sin? :c) cosx dzx.
0 0 0
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Now use the substitution v = sinxz and du = cosxdz. The lower limit of integration
becomes u = sin 0 = 0 and the upper limit of integration becomes u = sin § = 1. Therefore,
/2 /2 9 1 5
/ sin? z cos® z dx = / sin? (1 — sin® x) cosrdr = / u? (1 — u2) du.
0 0 0
Use algebraic manipulation to rewrite u? (1 — u2)2 in a form whose antiderivative is recog-
nizable: 2 (1 — u2)2 =u? —2ut +ub.
Then
1 ) 1
/ u2(1 — u2) du = / (u2 —2ut —I—uﬁ) du
0 0
1
1 1 1
=|-u? =2 - ZuS 4+ Zu”
3 5 7 1o
1 2 1
_ _|_8
= <§‘5+?>‘°— 105 |
37. Integrate [ ;;‘;zfc dx using trigonometric identities.
The exponent of sinz is 3, a positive, odd integer. Factor sinz from sin® z and write the
rest of the integrand in terms of cosines.
.3 .2 2
S S 1 — cos
/ 1n2x dx = / 1n2x sinx dr = / %sinxdz.
cos? x cos? x cos? x
Now use the substitution u = cosz and du = —sinx dx. Then sinx dr = —du and
.3 2 2 2
sin” x 1 —cos*zx 1—u 1—u
dr = | ————sinxdx = —du) = — du.
/COS2$ / cos? x / u? ( ) / u?
Use algebraic manipulation to rewrite 1;32 in a form whose antiderivative is recognizable:
1mw? _ 1w, -2
u2 T w2 uz :
Then
sin® 2 9 1 1
/ 5 dx:—/(u_ —1)du:—(—u_ —u)+C=—+u+C
cos? x u
= Colsm +cosx =secx +cosx + C |
39. Integrate foﬂ/ % cos? (3x) dz using trigonometric identities.

The exponent of cos (3z) is 3, a positive, odd integer. Factor cos (3x) from cos® (3x) and
write the rest of the integrand in terms of sines. Use the identity cos? (3z) = 1 —sin? (3x).

/3 /3 /3
/ cos® (3x) dx = / cos? (3x) cos (3z) dx = / [1 —sin® (3z)] cos (3z) dz.
0 0 0

Now use the substitution u = sin (3z) and du = 3 cos (3z) dz. Then cos (3z) dz = %,

The lower limit of integration becomes u = sin0 = 0 and the upper limit of integration
m

becomes u = sin (33) = sin (7) = 0.

Therefore,

/3 /3 . 0 sdu 1 [° ,
/0 cos® (3x)dx_/0 [1—s1n2 (3z)] cos(3a:)d:1:—/0 (1—wu )?_5/0 (1 —u?) du.

Using a property of integrals, foﬁ/?’ cos® (3z) dx = & foo (1—u?)du= @
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41. Factor out sinz and use the identity sin® z = 1 — cos? z.

T s
/ sin®x cos® zdxr = / sin’ x cos® z sinz dz
0 0

s
/ (1 — cos? x) cos® z sinz dx.
0

Let u = cosz, then du = —sinz dx, so sinxdx = —du. The lower limit of integration is
u = cos0 = 1, and the upper limit of integration is v = cosm = —1. We substitute and
obtain

T -1
/ sin®x cos® wdr = / (1 —u?) u® (—du)
0 11
= / (u5 — u7) du

- o

since we are integrating an odd function on a symmetric interval about O.

43. Rewrite the integral, factor out sinz, and use the identity sin® z = 1 — cos? = to obtain

.3
sin® x
tan®zdr = 3 dx
cos3 x
sinx |
= 3 sin z dx
cos3 x

1—cos?z .
= — sin x dx.
cos? x

Let uw = cosz, then du = —sinx dz, so sinz dx = —du. We substitute and obtain

/ tan® z dz / ! ;3“2 (—du)
J e

-2
= ln|u|—u_—2+C

= |Infcosz| + Lsec?z +C|

45. Factor out sec? z and use the identity sec? z = 1 + tan? z.

sec® x sectz 5
s—dr = =— sec” T dx
tan® x tan® x
2
(se02 :v) 9
= T x dx
tan® x

3 sec” x dx.
tan® x

2
_ / (1+tan2 a:) 9
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2

Let u = tan z, then du = sec” x dx. We substitute and obtain

/secix dr — /(1—1—;2)2 .
tan® x U

/1+2u2+u4
= 73du
u

= /(u‘S—l—z—i—u)du
u

= u_—2+21n|u|+§u2+0

= |—3cot?z +2Injtanz| + § tan’z + C |

47. Integrate [ csct x cot® o dr using trigonometric identities.

Notice that the exponent of cscz is 4 and the exponent of cot z is 3. So this integral can
be found in two different ways, which will give two different (but equivalent) answers.

One solution:
The exponent of cscz is 4, a positive, even integer. Factor csc? z from csc*  cot® z and

write the rest of the integrand in terms of cotangents. Use the identity csc? z = 1+ cot? x.

/ esct zeot® wdx = / csc? zeot® zesc? xdr = / (1 + cot? :1:) cot® zesc? z dx.

Now use the substitution u = cotz and du = — csc? x dz. Then csc? x dz = —du and
/csc4 xcot® xdr = / (1 + cot? :1:) cot® (csc2 x da:)
= / (14 u?)u?(—du) = — / (14 u?)u® du.
Use algebraic manipulation to rewrite (1 + u2)u3 in a form whose antiderivative is recog-

nizable: (1 + u2)u3 = 4+ ub.
Then

1 1
/csc4:vcot3xdx:—/(u3+u5)du:—(1u4+gu6>+(§': —icot‘lx—écoth—i—C.

Another solution:

The exponent of cot z is 3, a positive, odd integer. Factor csc x cot 2 from csc? 2 cot® x and
write the rest of the integrand in terms of cosecants. Use the identity cot? z = csc?x — 1.

/csc4 zcot® v dr = /0503 x cot? z csc z cot - dx = /0503 x (csc2 xr — 1) cscx cot x d.

Now use the substitution © = cscx and du = —cscxcotxdx. Then cscxcotxdr = —du
and

/csc4 xcot® xdr = /0503 x (csc2 T — 1) cscxcotzdr = /u3 (u2 — 1)(—du) = /u3 (1 — u2) du.

Use algebraic manipulation to rewrite u3(1 — u2) in a form whose antiderivative is recog-

nizable: u> (1 — u2) =u® —ub.
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49.

51.

Then

4 6

1 1
/csc4cot3xdx = / (u3 — u5) du=-u*—-ub+C = %csc‘lx — %CSCGJJ-F C|
The two answers are equivalent, because
1 1 1 1
1 esct x — 6 escbz 4+ Oy = Z(CSC2 x)2 - E(CSC2 £C)3 + 1
1 1
= Z(1 + cot? £C)2 - 6(1 + cot? x)3 + C4
1 1
= Z(1—i—200‘52:10—|—cot4:10) — 6(1 +3cot2x+3cot4x+cot6:v) + C4

1 1 1 1 1 1 1
= —+—cot2:v+—cot4:v————cot2x——cot4x—gcot6x+01

4 2 4 6 2 2
1 1 1 1 1 1 1

= <§cot2:v— §cot2:§) + (Zcot‘lx— §cot4x) — gcoth—i— (Z — 6 +

= —lcot‘lx— lcotﬁac—i—C'

T4 6 -
Factor out csc (2z) cot (22) to obtain

/cot (22) csct (2z) dx = /csc3 (2x) csc (2z) cot (2z) dx.

Let u = csc (2z), then du = —2csc (2z) cot (22) dz, so cscx cot zdr = —%: We substitute

and obtain

/cot (2z) esc! (2z) da = /“3 (_%U)
_ _%/u3du
- _%Gu‘*)JrC

= |—%oesct (22) +C|

We rewrite the integral using the identity tan? x = sec?z — 1.

/4 /4 9
/ tan*zsec zdr = / (tan2 :1:) sec® z dx
0 0
/4 5
= / (5602 T — 1) sec® zdz
0

/4
= / (sec4 x — 2sec® x + 1) sec® z dx
0

/4 /4 w/4
= / sec7a:da:—2/ sechd:r—l—/ sec® x dz.
0 0 0

From Example 7 we have [ sec® z dz = 1 [secx tanz + In [secx + tanz|] + C, so

71’/4 1
/ secrdr = B [sec:vtanx+ln|sec:v+tanx|]70r/4
0

1 s s s s
= 5 {secztanz —l—ln’secz —i—tanz - (secOtanO+ln|secO+tan0|)}

= %ln(\/i-l—l)—i-g.

)
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3

We use integration by parts for foﬂ/4 sec® v dxr with © = sec®z and dv = sec? zdx. Then

du = 3sec® ztanz dx and v = tanz. We obtain

/4 x/4 /4
/ sec®zdr = [se03 T tan :C] 0o 3 / (8663 z tan x) tan z dx
0 0

/4
= sec’ % tan % — (sec3 0 tan O) -3 / sec® ztan® z dx
0

/4
= 2\/5—3/ sec?’:zr(seCQ:r— 1) dzr
0

/4 /4
= 2\/_—3</ SeC5$d$—/ sec?’xd:v>
0 0

/4 1 2
= 2\/_—3/ sec5:vdx+3<—ln(\/§+l)+£>
0 2 2
3 7 71'/4
= §ln(\/§+1)+§\/§_3/0 sec® z dz.

We add 3 foﬂ/4 sec® x dzx to each side and divide by 4 to obtain

/4
4/ sec®zdr =
0

3 7
51n(\/§+1)+§\/§
e 310 (V3 /5
/0 sec’zdx = gln( 2+1)+§ 2.

5

We use integration by parts for foﬂ/4 sec” x dx with v = sec® z and dv = sec? z dz. Then

du = 5sec® xtan z dx and v = tanx. We obtain

/4 x/4 /4
/ sec’ zdr = [sec5 T tan a:] 0 — 5 / (sec5 T tan x) tanx dz
0 0

/4
= sec® % tan % — (sec5 0 tan O) -5 / sec® xtan? z dz
0

/4
= 4\/5—5/ sec5x(sec2ac—1) dzr
0

/4 /4
= 4V/2-5 / sec7xd:1:—/ sec® z dx
0 0

71’/4 3 7
- 4\/5—5/ sec7xdx+5(—1n(\/§+1)+—\/§>
o 8 8
/4
sec” z dax.

- g1n(\/§+1)+%\/§—5/

8 0
We add 5 fow/4 sec” x dz to each side and divide by 6 to obtain
/4 15 67
6/ sec’ xdr = gln(\/i—i—l)—i—g\/i
0

/4 5 67
/0 sec’ zdr = Eln(\/?—i—l)—i—ﬁx/i
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We now obtain

/4 /4 /4 /4
/ tan*zsecdzdx = / sec7:cdx—2/ sechd:r—l-/ sec® zdx
0 0 0 0
5 67 3 7
= (1—6111(\/5—0—1)—0—4—8\/5)—2(§ln(\/§+1)+§\/§>
1 V2
+<§1n(\/§+1)+7>
= |mV2+h(V2+1)|

53. Integrate foﬂ/Q sin (%) cos (3%) dzx using the product-to-sum identity
2sin Acos B =sin (A + B) +sin(A — B).
Then

/”/2 i (:c) cos 3z d 1 /”/2 i T n 3x i r 3z d
in ( = — |dxr == in{ =+ — in[ = - — i
) 2 2 2 )y 272 2 72

/2
/ [sin (2z) + sin (—x)] dx
0

/2
[sin (2z) — sinz] dz since sin(—z) = —sinz

/2 1 /2
sin (2z) dox — = / sinx dx
2.Jo

S— 5—

N = NI~ N= N

)| L coste

|
N| =
o
@]
»n
—~
[N
8

™

= ——[cos (m) — cos (0)] + 3 [COS (5) — o8 (0)}

1 1
:_Z(_1_1)+5(0_1):@'

55. We use the identity sin Asin B = %(cos (A — B) — cos (A + B)) to obtain

/sin (g) sin <3§) dr = %/(cos(—x) —cos (2z)) dz

_ % / (cos () — cos (20)) dx
= % (sinx — %sin (296)) +C

= |3sinz — $sin(2z)+C|
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57. The volume is given by the integral [; 7(sinz)” dz. We write sin®z = l_c"fh(%) and obtain

/OF (sinz)® dz A”ﬂ(%) dz

T

_ g/o (1 — cos (22)) da

- g [g;— %sin (233)}:

— g [w - %sin(27r) - (0 - %sin@(o))ﬂ
= |37

59. Using the method of disks, the volume is given by

/2 9 /2 2 /2
Vv :7r/ [f(2)]" dz :w/ [sinx(cosx)g/ﬂ dz :7r/ sin?  cos® x dx.
0 0 0

3

The exponent of cosx is 3, a positive, odd integer. Factor cosz from cos® x and write the
2

rest of the integrand in terms of sines. Use the identity cos?z = 1 — sin® .
/2 /2 /2
/ sin? z cos® x dx = / sin?  cos® x cos z dx = / sin? (1 — sin? :1:) cosz dx.
0 0 0

Now use the substitution v = sinxz and du = cosxzdx. The lower limit of integration
becomes u = sin 0 = 0 and the upper limit of integration becomes u = sin § = 1. Therefore,

71’/2 71'/2 1
/ sin? x cos® z dx = / sin’ x (1 — sin? :1:) cosxdr = / u? (1 — u2) du.
0 0 0

Use algebraic manipulation to rewrite u2(1 — u2) in a form whose antiderivative is recog-

nizable: u? (1 — u2) =2 —ut

Then

' ! 1 10 /11 2
21—2d:/ 2 _NNdu= |zt —Zd| =(=—2)—-(0-0)=—.
/Ou( u?) du 0(u u*) du U 5u0 37 & (0-0) 5

The volume of the solid is

/2 1
V=7r/ sinzxcos3:vdac=7r/ u2(1—u2)du= ?—75’
0 0

61. (a) The average value is given by ﬁfoﬂ sinz cos*rdr. Let u = cosz, then du =
—sinx dz, so sinx dx = —du. The lower limit of integration is u = cos0 = 1, and the
upper limit of integration is u = cosm = —1. We substitute and obtain

1 ™ . 4 1 —1 4
sinx cos*xdx = — u® (—du)
mw— O 0 ™ 1

1 !

—/ ut du
TJ-

2 1

—/ utdu
™ Jo
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using that we have an even function on an interval symmetric about 0. So

1 (" 211 1"
/sin:z: costzdr = —{—uf’}
=0 Jo T 15 g
211 1
— = _15__05
7T|:5 5 ]
_ [z
- 57

(b) The area under the graph of the function f is the same as the area of the rectangle
with height 2 ~ 0.1273 and width 7 — 0 = 7.

(©)
A

03T

y AA
0.1, {avemgy \
+ f —— + -
1 2 3
X

0.0
0

63. The net displacement of the object from ¢ = 0 to ¢t = 27 seconds is given by

27 2w
/ v(t)dt = / sin? t cos® t dt.
0 0

Use the identity sin® 6 = 1[1 — cos (26)] and cos® § = L[1 + cos (26)].

/ U(t)dt_—/ —[ —COS(21)]—[|+COS(2t)]dt

= i /0 i [1— cos® (2t)] dt

_ i /0277 [1 - %[1 + cos (4t)]] dt

27

0|l —= ol ool

[1 — cos (4t)] dt

S~

27

1

1
t— 750 (4t)} .

—N

{(2@ - isin (8#)] - {(0) - %sin (0)] }

After moving from ¢t = 0 to ¢ = 27 seconds, the object is approximately 0.785 meters to
the right of where it was at ¢ = 0.
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65. (a) The region in the first quadrant bounded by the graph of y = tanz and the lines
x =0 and y = 1 is pictured below. The graph of y = tanz intersects with the line

y = 1 when tanz = 1; that is, when z = 7. Since the region is above the x-axis,

fw/4 (1 —tanz) dx is the area of the desired region.

0
y /

|
|
|
I
I
05 |
I
I
|
|
|
l

x
T
To evaluate foﬂ/4 tanx dx = Ow/4 Z;‘;fc dx, use the substitution v = cosz and du =
—sinx dz. Then sinx dr = —du. The lower limit of integration becomes u = cos0 = 1
and the upper limit of integration becomes u = cos 7 = § So, Oﬂ/4 tanx dr =
/4 1

. V2/2 V2/2
o mpsinzdr =[] / L(=du) = — [; / 1 du.
Using a property of integrals,

B /1“5/2%%: / " du = inful], = In (1)~In (?) - (% = (2)

V2/2 U

Therefore, the area is

/4 /4 /4
A:/ (l—tanx)dajz/ ldaj—/ tanzdr =|Z —In (V2) |
0 0 0

(b) Using the method of washers, the volume is given by

V—W/OW/4{12 - [f(x)]z’} dx —7T</07T/41d:1:—/07r/4tan23:d3:>.

Use the identity tan? z = sec? z — 1 to evaluate foﬁ/4 tan? z dz.

/4 /4
/ tan’® zdx = / (sec2 T — 1) dx
0 0

— [tanz — 2]]/*
= Ktanz - %) — (tan0 — 0)}
—1-r

4
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67. (a) Use the identity sin®z = Lﬁ(%) and obtain
/sin4:cdx = / (sm :c
1 - cos (22)
_ / < cos (2z > g
1 2
ol (1 —2cos (2z) + cos” (22)) dx
1 1 ,
ol dx — = [ cos (2z)dz + = 1 | cos (22) dx

4

We evaluate

/C082 (22) dx

‘We now obtain

/ cos* x dx

4

1
-z — —sin
4

1 1
—r— Z sin (2z) + 1 /C082 (22) du.

dx

/ 1+ cc;s (4x)

%/(1+cos (4x)) dx

sin (4x)
2 8

1/x sin(4x)
z(f 3 )*C

+C.

(2z) +

3

8

Sz — Isin(22) +

(4z) + C'|.

3—2 sin

(b) Use [sin"xdr = —Sinnfln”” cost 4 n=l f4in""2 x dz with n = 4 to obtain
.3
4-1
/sin4:vd:v - OO TCoT + /sin472xd:v
4 4
.3
3
— S TCosT ZCOSI + Z/sin2a:d:17.
And again with n = 2,
.3 - 2—1
3 2-1
/sin4:cdgc __sin cicosx N Z(_sm 2:ccos:zc + 2 /SiDQQCEd(E)
sin® z cos = 3sinxcosa:+3/d
= - = x
4 8 8

_ sin® z cosx

4

_ 3sinmscosm + %x—i—C .

(¢) We have
1 1
g:r 1 sin (2z) + 3 sin (4z) =

3 1 1
3%~ 1(2 sinzcosx) + —2(2 sin (2z) cos (2x))
5 1s' cosT + 1(23' cosz)(1 — 2sin® )
-z — —sinzcosz + —(2sinz cosz) (1l — 2sin”
8 2 16
31 1 1,
gzc——sm:ccosx—i-—smxcos:c—Zsm T COST

sin® x cos x 3sinxcosz = 3
- - = —z.

4 8 8

So the two antiderivatives are equal.
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(d) Using a Computer Algebra System, we obtain

/

3 1
sin*xdr = gx — —sin

4

which agrees with the result obtained in part (a).

1.
(2z) + i (4z) + C,

69. We use the identity sin Asin B = % (cos (A — B) — cos (A + B)) to obtain

/sin (mx) sin (nz) dx

71. We use the identity cos A cos B =

/ cos (mzx) cos (nz) dx

Challenge Problems

2

! / (cos ((m — n)z) — cos (m + n)a)) do

_ 1/sin((m—n)z) sin((m+n)z) Lo
2 m-—n m+n

_ sin ((m—n)z) _ sin ((m+n)z)

- 2(m—n) 2(m+n) +C}

3 (cos (A+ B) + cos (A — B))
1

2
1

sin ((m +n)z)  sin(

to obtain

/ (cos ((m +n)x) + cos ((m — n)x)) dx

n)z)

(m —

m+4+n

o

m—-n

)+c

sin ((m+n)z) sin ((m

+

2(m+n) 2(m—n

—mr) 4 o,

73. Let /x = siny, so z = sin?y, and dz = 2sinycosydy. The lower limit of integration is

y = sin"' 0 = 0, and the upper limit of integration is y = sin

1/2
/

and obtain

Use the identity sin® y =

1/2
/

Nz
V-

NZ
VvV1i—=z

1—cos (2y)

/4 siny

0 /1-—sin?y
siny

/4
B /0 y/cos?y
/”/4 siny
o Cosy
/4
2/ sin? y dy.
0

and obtain

71'/4
2/
0

/4
/ (1 —cos(2y))dy

0

dx

(2siny cos

2

1 —cos (2y) dy

d
x 2

1.1
V2

™

‘We substitute

1

(2sinycosy) dy

y) dy

(2sinycosy) dy
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75. (a) When writing (cos? x)3/2 = (cosz)®, a mistake is made. When 7 <z <, (cos x)® <
0, but (cos? z) %% 5 0. The correct equality would be (cos? z) 32 _ cos z|°.

14-cos (2z)
2

(b) Use the identity cos?z = and obtain

/ cos*zdr = / (C082 :1:)2d:1:
0 0

_ /0“ <1+cc;s(2x))2dx

(14 2cos (2x) + cos® (22)) da

3

S— >

™ 1 us 1 us
dx + - / cos (2x)dx + - / cos? (2z) dx
2.Jo 4 Jo

T

Il
T R = | =

ix} . + H sin (21:)]0 + i/o cos? (2x) dx
1 1 1. L. L [T
= |77 4(O)} + [4 sin (27) : sm(2(0))} + 4/0 cos” (2z) dx
= % + i /0 cos? (2x) dz.

We evaluate

™ us 1 4
/ cos? (2x)dr = / 14 cos (4z) dx
0 0 2

g_’_smglx)}
- I, é‘”) _O(g sin (g(on)

‘We now obtain

AP® Practice Problems
1. Integrate [ sin® z dz using trigonometric identities.

The exponent of sinz is 3, a positive, odd integer. Factor sinz from sin® z and write the
rest of the integrand in terms of cosines.

/singzcdx: /siansin:cdx:/(l—coszx) sin z dx.
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Now use the substitution v = cosx and du = —sinx dx. Then sinz dr = —du and
/sin3xd:c = / (1 —cos® ) sinzde = / (1 —u?)(—du) = —/ (1—v?)du
1 4 1 4 cos®
=—|uv-g3u +C=— COST — 5 COS™ T +C =|—cosx+ “5*+C|
The answer is C.
3. Toevaluate [ sinz cos (2z) dz, use the product-to-sum identity 2 sin A cos B = sin (4 + B)+
sin (A — B).
) 1 . . 1 . .
sin x cos (2x) dx = 3 [sin (z + 2z) + sin (@ — 2x)] dx = 3 [sin (3z) + sin (—x)] dx
Since sin (—z) = —sinz,
1
/sin:z:cos (2z) dx = B / [sin (3z) — sinz] dz =| $[—4 cos (3z) + cosz] + C'|
The answer is D.
5. Integrate foﬁ/4 tan® x sec x dz using trigonometric identities.

The exponent of tan z is 3, a positive, odd integer. Factor tan x sec x from tan® zsecx and
write the rest of the integrand in terms of secants. Use the identity tan®z = sec? z — 1.

/4 /4 /4
Then / tan® zsecz dr = / tan? z tan x sec x dx = / (5602 T — 1) tan x sec x dx.
0 0 0

Now use the substitution v = secxz and du = tanx sec z dx.

The lower limit of integration becomes u = sec 0 = 1 and the upper limit of integration

becomes u = sec% =/2.

/4 /4 V2
So, / tan® zsecz dz = / (5602 T — 1) tanzxsecr dr = / (u2 — 1) du
0 0 1

[ ()

1(2-v2)|

The answer is C.
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7.3 Integration Using Trigonometric Substitution

Concepts and Vocabulary
1. True.
3. (¢), z = 3sech

Skill Building
5. Let x = 2sin 6, then dz = 2 cosf df. We substitute and obtain

/\/4—:0251:@ = /\/4—(2sin0)2(2cost9)d9
= 2/\/4—4511129 cos 6 df

= 2/\/4(1—511120) cos 8 do

= 2/\/460529 cos @ db

= 2/(26059) cos 6 df

= 4/00529d9

_ 4/1+C(;S(29)d9

= 2/(1—|—Cos (20)) df

= 2(9—1—%511&(29)) +C

20 + sin (20) + C
20 +2sinfcosf + C.

We have § = sin™" (£), and cos = /1 —sin® @ = /1 — (z/2)% = $V4 — 22. We obtain
/ Vi—a?de = 257 (3)+2(3) <1\/4 - :cZ) +C

2 2
= [2sin?! (%) + %x\/4—:172 +C|
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7. Let x = 4sinf, then dx = 4 cos6 db.

/widx
V16 — 2

We substitute and obtain

(4 6’
= / sin (4cosb)d
1/16 — ( 451n6‘
= 64 Lcosb‘db’
V16 — 16sin? @
2
- 64/Lcosod9
\/16(1 — sin®0)
sin? 0
= 64 | ——=cosfdb
V16 cos? 6
.9
- 16/Sm 0 costdo
cos
= 16/sm29d9
_ 16/1—C(;S(29)d9

= 8/(1—005 (20)) do
1.

= 8(9—5811129)4—0

89 — 8sinfcosf + C.

We have § = sin™" (£), and cosf = /1 —sin® 6 = /1 — (z/4)* = $V16 — 2. We obtain

/widx
V16 — 2

9. Let x = 2sin 6, then dz = 2 cos 6 df.

V4 — 22
5 dx

s ) o) ()

8sin~! (%) — %,T\/lG — 22+ C|

We substitute and obtain

\/4 251119
= / (2cosb)d

251119

Va-—4
—/$ cos 0 do
sin” 6
/ . 2
1 4(1 —sin® 6
—/# cos 0 do

B /\/4(3082 059 df

sin
0 0
_ / cos b cos 20

sin® 6

= /cot2 0 do

= /(csczﬁ— 1) do

= —cotf—0+C.
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We have 6 = sin™' (£), and cosf = /1 —sin*6 = /1 — (z/2) = V4 —122. So cotd =

1V/a=z2 A3
2 = ¥4-2° We obtain
z/2 T

V)
i-w dr = ——V‘L;ﬁ—sinfl(g)—l—O.

. Let x = 2sin#, then dz = 2 cosf df. We substitute and obtain
/:CQMd:E = / (2sin6)*1/4 — (25in6)? (2 cos ) df
= 8 / (sin2 0) m cos B df
= 8/ (sin2 0) 4(1 — sin? 0) cos 0 df
= 8 / (sin2 0) V4 cos? 6 cos b db
= 8 / (sin®0) (2 cos 6) cos 6 df

= 16/sin26‘ cos? 6 do

. 2
- 16/(8”1229) o

= 4 / sin? (26) df
_ 4/1_C;S(49)d9

= 2/(1—605(46‘))d9
1.
= 2<9—Zsm(49))—|—0
L.
= 29—55111(49)—1-0
= 20 —sin20cos20 4+ C
= 20— (2sinfcosf)(1 —2sin®0) + C.
We have 6 =sin™" (£), and cosf = /1 —sin® 6 = 1—(z/2)° = V4 —22. We obtain
g it (Z) —o(E) (Lva=2) (1-2(2)
/x 4 —x2dx 2sin (2) 2(2)<2 4 :v)(l 2(2) +C
2
= |22 T st (2) 1 0|
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13. Let x = 2sinf, then dx = 2cosf df. We substitute and obtain

1 1
———dx = /— (2cosf)db
/ (4— :172)3/2 (4 - 4 sin? 9)3/2

o[ — 1 cosoas
43/2(cos? 0)*/?

1 cos 6

B Z/cos?’Gde
1

= Z/seCQHdH

1
= Ztanb‘—i—C.

We have sinf) = 5, and cosf = V1—sin?0 = /1 —(z/2)* = $VA—22. So tanf =

z/2 z We obtain

1 1
——=d
/(4—:02)3/2 ! 4

1VA—a? Va—z2"

I

|
-+
®
=
)
+
Q

15. Let = 2tan#, then dz = 2sec? 6§ df. We substitute and obtain

/\/4+:172d:c = /\/4+(2tan9)2(2se629) do
= 2/\/4+4tan2056029d9

= 2/(2sec€)seczt9d9

= 4/sec39d9

1 1
= 4 [5 secftanf + 51n|sec€+tan9|} +C

= 2secftanf + 2In|secd + tand| + C.

We have tan = £, and secf = V1 + tan® 6 = /1 + (z/2)* = 1V4 + 22. We obtain
1 1
/\/4—|—x2dw 2(5\/4+x2) (5)+21m’5 4+x2+(g)’+0

2

= %x\/4+12+2ln’7v4+2””2+1 +C
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17. Let x = 4tan6, then dz = 4sec? # df. We substitute and obtain

/Vf”“l /\/4tan9 +16

4 -
/\/16tan29+1 (

/1/ tan 9—i—1
4 | ——(sec?#) do
/\/165ec29(seC )
_ 1 2

= /secﬁ(sec 9) db

= /sec9d9

= Inlsecd + tanf| + C.

4bec 9

sec? 0) df

sec 6‘

We have tan6 = 2, and secf = Vtan?0 + 1 = \/(z/4)> + 1 = 1 /27 + 16. We obtain
T T
e (2
/\/x2+16 4

_ In ‘ \/124216+m +Cl

19. Let z = %tan 0, then dx = %sec2 0 df. We substitute and obtain

/ 1 21
/\/1—1—9:102(1:5 = / 1+9(§tan9> <§S€C29> do
= %/\/1+tan26’sec29d9
1
= g/(sece) sec? 0 df
1
= g/se639d9
-1 1‘ec€ta 9—1—11 |[secd + tand|| + C
= 338 né + 5 Infsec an
1 1
= 65ec9tan9+61n|sec€+tan9|+0.
We have tan = 3z, and sec = V1 + tan2 6 = /1 + (3z)> = VI + 922. We obtain

1 1
/\/1+9x2d:v - 6(\/1—1—9962)(396)4-6110‘ 1+9:v2+(3:v)‘+0
= %x\/1—|—9x2+%111(\/1—1-9:02—1-31:)—|—C.
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21. Let z = %tan 0, then dx = %sec2 0 df. We substitute and obtain

[1 secftanf + = 1n|sec€+tan9| —1n|sec€+tan9|} +C

\/4 + 922. We obtain

4 + 9z +C

/ T d / tan9 < 9> 20
—dx sec
VA + 927 4+ 9(2 tan 0)
tan? 6 9
= — sec”0dl
V4 + 4tan® 0
8 tan? 6
= Q—/Lsegede
7 1/4(1+tan29)
8 tan? 6 )
= — [ ——=sec”0dl
V4dsec? 0
4 [tan?0
= o p—y sec” 6 df
= o7 tan? @ sec 6 do
= o (56629—1) sec 6 db
= o (sec3 0 — sec 0) df
-7
2
= ﬁsecetanH— Eln|sec€+tan9|+c.
We have tanf = 32, and secf = V1 + tan?§ = (%)
T 2 /1 3z
——— f— 2 JES— _
/\/4—|—9x2dx 27( V4+9x)(2> 27ln

1—181'\/4 4+ 922 — % In ( Y 4+92””2+3

)¢

23. Let x = 2tan6, then dz = 2sec? 6§ df. We substitute and obtain

2sec? 6

do

x
/ 22?2 + 4

/ (2 tan 0)*

sec? 6

(2 tan ) + 4

sec? 6

tan? 0v4 tan® 6 + 4

do

1
2
1
2

1 sec?

4 ) tan2@secH 9
1 sec 9

4 ) tan2 6‘

1 cos 6‘

4

sin® 9

/
/
/
e
/553

tan? 0, /4(tan? 6 + 1)
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Let u = sin 0, then du = cosfdf. We substitute and obtain

/ dzr 1/ 1 d
2
x2v/x2 4+ 4 4 ) u?

1 1
= 1(‘5)“’

1
= —chcé‘—i—C.
Wehavetan@:%,socot@:%, and cscf = V1 + cot? = 1+(%)2:%\/x2+4. We

obtain

dzr 11
— = {2244+ C
2vVx2 +4 4z

_ v
Yo+ 4 |

25. Let = 2tan 6, then dz = 2sec? 6§ df. We substitute and obtain

2
/ 2 dx = / 2sec” 0 = "
(22 +4) ((2tan9)2+4)

sec? 6
= 2/—d9
(4 tan? 0 + 4)3/2

B 2/ sec2 o
(4(tan? 0 + 1))

1 sec?
= - | ——db
4 / sec’ 0

1
= Z/cos@d@
1s' 0+C
= —sin )
4
V\/'ehawetan@:%,socot@z%,aundcsc@zx/l—i—cot2 = 1+(%)2=%\/12+4. So

x

sinf = N and we obtain

/diw _ e .
(22 + 4)%/? 42711

= | TO
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27. Let © = 5secf, then dx = 5secftanfdf. We substitute and obtain

22 5S€C9
/7&1: = / 5S€C9tan9 do
Vi? =25 v/ ( 5bec9

2
= 125 & secftand do
V25sec?f — 25

c? 0
25 | ——=secHtanb db
/\/se029—1

o2
= 25/5eC osecé‘taDH do
tan 6

= 25/sec39d9

1 1
= 25<§sec9tan9+ §1n|se09+tan9|) +C

25 25
= ?secetanH—i— 71n|sec€+tan9| +C.

Wehavesec@:% so tan @ = v/sec2 § — *\/% — %\/ — 25. We obtain

22 95 ray (1 %5 e 1
———dr = Z(£)(:VeT-25) + |2+ Va2 25|+ C
/\/x2—25x > (5 (5 ¢ )+2n5+5 ’ ‘J“
= %x\/$2—25+22—51n”7ﬁ2725’+0.

29. Let © = secd, then dx = secftanf df. We substitute and obtain

/@dm /\/56(39 —1

sec 6
= / tan 0 secftané do
sect

= /tan2 0do

= /(se620 — 1) dé

= tanf -0+ C.

(secHtanb)

We have § = sec™ !z, so tanf = v/sec2f — 1 = /22 — 1. We obtain

/\/—

dx*‘\/xz 1—sec lz+C|




7.3 Integration Using Trigonometric Substitution 711

31. Let x = 6secf, then dr = 6secftanf df. We substitute and obtain

/ T - / 6secftanf 40
z?v? — 36 (6sech)?y/ (6sech)? — 36

1 / secftan @ o
sec? §v/36sec2 0 — 36

1 / tan 6 d
sec 0+v/sec2 0 —

1 tan 6
B %/sec@tan@da

1
= 36 cos @ db
- Ly 0+C
= ggoin )
We have secf = &, so tanf = v/sec?0 — 1 = (%) \/ 2 - 36. So sinf = beCO =

iV 12 36 /m2 36

. We obtain

/ dx 1756 o
xzx/x2—36 3w

33. Let z = %sec 0, then dx = %sec@tan@ df. We substitute and obtain

/ dx B / 2 secftan @
Vaz? —9 \/ 4 sec 6‘
3 secf tan6

R d9
V9sec? § —

3 beCGtant?
\/9 se(329 -1

1 [ secOtan@
B 5/ tan @ d9

= %/sec@d@

1
= §1n|se09+tan9| +C.

We have sec = %”, so tanf = v/sec2 0 — 1 = \/ 2” 422 — 9. We obtain
1
S5V —9} +C

21}-’-\/;’1:62—9‘ +Cl

1
Y _ n
/\/4:102—9 2

_ |1
= 2111
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35. Let x = 3sec, then dr = 3secftanf df. We substitute and obtain

dx 3secHtand
/(x2—9)3/2 N /( 2 37z

(3sech)” — 9) /

sec 6 tan @
=3 3/2
(9sec? 6 —9)

secftan @

| Guca o

- 3/ 9(sec? 6 — )3/2 v
| S
e

sec 0 tan 6‘
tan3 @
sec 9
tan? 6‘

1 0
- = / —C,OZ o
9 sin“ @

Let w = sin @, then du = cos 8 df. We substitute and obtain

1
9
1
9

[
(ZCQ _9)3/2 - 9 'LL2
1 1
= —|(-= C
()
= 1csc€—|—C
= 5 )
We have sec = %, so tanf) = v/sec?f — 1 = (%)2 —1= %\/xz — 9. Then csc = :zg‘g =
z/3 We obtain

— T
V29 Va2 9

dz T
e Rt
37. Let x = 3sech, then dr = 3sechtanfdf. We substitute and obtain

22 dx (3secf)®(3secl tan 0)
2> _ )32 = 5 3/2 df
(22 = 9) ((3 sech) —9)

3
_ 27/ sec 9tan932d0
(9sec2 6 — 9)*

3
27/ sec 9tan93 2d9
(9(sec2 6 — 1))*

sec® O tan @
_ [ ecftand g,
/ tan® 6

sec® 6
= ———df
/tan26‘
f(tanZ6 + 1
_ /sec ( an2 ) "
tan< 0

= /<sec€+ sec@e) do

9
_ 1n|sec9+tan9|+/c,oz do.
Sin
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Let u = sin 0, then du = cosfdf. We substitute and obtain

2d d
/ﬁ = 1n|SeC9+tan9| —+ —’;L
x4 -9 u

= Inlsecd + tanf| + (—l> +C
u

= Inlsect + tanf| — csch + C.

We have sec = %, so tan = v/sec?f — 1 = (%)2—1:%\/:02—9. Thencsc@:fzflg:
% = =5 We obtain
3 xre— xre—
22 dx r 1 T
———— = In|lz-+-vV22-9|— —+C
/(:v2—9)3/2 HERE M ’ ViE 5
= |l w+¢;2—9‘_ 2+

39. Let z = 4tan#, then dx = 4sec? 6 df. We substitute and obtain

2 4tan6)*
[ - /%usmw
16 + = 16 + (4 tan )
2
_ 64/ tan“ 6 i
16 + 16 tan“ 6

tan?60
= 4/seC2986C 0 do

sec? 0 do

= 4/tan29d9

= 4/(sec29—1)d9

= 4(tanf —0)+C

- 4(%) —dtan™! (%) rC

= |z —4tan! (%) +C|
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41. Let z = %sin 0, then dx = %cos@d@. We substitute and obtain

2
/\/4—25:62d:10 = /\/4—25(%81119) (%cos@)d@

%/\/4—4sin26'cos€d9
zg/\/él(l—sinzé‘)cosb'db‘
é/coszt?dt?

5

B é/l—l—cos(?é‘)d19

5 >
_ %/(1+cos(26‘))d9
2

1.

1
=0+ = sin (20) +C

N Ot DN

2
= -0+ gsin000s9—|—0.

ot

We have § = sin™* (57”), and cosf = /1 —sin?0 =4/1 — (5796)2 = %\/4—25:62. We obtain
2 2 1
/\/4 —2522dx = Z=sin! <5_:c) + 5<5—x) (—\/4— 25172) +C

5 2 2 J\2
= |Zsin' (%) + Jav4—252% + C|.

43. Let x = %sin 0, then dx = %cos@d@. We substitute and obtain

/ﬁdw = / L 373 (%cosb’) do
(4 - 2522) (4-25(2sin0)")
2 1
= I . cosods
5 / 43/2(cos? 9)3/2 o

1 cosf
= —do
/ cos® 0

= —/sec 0 do

= 2—Otan9+C
We have sinf = 5—m, and cosf = /1 —sin?f = 7”” \/ — 25z2. So tanf =

5x/2 _
T \/4 ——. We obtain

/ 1 d 1 ( 5z )—i—C’
Y g = (2T
(4 — 2522)%/? 20 \ V4 — 2522

R xT
- 4+/4—25x2 +C)
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45. Let x = %tan 0, then dx = %sec2 0 df. We substitute and obtain

2
/\/4+25x2da: = /\/4+25<§tan9) <§sec29> do

We have tanf = 57””, and secf = V1 +tan?6 =+/1+ (57%)2 =

/\/4 + 2522 dx

= 2/\/4—|—4t3mzb'se629d9

= /\/ 1+ tan? 6 sec 20de

= 5/(25ec€)sec 6do

4
= g/sec39d9

411 1
= {isecﬁtan9+ §ln|sect9+tan9|} +C

2 2
= gseCHtanb‘—i— gln|se09+tan9| +C.

5

la 4+25x2+§1n(7\/4+25; _2+5m)+c.

47. Let x = 4sec, then dr = 4sechtanfdf. We substitute and obtain

/ x B / 4sechtanf 20
wva? —16 (4sec)’\/(4sech)® — 16

1 / secf tand 20
N sec3 0v/16sec? 6 — 16
B 1 / tand
N sec? Ov/sec? 0 —
1 tan 6
B / sec2 0 tan 6 d

1
= a/COSQHdo

1 1
_ 6 + cos (20) &0
64 2

1 1
= 128 (9 + —sin (29)) +C

1 1
= m9+256(2sm9c059) +C

1
= —9 ——sinfcos
123 + 1285111 cosf + C.

%\/4 + 2522. We obtain
2/1 2 1
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We have 0 = sec™! (g), so tanf = v/sec2f —1 = (%)2 —-1= %\/1‘2 —16. So sinf =
tanf __ sz 16 \/12 16

ol = , and cosf = —. We obtain
Se 4
V2 —
/7$ = Lsec—l( )+L vz 16 é +C
z3v22 — 16 128 4 128 x x

_ 1 —1(z \/as2 16
= ugsec (4) Sz O

49. Let x = sin#, then dz = cosfdf. The lower limit of integration is # = sin"' 0 = 0, and
the upper limit of integration is # = sin™'1 = 5. We substitute and obtain

1 /2
/\/l—xde = / V1 —sin? 0 (cos §) df
0 0

/2
= / cos? 6 do
0

/2] 20
/ +cos( )d9

/2
{9 + —sin (26) ]
0

N = N =

51. Let = tané, then dx = sec?8df. The lower limit of integration is # = tan™' 0 = 0, and
the upper limit of integration is § = tan™'1 = 7+ We substitute and obtain

1 /4
/ V14 22dx / \/1+ (tan 9)2(5602 9) do
0 0

/4
= / (sec ) sec? 6 d
0

= sec® 0 df
1 1 /4
= [5 secftan 6 + 3 In [sec § + tan 9|}
1
2

1
sec = tan — + 21n’sec—+tan—’ <—secOtanO+ ln|secO+tanO|)

V2+In (V2+1)
— |
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53. We evaluate the corresponding indefinite integral, and then apply the Fundamental Theo-
rem of Calculus. Let z = 3sec6, then dx = 3secftanfdf. We substitute and obtain

T 3sec€
———dz = / (3sechtanb ) do
/VIQ_Q v/ ( 3sec€ -9
sec2 6
= 27 m sec@tan@ d9
sec? 6
= 9| ———secHtanf db
Vsec2f —1

2
- Q/SGC 0 secotand do
tan 6

= 9/sec39d9

= gseCGtanﬂ—l-gln|sec9+tan9|+0.
Since sec = ¥, tanf = v/sec? ) — 1 = (%)2—1: %\/xQ—Q. So
z? 9/1 x 9 1 T
—_dr = S(=vV22-9)Z4+il|sVa2—9+2|+C
/\/;c2—9x 2<3 v )3+ BlgVaet —d gt

x
—|+C
|+

By the Fundamental Theorem of Calculus,

z2 -9+

1 9 1

5
X
31,
5 1 9

2 20) = (2442 —9+ 21
52 -9+ 3‘) (2 9—|—2n
= dpss10- (2m —\f7+— +2V7
) 2 3 3

9 9 9
- 51n3+10—§1n(\ﬁ+4)+§1n3—2\ﬁ

= [10-2V7+9I3 - §In (44 V7) |

—dx
4 V2 =9
1 9

= — 2 _ 1

(25 5 9+ 211

1 4
Z\/42 —94 =
3 +3D
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55. We evaluate the corresponding indefinite integral, and then apply the Fundamental Theo-
rem of Calculus. Let = 4sinf, then drz = 4 cos df. We substitute and obtain

’ sin 0)?
/md:r — /(16 _(?481119;)2)3/2 (4cos ) db

sin?
= 64/ﬁ C089d9
(16 cos? 9)

.2
_ /sm 900s9d9
cos3 6

= /tan2 0do

= /(56029— 1) do

= tanf -0+ C
in @
cos

Since sin = 7, cosf = 1—sin®f = 1—(%)2:%\/16—x2.80wehave

. 1T
- e
Sin 4

[a—
D
|
8 &N
[}
~—
w
~
V)
8
\
8

V16 — 22
SR S e

V16 — 22

By the Fundamental Theorem of Calculus,

2 z? x LT ?
73/2d$ = | —sin 7
0o (16 — a2) V16 —z 4],

- (2 ) (Y g
- \V/16 - 22 4 402 4
—0

=

ofs =S

I
=E]

57. We evaluate the corresponding indefinite integral, and then apply the Fundamental Theo-
rem of Calculus. Let z = 3tan#, then dx = 3sec? 6 df. We substitute and obtain

2 2
/ x 5 doe = /%6)2(35%2 9) do
9+ 9+ (3tand)

2
= 27/‘“&2795%26%6‘
9tan“ 0+ 9

tan?6
= 3/ -y sec” 0 do

= 3/tan29d6’

= 3/(sec29—1)d9

= 3(tanf—0) + C.
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Since tan = %, and 6 = tan"' . So

z
3

x? T 4T
/9+x2dx = 3(§—tan §)+C

= x—3tan_1§—|—C.

By the Fundamental Theorem of Calculus,
3 2 3
/ x—d:c = [x— 3tan~! E}
0 9 + $2 3 0

3 0
(3 — 3tan" ! §> — (0 — 3tan~! §>

Il
RS
w
|
]
3
"
|
=
N~—

Applications and Extensions

2
59. The volume is given by fol 7T( dr. We evaluate the corresponding indefinite in-

1
244
tegral, and then apply the Fundamental Theorem of Calculus. Let x = 2tan#, then
dx = 2sec? 0 df. We substitute and obtain

1 \° 1 ’
/71'(2—) dr = 71'/ ) (2sec?0) do
x? 44 (2tanf)” 4 4
1 2
_ 2
= 27T/<74se029> sec” 6 df
7w [ sec?6
= — | ——db
8/sec49
= E/COSQQdo
8

B ﬁ/l—i—cos(%‘)de

8 2
™
= 1 (1+ cos(26))do
= "o+ Ltane
= E< +§Sln( ))
s

= 1 (0 4 sinf cos ) + C

™ tan @
16 < +S€C29>+C

Since tanf) = 7, sec = Vtan?0 +1 = (%)2—1-1 = %\/xz +4, and = tan~! 5. We
have

1 2 v x z
- )\ d “ltap 'y 2
/W<:v2+4) v 16<an 2+( /—I2+4)2>+O

Il
NE
N
-+
&
=

L
|8
_|_
o
S
~
_|_
Q
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So by the Fundamental Theorem of Calculus,
/1 1 2d T tan-1 x n 2z !
| —— x — n— 4+ —-
0 22+ 4 16 2 22+4)/],
= T tan! L + 22(1) — = [ tan™? 0 + 22(())
16 2 ()" +4 16 2 (0)"+4

us 11
16(an 2+ )
1
3|

(S0 )

— o . -1
= |10 T 16 tan

61. The average value of f(x) = 5 over the interval [0, %} is

1
V9—4zx
- 1 1/2 1 1/2 1
f= 1—/ —d —dux.

5 —0Jo V9 —4a? o V9 —4z2
Use the substitution z = %sin@, -5 <60 < 3. Then dz = %cos@d@ and v9 — 422 =

2
\/9—9sin29 = 3\/1 — sin? # = 3v/cos2 0 = 3 cos 6 since -5 <0< 3.

r =2

! %x, the lower limit of integration becomes # = sin™* 0 = 0 and the upper

3"

Since 6§ = sin™
limit of integration becomes u = sin

The integral becomes

2 ——dr =2 = d
/o V9 — 4a? v 0 3cos9(2COS )

1
Vo2
the graph of y =

63. Since y = is nonnegative on the interval [0,2], A = f02 \/ﬁ dz is the area under

1
V9—x?

from x =0 to x = 2.

0.5 1

P e e ————

Use the substitution z = 3sinf, —3 < 60 < 7. Then dr = 3cosfdf and V9 — 22 =

\/9—9511120 = 3\/1 —sin? 0 = 3v/cos2 0 = 3 cos b since -5 <0<3.
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Since § = sin~! %, the lower limit of integration becomes ¢ = sin~!0 = 0 and the upper
limit of integration becomes u = sin ™! %
The integral becomes

12

2 2
A:/O m / 3cos€d9)

sin~ 12
3
= / df
0

. The area under the graph is given by f35 \/% dz. We evaluate the corresponding indefinite

integral, and then apply the Fundamental Theorem of Calculus. Let x = secf, then
dz = secftanfdf. We substitute and obtain

9
= / (sec (secHtanf)

v/ ( secb‘

= /stec oseCGtant? df

22
/7@:
vaz -1

anf

= /3603 0 do

1 1
= 5sec€tan9+ §1n|sect9+tan9| +C.
Since secf = z, tanf = vVx? — 1. So

1 1
/\/%d:rzix x2—1—|—§ln’x+\/x2—1’+0.

So by the Fundamental Theorem of Calculus,
(;5 1+ = 1n}5+\/ D ( 32—1+%1n}3+\/32—1‘>
1

—1n(2\/6+5) +5V6— (—1n(2\/§+3) +3\/§)

2 2

= [iIn(2v6+5) —+In(2v2+3) —3vV2+5V6|

/de
3 vaZ—1
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67.

a) The region enclosed by the hyperbola ¥ 42 — 1 and the line y = 4 is pictured
9

below.

-2 -1 0 1 2

2

Solving the equation of the hyperbola for x, x = £4/% — 1= :I:% y2 —0.
Using symmetry, the area enclosed by the hyperbola and the line y = 4 is given by

4 4
1 2
A=2/ g\/y2—9dy=§/ Vy? —9dy.
3 3

Use the substitution y = 3secf (0 <6 < 5, m < 6 < 3T) to evaluate [ \/y? — 9dy.
Then dy = 3tanfsecf df and

Vi —9= V9sec2 — 9 = 3v/sec20 — 1 = 3/ tan2 0 = 3tand

since0§9<§orw§6‘<37”.
Then

/mdy:/(3tan6‘)(3tan986c6‘d6‘)
:9/tan29sec6‘d6‘
:9/(sec29—1)sec9d9
:9/(sec39—sec9)d9.

Evaluate [ sec?® A df using integration by parts.

Let u = sec and dv = sec? 6 db.
Then du = tanfsecfdz and v = [ sec? 0 df = tan6.
Now

/ sec® 0 df = secftanh — / (tan 6)(tan O sec 0 dz) = tan O secd — / tan? @ sec @ db.
Use the identity tan®§ = sec?§ — 1.

/sec3 0do = tan@sec@—/ (sec® 6 — 1) sec§ df = tan 6 sec 9—/sec3 9d0+/ sec d.
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Add [ sec®0df to both sides.
2/sec3 6df = tanfsech + /sec0d0 = tanfsecf + In|sec + tan 0|

and [sec®df = [tanfsecd + In[secd + tan 6] + C.
Therefore,

/\/y2—9dy:9/(sec39—sec0)d9

= 9{%[tan95e09+1n|sec9+tan9|] —1n|sec9+tan9|} +C

= —[tanfsecd — In|sech + tanb|] + C
I VA N NV et
3 3 3 3

_y\/y2 —9—9ln‘y+ Vy? —9‘ —91n3] +C

_y\/ y?—9—-9In ‘y +Vy? - 9H + C after combining the constants.

NI~ NO N©

So,
A—g/;\/mdy
R Y Y R |
1{{4ﬁ_91n(4+\/7)} ~0-9m @)}
3
o (277)

_ | a7 447

Wl = Wl

(b) The region enclosed by the hyperbola %2 — 22 =1 and the line y = —7 is pictured
below.

¥
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. . 2
Solving the equation of the hyperbola for z, ¥ = £4/4% — 1 = :I:%\/y2 -0.
Using symmetry, the area enclosed by the hyperbola and the line y = —7 is given by

-3
A=2/
-7

1 2 [7F
g\/y2—9dy=§/77 Vy? —9dy.

Using the results from part (a),

So,
2 _3
A=§ Vy?2—9dy
-7
2 1 -3
B G e
1
25{[0—91n|—3|]—{—7\/@—91}&‘—74—\/@“}
/a4 g L= Y40
3 3
1] 7—VA0 T+ 40
= |7-2V104+91n :
3| ( 3 7+\/E>]
1[ 9
=z 14\/%—1—91117}
31 3(7 + V/40)
14
VIO gy, 3
3 7+ /40
_ 14\3/5—311(1 7+23\/E'

69. The length of the graph is given by L = f05 \/1 + [%(51‘ — x2)]2 dr = f05 \/14(5— 296)2 dz.
We evaluate the corresponding indefinite integral, and then apply the Fundamental The-
orem of Calculus. Let u = 5 — 2z, so du = —2dx and dx = —% du. We substitute and

obtain

/\/1+(5—2x)2da:

Let u = tan 6, then du = sec? 0 df.

/\/1+(5—2:v)2d:10

1
/\/1 + u? <—§ du)
1
—5/ \/ 1+u2du
We substitute and obtain

—%/\/1+tan2956029d9

—%/sec39d9

1 1
. secftanf — Zln|sec6‘+tan9| +C.

Since tan® = u, secd = V1 +tan®>0 = /1 +u2, and also substituting v = 5 — 2z, we

obtain

/\/1+(5—2m)2d:c

—i\/l—&—u?(u)—iln‘\/l—&—zﬂ—i—u‘—i—C’

1
—; (5-22)

1+(5—2:c)2—11n 14 (5 —22)° + (5 - 2z)

1 +C.
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By the Fundamental Theorem of Calculus,
5
/ V14 (B —-22)%de = [—1(5—2:(;) 14 (5 —2z)2 .
0 4 4

(G-20)/1+(-2()
4 B 4

14 (5—-2(0)2+5—2(0)
v |

\/1+(5—2x)2+(5—2x)}z

1+(5—2(5))2+5—2(5)'

(5-2(0)/1+(-2(0)> 1

4 4
- 26_%1]0(\/%_5)_(_%hﬂ(\/%—i-&’))—Z\/%)

= |4 (V26 +5) - 2in(V26-5) + v |

71. (a) We equate z2 = 4 — 32 with 22 = 1 — (y — 2)° to get the points of intersection. We

obtain
-y = 1-(y-2)°
4—y? = -y’ +4y-3
4 = 4y-3
7
i
So 22 =4 — (%)2 = }—2, and z = :I:@. The area is given by
V15/4 V15/4
A= [\/4—:62—(2—\/1—962)] dw=2/ [\/4—:62—(2—\/1—962)] dx.
—V15/4 0

We expand to obtain

V15/4 V15/4 V15/4
A = 2/ \/4—x2d:c+2/ \/l—xdezr—2/ 2dzx
0 0 0

V15/4 V15/4

2 Va4 —x2dr+2 V1—a22dr —V15.
0 0

For the first integral, we evaluate the corresponding indefinite integral, and then
apply the Fundamental Theorem of Calculus. Let x = 2sinf, then dx = 2cos6 df.

We substitute and obtain
2/ \/4— (2sin6)*(2 cos ) db

2/\/4—$2d1‘
= 4/\/4—4sin29c059d9

= 8/00520d0

_ 8/1+COS(29) 40

2
= 4/ (1 + cos (20)) do
= 4(94—%811129)4—0
= 460 +4cosfsinf + C.
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Since sinf = §, cosf) = /1 —sin?0 = /1 — (%)2 = %\/4—1‘2, and 6 = sin~! 5. We

obtain

2/\/4—x2d:c = élsin_lg—i-4<l 4—:1:2> (g)-{-c

2

= 4sin! g +xv4—a22+C.
By the Fundamental Theorem of Calculus,

V15/4

V15/4
2 Vi—22dz = {4sin_1g+x\/4—x2}
0 0
V15
== V1
= |4sin7! <%> + T5
7V15

. 1 (V15
= <4s1n1<T>—|— 16>_O

4gin~! <@> + 71—\/61_5.

8

For the second integral, we evaluate the corresponding indefinite integral, and then
apply the Fundamental Theorem of Calculus. Let x = sin6, then dz = cosfdf. We

substitute and obtain

2/\/1—x2dx

2/ V1 — sin? f(cos ) d

= 2/00520d0

_ 2/1—1—(3(;(29) 40

- /(1 + cos (20)) do

= 0+ %sin29—|—0
= 6+ cosfsinf + C.

Since sinf = z, cos® = /1 —sin?0 = /1 — 22, and 6 = sin™! z. We obtain
2/\/1—:172d:c = sintz+V1-22(2)+C
sintz4+2vV1—224+C.
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By the Fundamental Theorem of Calculus,

V15/4
V1—22dz = {sinflx—l—x\/l—x?]o

V15/4

)2 - (sirfl 0+ OM)

Soweobta1nA_2f\/_/4s/ x2 dx +2fm/4~/1—:1:2d:1:—\/ﬁ: (4sin_1 \/81_5 4 7\1/61_5)_|_

(Sin*@—i—%)—\/l = 71‘ﬁ+4sm 1‘ﬁ 1\/ .
(b) Here we subtract the area of the smaller lune from the area of the upper circle. We
obtain

A = n(1)? - (sin_l @ + 4sin? Tl5 — %\/ﬁ)

= |7 —sin ' 5 _ 4gin~! YIB 4 L /T5|

73. Let u = — 2, then du = dx. We substitute and obtain

/ dzr B / du

V1= (z—2)? V1—u?
= sin'u+C
= [sint(z—2)+C|

75. To evaluate [ ﬁ, use the substitution v = 2z — 1. Then du = 2dz, dx = 3 du,

and

/ v (2x —1)2 / Vu < > - / vu
Use the substitution u = 2sec (0 < < %, 7 < 0 < 2F) to evaluate [ ﬁdm
Then du = 2tan8secd df and

Vuz —4=1/1sec? — 4 =2v/sec?20 — 1 = 2V/tan? 0 = 2 tan

since0§9<%orw§9<37
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Therefore,

/ dx 1/ 1 d

- == = du

VRr—-1)2—-4 2) Vur-4

:l/;ﬁtanﬁsecOdH
2 ) 2tan6

= l/sec@d@
2

1
§1n|sec9+tan9| +C

u+ u?2 —4

2 2 2

u+Vu2—4
2

+C

+C

2z —1)++/ Rz —1)2—4
2

=3 In + C or, equivalently,

1
51n

(2m—1)+\/24w2—4m—3’ Lol

77. Let u = e”, then du = e® dx. We substitute and obtain
[evi—cra= [ Ve au
Let w = 5sinf, then du = 5cosf df. We substitute and obtain
/em\/mclx = /\/25— (5sin8)*(5 cos6) db
= 5/ V25 — 25sin” 0 cos 6 df
= 25/cos2 0do

_ 25/1+cos(29) 40
2
= % (1+ cos(20)) do

25 1.
= 7(6‘4-58111(29)) +C

= §9+§sin6‘cos€+c.
2 2
We have 6 = sin™! (%), so cosf = /1 —sin?f = /1 — (%)2 = %\/25 — u?. We obtain
- 25 . i /u 25 /ru 1
e*V25 —e2@dr = —sin (—)—i——(—) -V25—u2 ) +C

2 5 2 \5 5
2% . quy 1
= 78111 (g)+§ux/25—u2+0.

And since u = e*, we have

/&/25 —e2dr =|Lsin"' () + 3e"V25 — 2 + C.
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1,.2

79. Let u = sin" 'z and dv = zdz. Then du = ﬁ dx and v = 5z°. We use integration by

1 1 1
51’2 Sin_l Tr — / <§I2> <ﬁ) dx

Lo

parts and obtain

/:17 sin”! z dz

-
2

1
sin""x — = | ——=dx
2/\/1—x2

Let x = sin @, then dx = cos 6 df. We substitute and obtain

/:17 sin! zdz

2

2
2

2
2

2

1 22

1 1 s1n 0

1
—x“sin”~ :c—— cos9
2

SlIl

1
—x sin_lx—l/sin 0 do
2 2

%:v sin~ta — 1 / 1= cos (29) do

2 2

1 1

l:v sin” x — Z/(l —cos (20)) df

%:1: sin™ 1x——<9——sm29)+0

4 2

1 1
sin'x — =0+ Zsin@cos@—l—C.

4

We have 0 = sin™! z, and cosf = /1 —sin? 0 = v/1 — 22. We obtain

/xsin_l T dr =

81. (a) Let x = atan®, then dx = asec? § df. We substitute and obtain

/\/£C2+a2d$

We have tanf = £, and secd = Vtan’ 0 + 1 = (5)

/\/xz—i—a?dx

1.2

256 S

1a:——sln T+ x\/l 2 +C|

/ \/ (atan 6)® + a2 (asec®0) do

= az/secgﬁdG

1 1
= a2(§sec9tan9+ 51n|sec€+tan9|) +C

a2

= 7(sec9tan9+1n|se09—|—tan9|) +C

2

2

&(im( )+mn|>

= é\/:er + a2. We obtain

x2+a2+5’>+0
a

1.2
50 In

z4+vaZfz?
a

+ tzva? + 22+ C|
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(b) Let = asinh 6, then dz = acoshdf. We substitute and obtain

/\/x2+a2dx =

/ \/ (asinh 0)® + a2(a cosh §) df
a’ / Vsinh? 0 + 1 cosh 6 df
az/cosh2 6 do

0 -0\ 2
a2/ <i) do
2

a2
T / (e +2+e)db

2

a” (1 a9 L 29

2z 20 — =

1 (26 + 5¢ +C

1 2

§a29—|— %(629 —6720) +C

1, a? (e? —e Y e +e?

—a“0 + — C
2 + 2 ( 2 2 +
1, a? .

ia 9+7smh9005h9—|—0.

Since sinh 6 = £, cosh = v/ sinh?0 + 1 =/(z/a)’> +1= 1\/2% 4 a2. We obtain

/\/x2+a2dx

1
—a’sinh™! (E) +
2 a

CLQZC

7(5

)(%Jm) +C

1

sa’ sinh ™! (2)+ 3zva® + 22+ C|

83. Let x = asinf, then dz = acosf df. We substitute and obtain

/ dx
e

acosf

——df
\/a2 — (asin6)?

acosf

—df
Va2 —a2sin? 0

1 acosf

- [ ——df
aJ +/1—sin?6
cosf
do
/cosb‘
0+ C

sin™!

/

z
a

(

)+C|
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85. Let x = asecl, then dxr = asecftanfdf. We substitute and obtain

0 tan o
/ asectan 20
asecOy/(asec)’ — a2
1 tan 6

| ———db
a) +/sec?20—1

1 t
_ _/ an@de

a ) tan@

l9—|—C'
a

/ dx
zvVx? — a?

= |lsec7!(2)+C|

87. Let z = atan#, then dx = asec?® §df. We substitute and obtain

1 1
[ESy
% + a2 (atan®)® + a?
sec2d
B /sec@ d0

/sec 0 do

= Inlsec + tan | + C;.

a sec? 9) do

We have tanf = £, and sec = Vtan® 0 + 1 = (%)2 +1 =122+ a2 We obtain

= In

1

- x2+a2+£‘+Cl

a a

= 1n‘x+\/x2+a2‘—ln|a|+01
= 1n(a:—|—\/:172+a2)—|—0,

1
—dzx
/ Va2 + a?

where C' = —In|a| + C;.

Challenge Problems
89. Let x = asecf, then dx = asecftanfdf. We substitute and obtain

/\/xQ—an:r = /\/(asecﬁ)g—a2(asect9tan9)d9

= a? / (tan 0)(sec 0 tan 0) df
= a2/tan295609d9
= a2 / (sec2 0 — 1) sec 6 df
= a2 / (sec3 0 — sec 9) do
L1 1
= a isecﬁtan9—|—§ln|se69—|—tan9|—1n|sec9+tan9| +C

1 1
= d? [§se09tan9—51n|sec€+tan9| +C.
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We have secf = £, and tanf = v/sec? ) — 1 = 4/ (%)2 —-1= %\/:62 — a2. We obtain

1 1 1 1
/\/xz—anx = d? —(f) Vet —a?) - |24 Vet — a2l 40
2\a/\a 2 a a
1 1 1
= §x\/x2—a2—§a21n‘x+\/x2—a2‘—|—§a21n|a|+C’

= %x\/xz —a? — %a%n’x—i— Va2 — aQ‘ +C|

91. Let v = tanz, then du = sec? z dz. We substitute and obtain

sec2 €T

dzr
Vtan2z — 6tanx + 8

/ du
vu? —6u+8

/ du
vu?2 —6u+9-1

/ du

Let y = v — 3, then dy = du We substitute and obtain

SeC2 x

dy
dz = /7
Vtan?z — 6tanz + 8 V2 -1

Let y = sec@, then dy = sec tan 6 df. We substitute and obtain

sec z d secftan @ 20
r = _
Vtan?z — 6tanx + 8 Vsec2 —1
_ /sec@tamt?dt9
tan 6

= /se09d9

= Inlsectd + tanb| + C.

We have sec = y, and tanf = v/sec2f — 1 = 1/y2 — 1. We obtain

2

e & dlen}y—l—\/yz—l}—i—(?.

Vtan?z — 6tanx + 8

Since y = u — 3 = tanx — 3, we now have

2
/\/ > sech de = In tan:v—3+\/(tanx—3)2—1‘+0
tan“x — 6tanx +

= ln‘tanx—3+\/tan2:v—6tanx+8‘+C.

AP® Practice Problems

1. To evaluate f03 V9 — 22 dz, use the substitution z = 3sinf, -3 <6 < Z.

0s6df and v9 — x2 = \/9—9511129: 3\/1 — sin? 0 = 3v/cos? 0 = 3 cos B since

Then dxr = 3¢
—T<9< T,
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The lower limit of integration becomes § = sin~* 0 = 0, and the upper limit of integration

becomes 6 = sin~* % = %

The integral becomes

/2

/2
/ V9 —:czdx—/ 3cos€)(3cos9d9):9/ cos? 0 df

0

NJI@

:9Aﬂ2%u+um@m]e [9+§an@m} = 2[(E+0)-0+0)] =[]

The answer is C.

3. To evaluate dz, use the substitution z = tanf, —3 <6 < 3.

fow

Then dx = sec?0df and V22 + 1 = vVtan2 0 + 1 = Vsec? 6 = sec since -5 <0<3.

The lower limit of integration becomes 6 = tan=' 0 = 0, and the upper limit of integration

becomes § = tan~11 = T

S0, Jy oy da = [ g sec? 00 = [ Ly = [ cos = [sin 6]/ = | 42 |
The answer is B.

5. Use the substitution x = %tan 0, —5 <0 < 3, to evaluate f ——111912,
Then dz = %sec?0df and V1+ 922 = 1+9(%tan9)2 — ViTtan?d = Vo0 —

sec since —5 < 0 < 3.

% sec® .d6

Thenfﬁdw =[3+—

=3 [secfdf = $In|secf + tan O|+C =| 3 In |1+ 922 + 3z| + C' |

The answer is D.

7.4 Integrands Containing az? + bz + c

Skill Building
1. We complete the square: 2% + 4z +5 = (z + 2)2 + 1. Then we let v =z + 2, so du = dxz,

and we obtain
dx _ dx
/x2+4x+5 B /(x+2)2—|—1
du
- [
= tan tu+C
= ‘tan_l(a:—l-?)—l-C".
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and we obtain

5. We complete the square: 3 + 2z + 222 =

/

dx
22+ 42 + 8

/

2dx

3+ 22 + 222

We complete the square: x2 + 4x + 8 = (x + 2)2 + 4. Then we let v =z + 2, so du = dxz,

2(x+ %)2 + % Then we let u =z + % to obtain

/ 2dx
2z +1)" 43
2/ du
2u2 + g
du

7. We force the the derivative of the denominator to appear in the numerator.

complete the square with 22% + 2z + 3 = 2(z + %)2 +

27

27

We obtain
/ v do /ﬂ%+m—%
222 +2x+3 22 + 27 + 3
]~
T 4) 222+ 20 +3 9] %21 9:53
1 2 1 dx
- el
1 d
= Zln(2x2—|—2x—|—3)—§/+5
2(z+3)" +3
= Zln(2x2—|—2x—|—3)—1/ u .
(3
— 1 2 12 1 u
= 4111(296 +2x+3) 4\/5tan (\/3/2)4_0
_ 1 2 5 i (2(z+3)
= 4111(2:5 + 22+ 3) o tan NG +C
= lln(2x2+2x+3)_£tan—l (2m+1)+c
4 10 75

We then

2 andlet u =z + L, so du = dx.
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9. We complete the square: 8 + 2x — 22 =9 — (x — 1)2. Then we let u = x — 1 to obtain
/ dx / dz
V8 + 2z — a2 VI—(x—1)2
/ du
VE @

= sin! (%) +C

= [sm'(252) + ]

11. We complete the square: 42 — 2% =4 — (x — 2)2. Then we let v = x — 2, so du = dx, and
we obtain

[EX S

13. We complete the square: 22 + 2r + 2 = (v + 1)2 + 1. Then we let u =z + 1, so du = dz,
and we obtain

/ dx _ / dx
(x+1DVa? +2zx+2 @+ /(e +1)2+1

/ du
uvu? + 12

Vuz+1-1
= hlL—FC
u
(z+1)°+1-1
= In +C
z+1

_ Va242x42—1
= ln‘igch1 +C|

15. We complete the square: 24 — 2x — 22 = 25 — (x + 1)2. Then we let u = z + 1, so du = dx,
and we obtain

| =

= sin! (%) +C

= [sm (=) + 0]
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17. We force the the derivative of the denominator to appear in the numerator, and obtain

two integrals.

x—5
V2 —2x+

1

12z —2) - 4d
Va2 —2x+

(2z — B

Ve 1 4/m

Now for the first integral let w = 2% — 22 +5, so dw = (2x — 2) dz. In the second integral,
complete the square with 22 — 2z +5 = (z — 1)2 +4. ;and let w =2 —1, so du = dz. We

obtain
1

du
_ —1/2
= — [w dw -4 | ——
2/ /\/u2+22

= %(2\/@?)—4ln(u+ u2+4)+0

\/x2—2x—|—5—4ln<x—1—|— (x—1)2+4>+0

= |Va?-2x+5—

4111(1:—1—1—\/1:2—2:17—1—5)4—0

19. We complete the square: 2 —2x +5 = (z — 1)2 + 4, and let u = z — 1 to obtain

/1 vVaz -2z +5

3 dx
/1 (—1)*+4

0 Vu? 422

[1n(u+ u2+4)}:22

I (24 V22 +4) —In (0+ V07 + 1)
n(?\/§—|—2)—ln2

n(vV2+1)|

21. We complete the square: e?* +¢e% 4+ 1 = (e”” + %)2 + %. Then we let u = e® + % to obtain

erdr

‘/6214—614—1

e® dx
/\/<er+%>2+%
(“)

<u+ @t )

1ne—|——|— em -

In (e + + Ve £ et 4
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23. We force the the derivative of the quadratic to appear in the numerator.

2z —3 de - —(4—2x)+1dx
Vir —x2 -3 Vidr — 22 -3

4 — 2x

— | ———dx + ;d:r.
V4 23 2
T == = \/1—(z—2)

For the first integral let w = 4z — 22 — 3 so dw = (4 — 2x) dr. In the second integral,
complete the square with 42 — 22 —3 =1 — (v — 2)2, and let v =z — 2, so du = dx. We

obtain
2¢ — 3 du
——dx = -— wil/zdw—l—/i
Vidxr — 22 -3 / V1—u?
—(2vw) +sin"tu+C

= |—2V4z — 22 =3 +sin"t(z—-2)+C|

25. We complete the square: 22 — 2z + 10 = (z — 1)> + 9. Then we let u = z — 1, so du = da,

and obtain
/ dx B / dx
3/2 3/2
(z2 — 22 + 10) ((:1: 12y 9)
_ / du
(u? +9)*?
Let u = 3tané, then du = 3sec? § df. We substitute and obtain
dz 3sec? 6
/ 2 _2r 11007 / s o ?
(22 — 2z + 10) ((3tan9) +9)
2
_ 3/ sec” 0 = 20
(9 tan? 6 + 9)
1 [ sec?f

) / sec3 d0

. 0do

= g [ cos

_ 2 sinf 4+ C

= 3 .
We have tanf = 3, so cot = %, and cscf = V14 cot? 0 = /1 + (%)2 = %\/’U,Q +9. So
sinf = \/ugﬁ and we obtain

/ dx 1 U L C
(22 — 22 + 10)*/ 9vVuZ +9

-1
= x— _|_C
9y/(x—1)>+9
_ xz—1
| 9vVz2—22+10 +C
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27. We complete the square: 2% + 2z — 3 = (z + 1)2 — 4. Then we let v = x + 1, so du = dx,

and we obtain
/ dzr
ViE+1)? -4
/ u
vu? —4
1n‘u—|— \/u2—4‘—|—0
:v+1+\/(x+1)2—4‘+0

= |Imjz+1+Va2+22-3/+C|

/ T
vVaz4+2x -3

In

29. We complete the square: 5+ 4x — 22 =9 — (z — 2)2. Then we let u = x — 2, so du = d,
and we obtain

/\/5+4:c—a:2d /\/9— 95—2
T —2 . T —2

=

Let w = 3sin6, so du = 3cosf, and we have

V5 +4dx — 22 \/9 351119
—  dx (3cosf)d

T —2 - ~ 3sinf
2
- 3/‘39S 9 a0
sin 6
1 —sin%6
= 3/ ——db
/ sin 6

= 3/(csce—sin9)d9

= 3(—Inlcschd + cot O] + cosd) + C

3 V9—u? 1
= 3<—1n—+7u +§\/9—u2>+0
u
2
3 9_(‘T—2) 2
= —3lnx_2+ p— +4y/9—-(z—-2)+C

= 31n|x—2|—3111’3—1—\/5—}—4:6—:62’+\/5+4:v—:v2—|—C.

31. We force the the derivative of the quadratic to appear in the numerator.

xdx B (2x+2)—1d
Va2 +2x -3 Va2 +2x -3
l 20 + 2

dz
7@—/—.
Va2 +2x—3 /($+1)2_4
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In the first integral, let w = 22 + 2z — 3, so dw = (22 + 2) dx. In the second integral,

complete the square with 22 + 2x — 3 = (z + 1)2 —4,and let u =2+ 1, so du = dz. We
obtain

x dx 1/ —1/2 / du
— = - [w w— | ——
vz +2z -3 2 vu? —4

1
= 5(2\/1_0)—ln’u+\/u2—4‘+0

Va2 +2z—3—In :C+1+\/(:c+1)2—4‘+0
= \/$2+2$—3—1n’$+1+\/.’L‘2+2$C—3’+C.

Applications and Extensions

33. Let uw =z + h, then

We then apply the result of problem 87, section 7.3, to obtain

dz
vy

1n[u+ u2+k}+c

= ln[ (a:—i—h)Q—i-k—i—x—l-h} +C|

Challenge Problems
35. We rewrite

atx a—i—:z: Y a—i—:c a—+x
Va—z R R = N g
Then we obtain
/ a—i—:cdx _ a+zx
Va—2x _$2

[

Let u = a? — 22, so du = —2x dz. Then we have
1

/ ~1d
/ CH_xd:c = asin~ 1E—|— Y
a—zx \/_

= asin! ——\/ﬂ—i—C

a

= asinflf—\/az—xz—i—(}'.

d —|—/ ’ d
x ———dx
2 — 22
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AP® Practice Problems

1. The integrand of f dx contains the quadratic expression x2 + 6x + 13.

1
x24+6x+13

So, we complete the square in the denominator.

e e R e L R e T
—_— —ar = xr = — = ax.
22 1 6z + 13 (% + 62+ 9) + (13— 9) (z+3)2+4

Now use the substitution v = z + 3. Then du = dz and [ m de = [ m dr =

fﬁdu:%tan_l%—kcz %taﬂ_l%r?’—i—(?.

The answer is B.

7.5 Integration of Rational Functions Using Partial
Fractions; The Logistic Model

Concepts and Vocabulary
1. (a) less than
3. True

Skill Building

. e . 241
5. Apply polynomial division to wj_rl .
z—1
(x+1)] 2?4+ 0z + 1
—(@*+ 2)
—x+1
—(—z-1)
2
The quotient is x — 1 and the remainder is 2.
Therefore,
22+ 1 3
P R Gl
: N 23432—4
7. Apply polynomial division to ﬁ
2?2 420 +7
(x—2)| 2®+02%>+3z—4
— (2% — 22?)
222 + 3z
—(22% — 4x)
T — 4
—(Tx — 14)
10

The quotient is 22 4+ 22 + 7 and the remainder is 10.
Therefore,

23+ 3z -4

— 2 10
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2z +312717m 27

9. Apply polynomial division to e
204+ 3
(2 —9)| 22 +32% — 172 — 27
— (223 — 18x)
322 + x—27
— (322 —27)
x
The quotient is 2x 4+ 3 and the remainder is x.
Therefore,
223 + 32% — 172 — 27
11. Apply polynomial division to % = 1124_@11_
22 — 4z + 16
(22 +4z)| 2 +02% + 022 + 0z — 1
—(z* + 423)
—423 4+ 022
—(—42® — 162?)
1622 + Ox
— (1622 + 64x)
—64x —1

The quotient is 22 — 4z + 16 and the remainder is —64x — 1.
Therefore,

ﬁ: 22 — Adgp + 16 — Sdztl |
z(z+4) o

: frlad 2zt 4222
13. Apply polynomial division to R
222 —7
(z2 4+ 4)]  22* +02% + 2% + 0z — 2
— (224 + 822)

—Tz? -2
— (=722 — 28)
26
The quotient is 222 — 7 and the remainder is 26.
Therefore,
224 4+ 22 — 2
W = 2:6 — 7 + 2+4 .

15. We use long division to obtain

2
/I+1d:r /(
z+1
l
2T

2o

oz +2lm|z+1|+C|
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17. We use long division to obtain

343 —14 10
/Hixdx / 224+ 2 47+ dzr
r—2 xr — 2

= |38+ + 72+ 10|z — 2|+ C|

19. To evaluate [ % dx, apply polynomial division to %.
204+ 3
(2 —9)| 22 +32% — 172 — 27
— (223 — 18xz)
3x2 + x—27
— (322 —27)
x
The quotient is 2x 4+ 3 and the remainder is x.
So, 2m3+322:é7m—27 — 20 +3+ £,
Therefore,
33 — 222 -3 2
/ z z s dac:/ 2¢+ 3+ z dx:x2+3:v+%1n‘:62—9’+0.
22 -1 2 -9
21. We use partial fractions to obtain
1 B A n B
(r—2)(xz+1) -2 z+1
1 = A(x+1)+B(x—2)
When x = —1 we obtain B = —%, and when z = 2 we have A = % So we obtain

e N e

= |flnjz—2[—ilnfz+1|+C|

23. We use partial fractions to obtain

x B A n B
(z—1)(z—-2)  z—-1 2x-2
x = Alx—-2)+B(xz-1)
When z = 2 we obtain B = 2, and when z = 1 we have A = —1. So we obtain

Jomes = J (s a)

= ‘—1n|x—1|+21n|x—2|+0‘.

25. We use partial fractions to obtain

x A L B
(Brx—2)2zx+1)  3zx-2 22+1
AQ2z +1)+ B(3z — 2)

T
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When z = —% we obtain B = %, and when =z = % we have A = % So we obtain

/% - /(35/—72+2;/+71)d$

= |Zmh3z-2|+ L2z +1|+C|

. We use partial fractions to obtain

x—3 A B C
2 = + 2
(x+2)(z+1) r+2 z+1  (z41)
-3 = A@@+1)’+B@+1)(x+2)+Cx+2)

When ¢ = —1 we obtain C = —4, and when £ = —2 we have A = —5. When & = 0 we
obtain B = 5. So we obtain

z—3 -5 ) —4
e e /<x+z+x+1+<x+n2>d$

-5 5 —4
= / dx—i—/ da:—i—/iQd:c
T+ 2 r+1 (x+1)

= |-5Injz+2/+ 5z + 1|+ 5 +C|

. We use partial fractions to obtain

x? A B C
@D+l w+1+x—1+(x—1)2
2 = Az—-174+B@E-D@E+1)+Cz+1)

When z = 1 we obtain C = 1/2, and when z = —1 we have A = 1/4. When z = 0 we
obtain B = 3/4. So we obtain

z? B 1/4  3/4 1/2 N
/(x—l)Q(:c—l—l)dx N /<x+1+x—1+(:ﬂ_1)2>d

= |ilnfe+ 1+ fnjz — 1] - 5547 + C|
. We use partial fractions to obtain
1 _ A n Bx+C
r(x2+1) 2241
1 = A(@®+1)+ Bz +C)x

When x = 0 we obtain A =1. So
1 = ()(@*+1)+Br+C)x
1 = B+1)2*+Czx+1
Equating coefficients, we obtain B = —1 and C' = 0. We now have

/ dx / 1+ T \y
e B — 4 — \dx
x(z?2 +1) x  x?+1

1 -z
/;d“/mdx

= |Infz|—3In(z?4+1)+C|
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33. We use partial fractions to obtain

22 +2x+3 B A n Bz +C
(x+1)(22+22+4)  x+1 22+2x+4
2’ +20+3 = A(2®+2z+4)+ (Bx+C)(z+1)
When z = —1 we obtain A =2/3. So
®+2243 = A(@®+22+4)+ (Bz+C)(z+1)
2 4 8
?+20+3 = (B+§>x2+(B+C+§)x+(C+§>

Equating coefficients, we obtain B = 1/3 and C' = 1/3. We now have

/ 2?42+ 3 dae
(x+1)(2%2 422+ 4)

35. We expand to obtain

/ 2z +1
(22 + 16)*

Let x = 4tan 6 to obtain

/ 20+ 1
———dx
(22 4+ 16)

()

2/3 1 22 + 2
/A P R S
/x—i—l x+6/x2—|—2x—|—4 o

Zlnjz+ 1|+ gIn(2?+22+4) +C|

2

2 1
dr = /7“’251@+/72dx
(22 + 16) (22 + 16)

;+/;m
+16 (22 +16)°

4sec?d

1
22+ 16 +/25686C49

1 1 ,
4= 0.do
2416 61 )
! + L (14 cos26)do
22416 128
1 1 1
4+ —(0+=sm20)+C
x2+16+128( o >+
1 1 1
e 0+ —cosOsind+C
2416 128" T 1gg costsnb
1 n 1 I (w) n 1 4 x
N SV £ S
2 +16 128 4 128 /22 + 16 /22 + 16

1 1 —1
—27116 T 128 tan ($)+ 32(12I+16) +C\

37. We use partial fractions to obtain

3

(22 +16)°

I3

I3

Az + B Cx

+ D Ex+ F

22 +16 (22 +16)° (22 +16)°

(Az + B)(2® +16)° + (Cz + D) (2> + 16) + Ex + F

Ax® + Ba* + (324 + O)z® + (32B + D)a?
+ (256 A + 16C + E)z + (256B + F + 16D).

+C
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Equating coefficients, we obtain A=0, B=0,C=1, D=0, E=—-16,and F =0. So

3 dx B x (—16)x .
/(a:2+16)3 B /((z2+16)2+(:1:2+16)3>d

T e
(x? + 16) (22 + 16)
1 4
= |- + +C
2(x2 +16) (22 + 16)°
39. We use partial fractions to obtain
x B x A L B
2 4+2x-3  (24+3)(z—1) z+3 z-1
x = A(x—1)+ B(z+3)

When 2 =1 we obtain B = 1/4, and when z = —3 we have A = 3/4. So we obtain

xdx B 3/4 1/4
/x2—|—2:c—3 N /(I+3+x—1)dx

= |2In|z+3|+ flnfz— 1|+ C|

41. We use partial fractions to obtain

1022 4 2z A B Cx+ D
2 = + 7 T
(z —1)%(22 +2) =1 (z-1)° 2242
102 + 22 = A(z —1)(2* +2) + B(2* +2) + (Cz + D)(z — 1)°

When z = 1 we obtain B = 4. We expand and obtain

102 + 22 = Az —1)(2? +2) + 4(2® +2) + (Cz + D)(z — 1)°
1022422 = (A+C)2*+(—A—-2C+D+4)2* + (2A+C —2D)x + (—2A+ D +8)

Equating coefficients, we have

0 = A+C

10 = -A-2C+D+14
2 = 2A4+C-2D

0 = —2A+D+38

We obtain A = —C, s0 10 = —(-C)—-2C+D+4=D—-C+4and D =6+ C. Then
0=-24A4+D+8=-2(-C)+(6+C)+8=3C+14, and C = —14/3. We now obtain
A=14/3,and D =4/3. So

1022 + 2z B 14/3 4 (—14/3)x +4/3 .
/(x—l)z(x2+2)dx - /(w—1+(x_1)2+ a2 +2 )d

14/3 4 14 x 4 dx
/x—l x+/(x_1)2 v 3/172—1-2 x+3/x2+2

= %ln|x—1|—i—%ln(ﬂcz—i—?)ﬁ-%tan*l (@)—i—c.

x—1
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43. We use partial fractions to obtain
Tr+3 Tr+3 A B C

23— 222 — 3z :v(:v+1)(x—3)zg+:v+1+:v—3
Tr+3 = A(x+1)(x —3)+ Bax(zx —3)+ Cx(x+1)
When z = 3 we obtain C' = 2, when x = —1, we get B = —1, and when x = 0, we have

A=-1. So
Tx+ 3 -1 -1 2
=" dr = — d
/:v3_2;v2—3;v v /(w +x+1+x—3> v
/_—1d:v+/ 1 d:c—i—/ 2_ gz
T r+1 r—3

|~ Izl —In|z + 1]+ 2|z - 3]+ O}

45. We use partial fractions to obtain

x2 A B C
(z —2)(z —1)? B :E—2+:E—1 + (z —1)?
2 = Az—-1°4+B@z—-2)(z—1)+C(z—2).
When z = 1 we obtain C' = —1, and when = = 2, we have A = 4. So
2 = 4z—-14+B@-2)(z—1)+ (-1)(z—2)
2? = (B+4)2* + (=3B —9)z + (2B +6).
Equating coefficients, we obtain B = —3. We now obtain

[ - /<I§2+x—_31+(x:11)2>dx
= /Ifzdﬁ x_—_?)ld:c—i—/ﬁd:v

= |4ln|z —2|-3Injz — 1|+ 15 +C|

r—1

47. We use partial fractions to obtain

20+1 2z +1 _ A n Bx+C

23 —1 (z—=D(@24+2z+1) z-1 224+z+1

2041 = A(2®+z+1)+ (Bx+CO)(z—1).
When x = 1 we obtain A =1. So

2041 = (1)(2*+2+1)+ (Bz+C)(z—1)

2r+1 = (B+1)2?+(C—-B+1)z+(1-0C).

Equating coefficients, we obtain B = —1, and C' = 0. We now obtain
2¢ 4+ 1 1 —x
der = d
/:103—1 v /<x—1+x2+x+1> *
1 —52z+1)+3
— / d:c—i—/de
x—1 2 +x+1

1 1 2 1 1 1
IS LY e AR ) aavae L
! v (z+3)°+(£)

= |Infz—1—fln(z? +2+1)+ %gtan—l (_\/5(2?)w+1)) +Cl
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49. We use partial fractions to obtain

1 1 _ A B
2—9  (z-3)(z+3) -3 x+3
1 = A(z+3)+ B(z—3).

When & = —3 we obtain B = —%, and when z = 3 we have A = %. So we obtain

1 1
da 1/6  —1/6

= d

/0 x2 -9 /0 (:1:—3+a:+3) v

1 1
= [gln|x—3|—gln|x—|—3|]

1

0

1 1 1 1

_ 1

51. We use partial fractions to obtain

1 B -1 A n B
16—-22  (z—4)(x+4) z-4 x+4
-1 = A(x+4)+ Bz —4).
When z = —4 we obtainB:%,and when z = 4 we haveA:%l. So we obtain

/3 dv. /3 —1/8+1/8 "
o 16—22  J ,\z—4 x+4

3
—1 1

-1 1 -1 1
?ln|3—4|+§ln|3+4|— (?ln|—2—4|+§ln|—2+4|>

1 1 1
g7 - g2+ 2in6 = $In21 |

53. Let z = sinf, and substitute to obtain

/ cos d9—/ dx _/ dx
sinf+sinf—6 ) 22+z2-6 ) (z—2)(x+3)

We use partial fractions to obtain

1 B A n B
(x—2)(z+3) -2 x+3
1 = A(x+3)+B(x—2)
When z = —3 we obtainB:—%,and when z = 2 we haveA:%. So we obtain

0 1 -1
/ _ cos. g - /( /5 n /5) ”
sin“ 0 +sinf — 6 r—2 x+3

1 1
gln|x—2|—gln|x+3|—|—c

= |+In(2—sinf) — tIn(sinf+3)+ C|.
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55. Let © = cos @, and substitute to obtain

/ sin 0 dG*/ —dz 7/ —dz
cos3f+cosf ) x3+x ) x(az+1)

We use partial fractions to obtain

-1 B é+Bx+C
r(x2+1) 2241
-1 = A(@®+1)+ (Bz+C)x

When z = 0 we obtain A = —1. So

-1 = (-1)(z*+1) + (Br+O)x
-1 = B-1)z*+Cz—1

Equating coefficients, we obtain B = 1 and C' = 0. We now have

sin 0 -1 x
——df = —+—d
/cos39+cost9 /(:c +x2—|—1) v
-1 T
—d —d
/x x+/x2—|—1 *

- —ln|x|+%1n($2+1)+0

= |—In|cosd| + $In(cos?6 +1) + C|

57. Let x = €', and substitute to obtain

/ et dt—/ dz _/ dz
e2tret -2 ) a24+2-2 ) (z-1D(z+2)

We use partial fractions to obtain

1 B A n B
(r—1)(z+2)  x—-1 z+2
1 = Al@+2)+B(z—-1)
When x = —2 we obtainB:—%,and when z = 1 we haveAz%. So we obtain
et 1/3 -1/3
/€2t+et_2dt B /(z—1+x+2)dx
1 _
= /ﬁda:—i—/ﬂd:c
z—1 rz+2

1 1
= §1n|x—1|—§1n|:c+2|+0

= |3Inje! =1 —3In(e' +2)+ C|

59. Let y = €®, and substitute to obtain
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We use partial fractions to obtain

1 _ A B
(y—Dy+1) y—1 y+1
1 = Aly+1)+B(y—-1)
When y = —1 WeobtainB:—%,andwhenyzlwehaveAz%. So we obtain
/ S :/ 2 | -1/2)
e —1 y—1 y+1
1/2 ~1/2
= ——dy+ | ——d
/y—l i /y+1 /

1 1

= |[ilnfe"—1[—iln(e"+1)+C|

61. We rewrite the integral as

/ dt _/ et it
e2t 1 et(e2t +1) ’

Let z = e?, and substitute to obtain

/ dt _/ dx
et +1 ) x(x241)

We use partial fractions to obtain

1 B A+B:c+C'
r(z2+1) 2241
1 = A(@*+1)+ (Bz+O)x

When z = 0 we obtain A = 1. So

1 = ()(*+1)+Bzr+C)z
1 = B+1D)22+Cz+1

Equating coefficients, we obtain B = —1 and C' = 0. We now have
dt 1 —x
e 4" )4
/th—i—l /<x+x2+1> v
1 -z
= —d —d
/:c x+/:c2 +1 v
1
= 1n|:v|—§1n(x2+1)+0

= ln(et)—%ln(ezt—i—l)—i—(}'

= [t—3In(e+1)+C|
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63. Let u = sinx — 1, and substitute to obtain
i 1
/ 51.ngc cos:zc2 dr — /u—i; du
(sinz — 1) u

J(or)o

1
= ln|u|—z—|—C

= |Infsinz — 1| — =—21—= +C|

sinz—1

65. Let u = sinz, and substitute to obtain
cosz du
(sin®z + 9) (u?+9)
Let w = 3tanf, and substitute to obtain
/ cosx / 3sec? 0 df
S el = 2
(sin” 2 +9) ((3 tan@)? + 9)

= i/cos219d9
27

B 1/1+cos(26‘)d9

27 2
1 1
= <9+ Esin(29)> +C
1 1
= atanflg—l—asin@cos@—i—O
1 . 1 tand n
54 3 bHdsec2d '
Since tan = %, sec = Vtan? 0+ 1= (%)2 +1= %\/uQ + 9, and we have
coS T 1 U 1 L
— " dr = —tanl-4+—— 3 .4+ (C
/ (sinz +9) 54 3 54 (1219’
L
54 3 18u2+9
1 —1 sinx 1 sin x
= |grtant M + potEs + O

67. The area under the graph is given by

5 4 5 4
A= —dx = — _dx.
/3 24 / @t+2)@-2) "

We use partial fractions to obtain

4 A B
(x+2)(x—-2) x+2+:c—2
4 = Alz—-2)+B(z+2)
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When = = 2 we obtain B = 1, and when z = —2 we have A = —1. So we obtain

/5 -1 -i-L dz
3 \z+2 z-2
[—In(z 4 2) + In (z — 2)];

= —-In(5+2)+n(5-2)—(-In(3+2)+1In(3-2))
In3+Inb—-In7= ln%.

A

69. The area under the graph is given by

28 2 8
0o w3+1 0 (x+)(@2—x+1)

We use partial fractions to obtain

8 B A n Bx+C
(z+D(@2—z+1)  z+1 22—z+1
8 = A(@®—2+1)+ Bz +C)(z+1).

When 2 = —1 we obtain A = 8/3. We expand and obtain

8 = (8/3)(a® —z+1)+ Bz +C)(z+1)

8\ 8 8

Equating coefficients, we have B = —8/3 and C' = 16/3. We now have
2 — 1
/ ( 8/3 n (—8/3)x + 6/3) d
0

8

A

z+1 22—z +1
2

- E In (z + 1)] N /02 (-4/3)z =D +4

o 22—z +1
4 (* 20—1 2 d

- §1n(2+1)—§ln(0+1)——/ xid:c—i-él/ ’ .

3 3 3 )y x2—xz+1 o 142 V3

(z—3) +(7)
2

8 4 2v/3 3(2x — 1
= §1n3—§[ln(:v2—:v+l)]§+4 T\/_tan_l (%)]0

8

= —1n3—%(111(22—2—!—1)—111(02—0—1-1))

3
23 (ﬁ(z(z) - 1)) R (ﬁ@(m - 1>>]
3

4
+ 3 3

_ 4 43
= §1n3+TTF.

71. The arc length of the graph of y =Inz from x =1 to « = e is given by

e 2 e 2 e P}
L:/,/H(d—y) d:cz/,/1+(l> d:c:/ Vam 1
1 d.fr 1 T 1 X

To evaluate [ —””i“ dz, use the substitution x = tan6.
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Since >0, 0 <6 < 7.
Then dz = sec20df and Va2 +1 = Vtan20+ 1 = Vsec2 6 = sec since 0 < 6 < 5
The lower limit of integration becomes § = tan=!'1 = 1> and the upper limit of integration
becomes # = tan~!e.
So,
Va2 +1 0
/de = / T ec? 0 df
x tan 6
= / (tan O sec + csch) db
=secf — In|cot @ + cscO| + C.
Since 0 < § < § and tanf = x,sec = Va2 +1,cot 6 = ﬁ = %,
and cscf = Vcot? 0 +1 = %2 +1= —””;H.
So,
vz +1
/IT—Fd:C =secf — In|cot 0 + csc | + C
1 2 +1
=vVz2+1l-ln|—4+——|+C
x
—— 1+vxZ2+1
x
Therefore,
¢ VaZ+1 [ 1+vaZ+1]]
L:/ R s TR N/ I O e ol e
1 x x )
[ 1+ Ve? +1 1
= 62+1—ln<u> - \/i—ln(l—i-\/i)]
e L
=[Ve2+1-1n (1 +e2y 1) + 1n(e)} - [\/5 ~In (1 + \/5)}
_ 2 1+v2
=11-v2++e +1—|—1n(1+m) .
73. (a) Since the rate of change of the number of people with the flu P with respect to

time ¢ (in days) is proportional to the product of P and 50 — P, the differential

equation can be written as £ = C'P(50 — P). The differential equation can also
be written in the form ”lli—f = k:P(l — %) where M = 50 is the carrying capac-

ity and £ = 0.15 is the maximum growth rate. The differential equation becomes

48 = 0.15P(1 — &) with P(0) =1}

The initial number of people with the flu is Py = 1. The solution to the differential

equation £ = kP(1— 4) is P(t) = o= where k = 0.15, M = 50, and a =

M_Po — 5021 — 49. Therefore, | P(t) =

Py

50
1+49¢—0-15¢ |
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(¢) Find t so that P(t) = 25.

50
490 0150 — 2P
50 _1
o—0-15t _ 25
19

50 _
—0.15t=1n( 22—
(%)
= Lo (Yo a9 ~[200454
~ 015 \ag) T o M T LT VS

(d) Find ¢ so that P(t) = 0.80(50).

50
40
1+ 49¢ 0150
;-1
8—0.15t — 40
49
0.25
—0.15t =1In | —
1 0.25

75. (a) We test possible rational roots, and obtain that the zeros of ¢ are | —4, —2, and 3 |.
(b) From part (a), we obtain ¢(z) = (x +4) (z + 2)(x — 3).

(¢) We use partial fractions to obtain

3r -7 B A L B L C
3 +322 - 100 —24  z+2 2-3 z+4
3r—7 = A(x—-3)(z+4)+Blx+2)(x+4)+ C(z+2)(z - 3).
When z = —4 we obtain C = —19/14. When z = 3 we get B = % And when
T = -2, we haveA:%. We now obtain
3r—7 13/10  2/35 —19/14
dr = d
/x3+3x2_10x—24 * /<:v+2+:1c—3+ r+4 o

13 —
/ /10 d:v—i—/ 2/35 x+/ 19/14 dae
T+ 2 r—3 T+ 4

= [Bhjz+2[+Zhfjz—3—-Lhjz+4/+C|

Challenge Problems

77. Let u=+/x, du = ﬁ dx, so dxr = 2u du. We obtain

dx _/ 2u du
Vr+2 S u+2
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Let y = u + 2, then we have
d _
_dr 2/y 2 du
VT +2 Yy

(2
Y
= 2y—2lnfy)+C
= 2u+2)—4lnju+2|+C

(27 —4ln (VT +2)+C|

79. Let u = /z, du = 575 dz, so dz = 3u® du. We obtain
x dx ud
— = 3u®) d
Jr—1 /u—1(”) "

5
3/ Y du
u—1

Let y = uw — 1, then we have

d 1)°
T dr _ 3/(y+)dy
Ve —1 y

y° 4+ 5y 4+ 1032 + 10y% + 5y + 1
= 3 dy

Y
1
= 3/(y4+5y3+10y2+10y+5+§>dy

1 5 10
= 3<—y5+ Zy4+ §y3+5y2+5y+ln|y|> +C

)
_ 3 5, 15 4 3 2
= g(u—l) +Z(U_1) +10(u—1)"+15(u—1)"+15(u—1)+3Inju—- 1|+ C
3 3 3
= gu5+1u4+u3+§u2+3u+3ln|u—1|+0

= | 2253 4 3243 4 o 4 3223 4+ 3213 + 3In [21/3 - 1| + C |

81. Let u = 2%, du = m;/f" dzx, so dx = 6u® du. We obtain

/ dx / 6u® d
= " du
3Vr — Jx 3ud — u?

3
_ / 6u du
3u—1
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Let y = 3u — 1, and substitute to obtain

/mdifw:/&ff%dy

_ /%y?”rgy +3y+2
3y

/2 2 2 20 20y
27Y TV T g T ory )Y

2 1 2
= =+ + y+—1n|y|+C

2 dy

817 97 "9
= 2 3u—1) +1(3u—1) + 2 Bu—1)+ 2 fBu—1]+C
- 81 9 9 27

2 1 2
= 3u +3u +9u—|——1n|3u—1|+C

= |22V 4 1213 + 2216 4 ZIn[32/0 — 1|+ C |

83. Let uw =1+ 2z, and substitute to obtain

/ —1/4 du
3/4)

= |2a+20)* v C|

[o= - |57
Vi+2ze
1
2
1
2\3

85. Let w =1+ x, and substitute to obtain
dx B du
(1 + x)2/3 - u2/3
= /u72/3 du

= P +C
= 31+ +C|

87. Let u = z'/6, du = 5=t75 dr, so dx = 6u® du. We obtain

_ 6/(1+u2)—1du

(1+u2)

1 1
= 6/<1+u2 - (1+u2)2>du

1
= Gtanflu—6/72du
(14 u?)
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In the last integral, let u = tan @, and substitute to obtain
1 20
/72@ - /Sec do
(1 +u?) sect 0

= /cos2 0 do

1

_ 5/(1+cos(29))de
1 1

= l@—l-l infcosf + C

= 3 5 sind cos

= 1tan_lu—i—l “ ! +C
2 2V1i4+u?V1i4u?

= 1tan_lu—l—L—i—C

2 2(u? +1) '

We now obtain

d 1
/7962 = 6tan 'u—26 —tan_lu—l—L +C
Vol + ¥x) 2 2(u? +1)
3u
u? +1

= |3tan~! (11/6) — 3—mf”/13/i1 +C'|.

+C

3tan"tu —

2dz
1422

/ dx B / 1 2dz
1+sinz 1—1—1_2;21—}—22
= 2/#
1422+ 22
= 2/(1+z)_2dz
= 201+2)"'+0C

89. With the substitution z = tan 3, sinz = and dxr = we obtain

2z
14227

— —2 _ 1 C|

~ 1+tan 3

2dz
1422

/ dx / 1 2dz
= 1—22 2
3+ 2cosw 3+21+Z21—|—z

dz

= 2 .
/z2+(¢3)2
25 (V5

= ——tan <?z>+0

91. With the substitution z = tan g, cosz = }I_—ji, and dx = we obtain

5

_ 2v5 -1 (V5 z
= Ttan (?tang)‘i‘c
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2 2dz

93. With the substitution z = tan 3, sinz = %, cosx = %, and dx = 1.2 We obtain
/ dx _ / 1 2dz
1—sinz +cosz 1_%4_1;;;14-2«2
B / dz
B 1—2z
= —In|l -z
= —ln‘l—tan%‘ +C|
95. With the substitution z = tan 3, tanz = %, and dr = 12+d;2 we obtain
2
/7@7 = /71+7 dz
tanx — 1 13‘22 -1
2(1—22
/ G "
(14 22)(2z—(1-22)
2(1 — 22
= / ( : ) dz.
(24 1)(224+22-1)
We use partial fractions to obtain
2(1 - 2?) _ Az+B Cz+D
(24+1)(224+22—1) 2241 22+4+2z-1
-222+2 = (Az+B)(*+22-1)+(Cz+D)(*+1)
—22242 = (A+C)*+(2A+B+D)2>+(2B—-A+C)z+ (D - B).

Equating coefficients, we have

A+C = 0
2A+B+D = -2
2B-A+C = 0

D-B = 2.

We solve this system and obtain A = -1, B=—-1,C=1,and D =1. So
/ dz / z+1 z+1 d
" _ ~
tanz — 1 22+22—-1 2241

1 2
_ _/ﬂ_l/ 22 dz_/Ldz
2) 224+22—-1 2 ) 22+1 22 +1

= %ln’z2+2z—1’—%1n(z2—|—1)—tan71z+0

= |iln|tan® (%) +2tan% — 1| — 1In (tan? (£) +1) - £ + C|




758 Chapter 7 Techniques of Integration

97. With the substitution z = tan 3, secx = %fzz, tanx = %, and dx = 12+d;2 we obtain
- / z— 1 —22) dz
- / 22+ 2z - 1
1
e o

We use partial fractions to obtain

1 _ A n B
(= (GVE-3))( - (-3V5-3)) 2= (3v5-3) - (=3vh-3)

1 = A(z—(—%\/_—% )—i—B(z—(%\/_—%

When 2z = —% 5— % we obtain B = —\/5/5, and when z = %\/5—
So we obtain

secxdr V5/5 —/5/5 ) i
[ - (=i =

V5 Z_(lf_l)‘_ﬁmz_(_lf—l)]w

1
2

= 5 2 2 5 2 2

~ [Bmfans - 35+ 4 - Fufang + 35+ +]

99. With the substitution z = tan 3, sinz = 1+ —=£5, secx = }f‘zz, and dx = fﬁ > we obtain
secx dz 1“3 z
/ : _ / 1—2z 1+z dZ
1+sinx 1+ 1+Z2
—2(1+ 22
= /—( ) 3 dz
(z—=1(z+1)
We use partial fractions to obtain
—2(1+2?) A B C D
3 = + + 5T 3
(z—=1D(z+1) z—1 z4+1 (2+41) (z+1)
—201+2?) = A+1)’+BE-1)E+1)*+C(E-1)(z+1)+D(z—1).

When z = —1, we have D = 2, and when z =1, A = —1/2. We now obtain
—2:2-2 = (=1/2)z+1)°+B(z-1)(z+1)*+Cz—1)(z+1)+2(z — 1)

1\ 4 3\ , (1 5

—9222 -2

)

we have A = \/5/5
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Equating coefficients, we obtain B =1/2 and C' = —1. We now have

secx dx -1/2  1/2 -1 2
—_— Y = + + 5 + 3 dz
1+sinx z—1 z+41 (z+1) (z+1)

~1/2 1/2 -1 2
= /—/dz+/Ldz+/72dz+/73dz
z—1 z+1 (z+1) (z+1)

1 1 1
= ——lnlz—-1]+= ln|z—l-1|—l-——72
2 z+1 (z+1)
— ln’tan——l‘—i—lln’tan —|—1’—i—t&mm+1—(t iﬂ)g—i—C.
an§
101. With the substitution z = tan §, cscx = 1+ =%, and dz = 12+d -, we obtain
™ 1+z 2
/ /3 cscx de — / P 1+z2 ds
x4 3+ 4tanw tan (/8) 3—}—41 >
(=27

= d
/anﬁ/8 1_22)+82 :

/ 22 -1
dz.
tan (mw/8) 3Z+1)( 3)

We use partial fractions to obtain

_ @t A B C
2(3z2+1)(z —3) z 3z4+1 z-3
22—1 = ABz+1)(2—3)+Bz(z—3)+Cz(3z +1).

When z = 0, we have A = 1/3, when z = —1/3, B = —4/5, and when z = 3, C = 4/15.

We now obtain

/3 V3/3 1 _4 4/1
/ _ Ot g = / <£ + /5 + / 5) dz
x4 3+ 4tanw tan (r/8) \ 2 3241 z-3

1 4 4 V3/3
= |zlnz——InBz+1)+ —In(3—2)
3 15 15 n (n/8)
B Y EAC IR I R PR
3 3 15 3 15 3

1 T 4 T 4 T
—<§ln(tan§) —Eln(3tan§—|—1) +Eln(3—tan§))

¥ -2 (V2-1) — £ (V3+1) - S (4= v2) + £ (3v2-2) + 5 n (3

V3
3

)l

—|1
3
103. With the substitution z = tan §, tanz = 13’22, and dx = fﬁzzz we obtain
/4 4d tan (m/8) 42
/ _4de / T g
o tanz+1 0 > +1
/tan(w/S) 8(1 — )
= dz
0 (14 22)(2z+ (1 —22))

)
_ /tan (m/8) 8 (22 ) 0
0 (z2+1)(22-22-1)
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We use partial fractions to obtain

8(z2 —1) _ Az+B  Cz+D
(z22+1)(22-22-1) 2241 22-22-1
8(2*—1) = (A2+B)(2*—2z—-1)+ (Cz+D)(z*+1)
822 -8 = (A+0)z*+(B-2A+D)z*+(C —2B—A)z+ (D - B).

Equating coefficients, we obtain

A+C
B—-2A+D
—A-2B+C
-B+D

oS o O

—8.

We solve this system, and obtain A = —4, B=4, C' =4, and D = —4. We now have

/’*/2 dde /‘an(ﬂg) —detd dz—d
o tanz+1 0 22 +1 2-2,-1)%
tan (7 /8) 2, tan (w/8) 1 tan (w/8) 2, —9
= -2 ———dz+4 ———dz+2 I y——
/0 22 +1 Z+/O 2241 Z+/O 22 —22-1

tan (7w /8)

~2[In (2 +1)]"

+4 [tarf1 Z}o
—21n (tan® (7/8) + 1) — (—2)In (0 + 1) + 4 tan™" (tan (7/8)) — 4tan™" 0

tan (7w /8) tan (7w /8)

+2[1n(1+2z—22)}0

+21n (1 + 2tan (7/8) — tan? (r/8)) — 2In (1 +2(0) — (0)2)

105. We simplify as follows

—21n<(\/§—1)2+1> +4<%7r> +21n <1+2(\/§_1) - (\/5_1)2)

1 —cosx
Iny/———
1+ cosx

(1 —cosz)?

ln\/(

1+ cosz)(1 —cosx)

1 —cosx

In

In

sin®

V1 —cos?z

1 —cosx

T

1 —cosx

|sin z|

|

1 —cosx

sinx

1

sinx

Ccos ¥
sinx

In |cscx — cot x| .
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107. We simplify as follows

1+tanZ

n 7320 In
1 —tan 3

= In

= In

= In

= In

= In

= In

= In

= In

sin £
2
1+ cos g
1— sin 3
—
cos 5
L2
sin® £
- 2
1+ sin § cos §
1 sin2 g
sin 5 cos §
l—cosx
2
1+ —ms
2
2
1 — T sinz
1 + l—cosz
sin x
l—cosz
1 sinx

sinx +1 —cosx

sinx — 1+ cosx

tanx +secx — 1secx + tanx

tanz —secx + 1secx + tanx
(tanz 4 secx — 1)(secx + tanz)
(tanz —secx + 1)(secx + tan )

(tanz 4 secx — 1)(secx + tan )

tan zsecx + tan® x — sec? ¢ — secz tan x + sec x + tan x

(tanz + secx — 1)(secx + tan )
—1+secx +tanz

= Inlsecz + tanz]|.

AP® Practice Problems

1. Apply polynomial division to

x—1

(:c+1)|

22 +0x+6
—(@+ )

—x+6

—(—z—1)

7

m2+6
r+1 "

The quotient is x — 1 and the remainder is 7.

Therefore

m2+6
) x+1

:a:—l—i—zLHandfszrﬁda::f(x—1+m_47r1)d$: ””2—2—:c+71n|17—|—1|—|—0.

The answer is C.

x+1

(a2 +1)]

: N zt4322 -2
3. Apply polynomial division to e
z? +2
2t + 023 + 322 4+ 02 — 2
—(a* +a?)
222 4 0z — 2
— (222 +2)

-4
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The quotient is 2 4+ 2 and the remainder is —4.
Therefore, 73”4‘;23121_2 = 2 +2— 75 and [Z +2311_2 dr = [ ( 2 ac;il) dr =
%3 + 2z —4tan" 'z + C |
The answer is D.

5. To evaluate f 12139 dzx, notice the integrand is a proper rational function in lowest terms.
Begin by factoring the denominator: 22 — 9 = (x + 3)(x — 3). Since the factors are linear
and distinct, this is a Case 1 type integrand and can be written as m = 14_;3 + %.
Clear the fractions by multiplying both sides of the equation by (z + 3)(z — 3).

12 = A(z — 3) + B(z + 3).
Grouping like terms, 12 = (A + B)z + (—3A + 3B).
This is an identity in x, so the coefficients of like powers of x must be equal.
A+B=0
—-3A+3B=12
This is a system of two equations containing two variables.
After solving this system, the solution is A = —2 and B = 2.
12 12 g 2
SO’ (w+3)(w—3) m+3 + z—3 and f z2—9 dx = f (m+3 + T3) dx.
= 2Injz+3| + 2|z —3) + C=|2In|2 ‘+c.
The answer is A.
7. To evaluate [ x(””xiﬁz) dx, notice the integrand is a proper rational function in lowest terms.

Since the factors are linear and distinct, this is a Case 1 type integrand and can be written

z46 _ A
as z(z+2) T =z + x+2°

Clear the fractions by multiplying both sides of the equation by x(z + 2).
x+6=A(x+2)+ Bz

Grouping like terms, x + 6 = (A + B)z + 2A.

This is an identity in x, so the coefficients of like powers of x must be equal.

A+B=1
2A=6

This is a system of two equations containing two variables.

Since 2A =6, A=3and B=1—-3 = —2.

’ z(z+2) T x+2

So, —Zt6 :%—%andfx(x+2)dx—f(§——)dx—‘31n|x|—21n|x+2|+0‘

The answer is C.
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9. Expre.zss the logistic model % = P(3 — WIZO) in the form % = kP(l — A—P{) to find the
carrying capacity.

dP P P
— =P(3-——)=3P(1- — ).
dt (3 2ooo> 5 < 6000>

Therefore, the carrying capacity is | M = 6000 |

The answer is C.

11. (a) The size of the insect population at time ¢ follows a logistic growth model &~ =

kP (1 — %) where £ is the maximum growth rate and M is the carrying capacity.

We are given the daily maximum growth rate of £k = 0.20, a carrying capacity of
M = 600,000 insects, and an initial population size of 100 insects. The differential

equation becomes | 42 = 0.20P (1 - WPOOO) with P(0) = 100 | insects.

(b) The initial population size is Py = 100 insects.
The solution to the differential equation 42 = kP(1— L) is P(t) = 1%1% where
k = 0.20, M = 600,000, and ¢ = MzFo — 6000002100 _ 5999 Therefore,

Po 100
_ 600,000
P(t) = 1+5999¢0-20¢ |

(¢) Find ¢ so that P(¢) = 100,000.

600,000

T+ 599960201 — 100000
600,000 _ 4
o—0-20 _ 100,000 _ 0
5999 5999

5
020t =1n [ ——
0-20 n(5999)

1 5

The population of insects will exceed 100,000 on the 35th day.

7.6 Approximating Integrals: The Trapezoidal Rule,
Trapezoidal Sums, Simpson’s Rule

Concepts and Vocabulary
1. True

Skill Building

3. When n = 3 we have Az = % = 2. So the Trapezoidal Rule provides the approximation

Q

6
| e~ SEO+20@ 26 + 7(6)

(6+2(3)+2(3)+4)

N DO

2

|
&
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When n = 6 we have Az = % = 1. So the Trapezoidal Rule provides the approximation

Q

6
| de ST +2£0) +22)+266)+ 20(0) + 24(5) + F6)

1
= 5(6 +2(3)+23)+2(4)+2(3) +2(2) +4)
= [20]
5. When n = 2 we have Az = ; = 3. So Simpson’s Rule provides the approximation
Ax
[ s = S0+ 450 + 00

= S(e+a) + 1)
_ %]

When n = 6 we have Az = % = 1. So Simpson’s Rule provides the approximation

Q

6
[ de ST +4£0) +2C)+4£G)+ 200) +415) + F6)

(6 +4(3) + 2(3) + 4(4) + 2(3) + 4(2) + 4)

58
= |

Wl

7. (a) With n = 3 we have Az = ”_;/2 = m/6. So the Trapezoidal Rule provides the

approximation
T sinx Az 2
/ dz =~ —[f(f)+2f( 7T)+2f( )—i—f(w)}
/2 X 2 2 3
_ /6 |:Sir71r% n 2Sir21:?ﬂ 81151775% sinw:|
2 13 53 © ™
|2 3V3 6
= |24+ —+0
12 |7 + 2w + oT +
~ [0.483|
(b) We have - (22) = —L (sinw — z cosz), and di? (#22) = — L (2?sinz — 2sinz + 2z cos z).
The graph of |[f"(x)| = |-Z (#?sinz — 2sinz + 2z cosx)| shows that the maximum
occurs at x = m, and so M = ’—%(WQ sinm — 2sinw + 27TCOS7T)’ = % We obtain
— a1/ (2
Error < w ~ 0.007
12(3)
03T
0.2

0.1

00—+ r—+—rF—1T—+——"1T—+—1—+—1—+—"1—
1.6 1.8 20 22 24 26 28 3.0
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(¢) We require

(r —7/2)° ()

Error 12(n)2 = 1802 < 0.0001
m 2
®ooo0ony "
™
®ooo0ny "
25.58 < n

So we need n = .

(a) With n = 4 we have Az = 120 = %. So the Trapezoidal Rule provides the approxi-
mation

/Olexzdx ~ I{f(0)+2f(%)+2f(%>+2f<%>+f(1)]
|

’ + 26_(%)2 + 67(1)2}

“k‘

P

—
~ N
Ny

e~ (07 + 26_@)2 + 26_(%)

|

1+ 267% + 2€7i + 267% + 671}

Il
ool —
—

~ 0.743|.
(b) We have d%(e_”ﬁ) = —2z¢~ | and %(6_12) = 422¢=*" — 2¢=*". The graph of

[ (z)] = ‘4:626_””2 — 2¢=*"| shows that the maximum M = 2. We obtain

(L-0°(2) 1
Error S W = %

IF el

(¢) We require

3
Error < &0 2(2)=—2<0.0001
12(n) 6n
1 2
600000 ~ "
1
600000 "
40.82 < n

So we need n = .
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11. (a) With n = 4 we have Az = 0_(4_1) = 1. So the Trapezoidal Rule provides the
approximation
0

dx Az -3 -1 -1

— =L~ SR ef( =2 ) r2f( =) ro2f( =
[ i~ Sl () (T +2 () +r0)]

1/4 1 1 1
= % +2 +2

Vi-CDP 13 1 (-2

1 1
+2\/1 —(=1/4)* ! \/1 —(0)

1]1 16 4 16
= a2 VAT V2 o VEs 4 1
8[2x/—+91\/9_+3\/—+65 65 + ]
~ 10.907 |
d 1 _ _ 3a® d? 1 Gl
(b) We have %( 1713) T o(1—a)3 and W( 1*963) T o413
xr IS
[ (z)] = % shows that the maximum M < 1. We obtain
—25)3
0—(-1)°(1 1
Errorg—( ( )2)():—
12(4) 192
T 1.0
If ")l + 0.5
ottt 0.0
-1.0 -0.8 -0.6 -0.4 -0.2 0.0
(¢) We require
—(-1))’(1 1
Error < 0 )3 (1) = 5 < 0.0001
12(n) 12n
1 < 2
—_ n
0.0001(12)
o,
0.0001(12)
28.87 < n

So we need n = .

The graph of
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The Trapezoidal Rule, 767

Trapezoidal Sums, Simpson’s Rule

13.

2
61
—dx
1 xr

(a) With n =4 we have Az = 2

= %. So Simpson’s Rule provides the approximation

Q

() (2 () 1)

1/4 [e! OB/ 3/2 QT G2
S LR L
3 [1 Ty Tt T a T
— i e+1_e§ +ée% +Ee%+162
12 5 3 7
~ [3.059|
(b) We have j—; (£) = Ke® (2 — 42° + 1222 — 24z + 24). The graph of |f*(z)| shows
M < |f® (1)] = 9e. We obtain
(2—1)°(%)
Error < ~~———— ~5.309 x 10~*
180(4)"
30T
20
o)
10T
0
1.0

(¢) We require

0.0001(180)

d 796 < n
0.0001(180)

6.072 < n

Since n must be even, we need n = .

15.

1 2
/ e ¥ do
0

(a) With n =4 we have Az = 120 =

%. So Simpson’s Rule provides the approximation

+4f( >+2f<%) +4f(%) +f<1)}

—(0® L 4= (/9 L 9p—(1/2 | 40—/ |

e
sl 1

|’_‘w‘\ w‘

1
~16 4+ 277 + e 16 + e ]

1

0.747)

[
[N}
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(b) We have %; (6_12) =4~ (42* — 122% 4 3). The graph of | f*(z)| shows M < 12.
We obtain

1-0)°(12
Error < % ~ 2.604 x 1074
180(4)

1571

10 lf ””(X)l

(c) We require

1-0)°(12
Error < ( ) (4 ) = 7 < 0.0001
180(n) 15n

1 < 4

_ n

0.0001(15)

4 ; < n

0.0001(15)

5.081 < n
We need n = @
17. (a) With n = 4 we have Az = 07(471) = %. So Simpson’s Rule provides the approximation

%

[t = Flevsu(F) () (3 o)
PLVI-? i- (3 1-(~1/2)}

+4 ! TR
Vi- (1t y1- )

1[1 32 4 32
= — |=V24+ Vol 4 —V2+ =2 1
o {2f+91\/9_+3\f+65\/@+]

~ (0.910]
a4 1 13522 (72°+402°+16) 4
(b) We have m(¢1 ) = ey The graph of | £4(x)| shows M < 15. We
—x —x3)2

obtain s
— (-1 1
M ~3.255 x 104

Error I
180(4)
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769
Trapezoidal Sums, Simpson’s Rule

r 15

r 10

ol
TS5
A 0
-1.0 -0.8 -0.6 -04 -0.2 0.0
(¢) We require
0—(-1))°(15 1
Error < ( ( ))4( ) = 7 < 0.0001
180(n) 12(n)
_ L
0.0001(12)
4 ; < n
0.0001(12)
5.3713 < n
We need n = @
19. (a) 12 dw—c” = [ln:c]f =In2—Inl=1In2.

(b) With n = 5 we have Az =

mation

? de

1 x

%

(¢c) With n = 6 we have Az =

2—-1

== % So the Trapezoidal Rule provides the approxi-

Az 6 7 8 9
53 |:f(1) + 2f(g> + 2f(g> + 2f(g> + 2f(g> + f(2):|
1/5[1 1 1 1 1 1
5 |:i+2%+2m+28_/5+2%+§:|
1 s 0 s
10 3 7 4 9 2
1753
2520
[0.6956]
2—1

e = %. So Simpson’s Rule provides the approximation

2 dx Az 7 4 3 5 11
- ~ 7[f(1)+4f<6)+2f<§)+4f<§)+2f<§)+4f<g)+f(2)}
1/6 [1 1 1 1 1 1 1
11 24 3 8 6 24 1
- E[I 773 §+5+ﬁ+§]
14411
T 20790

[0.6932]



770 Chapter 7 Techniques of Integration

2
21. The arc length is given by foﬂ/z 1+ (g—‘z) dz = 077/2 1+ (cosz)’dz = 0”/2 V1 + cos? z dz.

(a) With n =4 we have Az = W = g- So Simpson’s Rule provides the approxima-
tion

[“mdx ~ 2 [f()+4f( ) +2r(% )+4f( >+f( )]
= %B[m+4\/l+C0528+2\/1+cos24

3
+4\/1+6082§+’/1+Cos2g‘|

~ [1.910|
b) With n = 3 we have Az = T2=0 — 7 g4 the Trapezoidal Rule provides the
3 6

approximation

/2 Az T T s
) Vimesear = G002 () v2s(5) +4(3)]

— %/6[m+2\/1+0032%+2\/1+c0s2g+\/1+C082g]
o)

23. The work is given by the integral f12'5 pdV, which we approximate by Simpson’s Rule, with
AV =0.25.

/2'5pdv ~ % [F(1.0) + 4£(1.25) + 2£(1.5) + Af(1.75) + 2£(2.0) + 4£(2.25) + f(2.5)]
1
0.25

%

[68.7 + 4(55.0) + 2(45.8) + 4(39.3) + 2(34.4) + 4(30.5) + 27.5]

Q

‘ 62.983 inch-pounds ‘

25. The volume is given by the integral f0150 S dx, which we approximate by the Trapezoidal
Rule, with Az = 25.

P sar ~ % [£(0) + 2£(25) + 2£(50) 4 2 (75) + 2£(100) + 2£(125) + f(150)]
0

= 2—25 [105 + 2(118) + 2(142) + 2(120) + 2(110) + 2(90) + 78]

16,787.5 m3 |.

27. The volume is given by the integral f025 Adzx. We first approximate by the Trapezoidal
Rule, with Ax = 2.5.

” A AT 110) + 2£(2.5) + 2£(5.0) + 20(7.5) + 2£(10) + 2£(12.5)

0 +27(15.0) + 2 (17.5) 4 2£(20) + 2£(22.5) + f(25)]
- 2_25 [0 4 2(2510) + 2(3860) + 2(4870) + 2(5160) + 2(5590)

+2(5810) + 2(6210) + 2(6890) + 2(7680) + 8270]

131,787.5 m3 |.

Q

Q

Q
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Trapezoidal Sums, Simpson’s Rule

We next approximate by Simpson’s Rule.

25
/ Adx
0

%

Q

% [£(0) + 4£(2.5) + 2£(5.0) + 4£(7.5) + 2£(10) + 4£(12.5)

+2£(15.0) + 4f(17.5) + 2£(20) 4+ 4£(22.5) + f(25)]
235 [0 + 4(2510) + 2(3860) + 4(4870) + 2(5160) + 4(5590)

+2(5810) + 4(6210) + 2(6890) + 4(7680) + 8270]

132,625 m3 |

29. The volume is given by the integral f28 my? dz. We approximate by the Trapezoidal Rule,
with Az = 2.

>

X

Q

8
| mide ~ SE@ 426 +270) + £(8)

; {w (1% +27(3)% + 27(3.5)% + (3)2}

[fo1931]

Q

31. The volume is given by fol T (sirf1 y)2 dy.

(a) With n =4 we have Ay = % = i. Using the disk method, Simpson’s Rule provides
the approximation

/Olﬂ'(sin_ly)Qdy ~ %{f +4f< )+2f<%>+4f<%>+f(1)]

%

Using the shell method, we have Ax = # = Z. Simpson’s Rule provides the
approximation

Q

Q

/2
/ 27z (1 —sinx) dx
0

o)) ) )
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(b) With n = 3 we have Ay = % = % Using the disk method, Trapezoidal Rule
provides the approximation
! 2
/ w(sinfly) dy
0
Ay 1 2
~ —= 2f( = 2f( = 1
2 |10 +26(3) + 21 (3) + 50
1/3 1\? 2\°
= % [ﬂ' (sin_l O) + 2(71' (sin_1 g) ) + 2(71' (sin_1 g) ) + (sin_1 1)2]
~ [1.9705|
Using the shell method, we have Ax = # = §- The Trapezoidal Rule provides
the approximation
/F/2 2z (1 —sinx) do =~ Az [f(()) + Zf(z) + Zf(z) + f(z)}
0 2 6 3 2
/6 ) ™ (T
= 5 [27‘1’ (0) (1 —sin (0)) + 2(27T (E) (1 — sin (E)))
. us ™ . e
#2(er(3) (1-sn(3))) + 2 (3) (1 - (3))]
~ |1.3228]|
33. (a) With n = 6 we have Az = ’TT*O = - So the Trapezoidal Rule provides the approxi-
mation
/ﬂf(:v)dx ~ BF rO) +2f(5) +2£(5) +27(5) +21 20 Lop (2T 4 pem)
0 T2 6 3 2 3 6
/6 sin (7/6) sin (7/3) sin (7/2)
= — |1+4+2 2 2
2 { + /6 + /3 + /2
sin (27/3) sin (57/6)  sin (27)
2 2
+ 27/3 + 57/6 + 27
~ |1.845]

(b) Simpson’s Rule provides the approximation

Q

T Az
/0 f(z)dx 5
/6

+2

ne
sin (27/3)

o513 1(5) 1) (%) () )

sin (7/6)
/6

sin (7/3)
/3

sin (7/2)

2
+ /2

+4

+4

2m/3

Q

[552)

sin (57/6)  sin (27)
57/6 + 27 }
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Challenge Problems
35. Since T, = %(Ln + R,,) where L, is the Riemann Sum using left endpoints, and R,, is the

Riemann Sum using right endpoints, we have

1
lim 7,, = lim —(Ln—i—Rn)

n—oo n—oo

= —th +—11rnR

’ﬂ—?OO ’ﬂ—?OO

_ /f )do + = /f
/Gf(x)dac

AP® Practice Problems

1. Since y = 2® is nonnegative on [0, 4], f04 23 dz is the area under the graph of y = 23 from

2 = 0 to x = 4. Partition [0, 4] into four subintervals, each of equal width: [0, 1],[1, 2], [2, 3],
and [3,4].

The width of each subinterval is Az = 1.
Now apply the Trapezoidal Rule:

4
/ 22 dr ~
0

[7(0) + FAT + [F(1) + F))Ax + 1[72) + BT+ [F(3) + F(@)]Aa
[£(0) +27(1) + 27(2) + 27(3) + f(1)] A
= 5[0 +2(1%) +2(2°) +2(3°) + £°](1) = [68].

The answer is B.

| =N = l\DI>—~

3. Partition [—2, 6] into four subintervals, each of equal width: [—2,0], [0, 2], [2, 4], and [4, 6].
The width of each subinterval is Az = 2.
Now apply the Trapezoidal Rule:

F(-2) + FOIAT+ Z7(0) + FQAT + 5[F2) + FA)Ax + L[7(4) + f©) A

2
[f(=2)+2f(0) +2f(2) +2f(4) + f(6)] Az
= 2[€4+2-€0+2-€4+2-616+636}(2)
=[2+3¢* 4 2¢10 4 %

The answer is A.

5. (a) Partition the interval [0,4] into four subintervals of equal width Az = 420 = 1.

7
The four subintervals are [0, 1], [1, 2], [2, 3], and [3, 4].
In each subinterval, choose u; as the left endpoint of the ith interval.
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Then uy =0, us =1, ug =2, and ug = 3.

4

J A SEee
o 1+a3 1+u?

=1

=[O+ )+ f(2) + FB3)]Az
(1+;+;+218) -1 ~[1.647]

b) Partition the interval [0, 4] into four subintervals of equal width Az = 29 = 1.
(b) ; q

7
The four subintervals are [0, 1], [1, 2], [2, 3], and [3, 4].
In each subinterval, choose u; as the right endpoint of the ith interval.
Then u; =1, ug =2, ug =3, and uy = 4.

1 1
/0—1—|—:c3d$%§—1+u13A$
=[f()+ f2)+ f3) + f(4)]Az
11 1 1
:<§+§+28+65>'1%

(c) Partition the interval [0,4] into four subintervals of equal width Az = 432 = 1.

The four subintervals are [0, 1], [1, 2], [2, 3], and [3, 4].
Now apply the Trapezoidal Rule:

4
| T e~ U0 + 7018 + S ) + F)Ar + (/@) + [ A

-5
7.7 Improper Integrals

Concepts and Vocabulary
1. (c¢), an improper
3. False
5. False

Skill Building

7. The integral is , since upper limit of integration is co.
9. The integral is , since the function f(z) = —L is continuous on the closed
xT

interval [2, 3].
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11. The integral is , since the function f(z) = % is undefined, at the endpoint x = 0.
13. The integral is , since the function f(r) = —%5 is undefined, at the endpoint

xr=1.

15. We evaluate

> dx . b dx
-3 = lim 3
1 T b—oo J1 @
r b
. 1
= lim |[——=
b—o0 2(E2 1

g | L
B boo | 2b2 2(1)?

I 1 1
= lim |- — —
b—o0 _2 2b
1
= 5
The improper integral converges to .
17. We evaluate
0o b
/ e dr = lim e dx
0 —Jo
- b
1
= lim —62:”}
b—o0 _2 0
~ im Lo 120
b—o0 _2 2
[y 1
= e 2]
= o0.
The improper integral .
19. We evaluate
-1 -1
4 4
/ —dxr = lim —dx
oo T am—co [ T

= lim [4In]z[];"
a—r — 00

= lim [4ln|-1| —4In|al]
a— — 00

= lim [-4In]|al]
a—r — 00

- —0Q.

The improper integral .
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21. We evaluate

lim

booo J3 (- 1)

b

dzr

b
. 1
= bhm — 3]
— 00 J—
| 3@—-1)7],
. 1 1
= lim |— s | ————=
b—o0 | 3(b—1) 3(3-1)
i 1 1
= lim |— —
booo |24 3(h— 1)
1
247
The improper integral converges to | 57 |
23. We evaluate
/OO da i /0 da o /b da
= im —_ im —_
_OO;E2+4 a——oo [, ,CC2+4 b—o0 0 1'2+4.
[ z1° 1 z]°
= lim |[=tan 'Z| + lim |=tan™'=
a——oco | 2 2], b—oo 2],
1 1 1 b
= lim |=tan™! 9 — Ztan~! a + lim [=tan™!' = —
a——oo | 2 2 2 2 b—oo | 2 2
. [ 1 ja , 1 1 b
= Jm |mgten 2] + Jim [2tan 2
- 5 (5)+5()
2 2 2\2
T

2

The improper integral converges to .

25. We evaluate

L de

o 2

The improper integral .

lim
a—0t

lim
a—0t

lim
a—0t

lim

a—0t |

2
e« T
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T

27. We evaluate

The improper integral .

29. We evaluate

8

/4 dv
0o V4-—

. L dx
= lim —
a—0t J, X
= lim [In|z[]}
JimIn |2[],

= lim [In|1] -1
i [ 1] = In fa]

= lim [—1In]al]
a—0t
= o0.
b
d
lim <

b—4- Jo V4—x
lim [-2vA—2],

b—4—

lim |-2v2—b - (-2v1-0)]

b—4-~

lim {4 - 2@}

b—4—

4.

The improper integral converges to .

31. We split the integral into two improper integrals:

/1 dr N
avE e o Y

We consider

T
- S
@
%8

= lim

= lim

O dx b dx

b

Iy
8

= lim

b—0— J_q S_ﬁ

i

8
ol

b—0—

b—0—

W N|Ww N w
(= S
@l @l
| I
Nlw Nw =
—
I
—_
S~—
Wl
—
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And

\S/E a—0+

= lim
a—0t

S—

-

U

8

|

=

.p\;
8

wiv ng‘
[ I

o LoRlE

= lim
a—0t

N W
—
S
~—

o

[I—

= lim
a—0t

3

5"

NWw NWw N w
—
—
N~—
Wl
|

I
N W
IS

who
—

We conclude that the improper integral fil gl—\/% converges to —% + %

33. We evaluate

%) b
cosxdr = lim cosx dr
0 b—o0 0

_ 1 . b
s, Bl

= lim [sind — sin 0]
b—o0

= lim [sinb].
b—o0

Since this limit does not exist, the improper integral .

35. We evaluate

0 0
/ efdxr = lim e” dx
— 00 a——00 a

= lim [e
a—r—00
= lim [eo—ea]

a—r—00

=  lim [1-—e9

a—r—00
= 1-0
= 1.

The improper integral converges to .
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37. Let u = 2% and substitute
™2 pdax /4 %du
/0 sinz? /0 sinu
1 71'2/4
= —/ cscudu
2 Jo
w2 /4
= lim —/ cscu du
a—0t a
1 w2 /4
= lim ——1n|cscu+cotu|}
a—0t 2 a
= L fese 4 tw2+11| + cotal
= lim |—clnjesc—- +cot - 5 Infesca + cota
= L fese = 4 tw2+11| + cotal
—ai}rél+_2ncsc4 cot — 5 Infesca + cota
= oo.
The improper integral .
39. We evaluate
/1 dz i b dx
0o 1—a2 v—1- Sy (1—2)(1+x)
b
1 1
= i - d
o1 Jo (2(17—0—1) 2(:1:—1)) v
im (Lt 1) - tife 1|
= lim |=In(x ——In|x —
b—1- _2 2 0
(1 1 1 1
= 1 —In(b+1)—=-Inlpb—1|—(=zIn(0+1)—=In|0—1
Jim |50+ 1) - 31 (5041 - 3mjo-1])]
m (Lot 1) = Smp—1|
= lim |=In ——~Inb—
b—1— _2 2
= oo.
The improper integral .
41. The function f(z) = 7= is continuous on [0,1) but is not defined at = = 1, so
fol —f= d is an improper integral.
1 b
x . ~1/2
———dx = lim 1—2? xdx
|, e [ =)
1 b
=—= lim [\/1—1‘2}
21— 0
1
=5 tim (VI=0 - vT=0) =1
2 b1~

Therefore, fol z

i dx converges to .



780 Chapter 7 Techniques of Integration

43. We evaluate

/4 b
/ tan (2z)de = lim tan (2x) dz
0 b=3"Jo
1 b
= lim [— In [sec 2:10@
b—>3~ 2 0

= lim <%1n|sec2b|>

b—=%~
= OQ.

The improper integral .

45. To evaluate fooo ﬁ, use the substitution u = vz + 1. Then z = u?—1 and dx = 2u du.

The lower bound becomes u = 0+ 1= 1.
For the upper bound, as x approaches oo, u also approaches oo.

The improper integral becomes
| [T, [T (e [T (4 L
o (z+1)5/2 1 ub 1 ub 1 u?z  ul
By definition,
/11 br1oo1 117
2 — —— Jdu=21i — —— Jdu=21i —+ —
/1 <u2 u4> " boroe 1 <u2 u4> " bggo[ u+3u3]1
. 1 1 1 4
—21}320{‘#@‘(‘”5)}—5'

S z dx 4
Therefore, [, Gy converges to .

47. We split the integral into two improper integrals:

/°° dzx /0 dx +/°° dzx
oo 2 +4x+5 w2445 Jy a2+dr+5

We consider
/°° dx [t o
- = lim =%
0o x*4+4x+5 b—oo Jo x*+4x+5
. /b dx
= lim —_—
b=oo Jo (z+2)"+1
_ . -1 b
= bli)ngo [tan™" (z + 2)]0
= lim [tan™' (b+2) —tan™" (04 2)]
b—oo

- T tan~' 2.
2
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We now determine

.

We conclude that the improper integral converges, with f

=[x}

(tan 1o 4 2)
49. We evaluate

X

/

dx

2442 4+5

2 dzr

o0

4 —x

0 dzr

W T2+4x+5
. 0 dzx
hm R E—

am=0 J, (x+2)"+1

(@ +2)],

(0+2) —tan

lim
a—r—00

lim [tanfl
a—r—00

limOo [tan™" “a+2)]

a——

dx
oo x2+4x+5

=

2 dx

o Vi-z
lim [-2vd—a]’

lim
a—r—0o0

The improper integral .

51. We evaluate

4

2x dzx

5 V2 —14

a—r— 00
— lim [-2vA—2- (-2V1—a)]
a——o0
= EIEl [2\/4—a—2\/§}
= 0.
B 4 2ndx
= Jn ) e
3 2/3 :
_ : (2 _
- i 56 -0”,
. [3 2/3 3 2/3
- i[5 -07 - 5 -0
. 3 2/3

3V18|.

The improper integral converges to | 3+v/18 |-

53. We split the integral into two improper integrals:

/1173 /1173

s
f—tan

“12) +



782 Chapter 7 Techniques of Integration

We consider

/0 dz . b dx
—3 = hm —3
1 T b—0— -1 X
r b
= lim |- !
b—0~ | 22 _1
i [ 1 1
= m |—=5 — | —
=0~ | 2b2 2(—1)°
i [P L
Ces0- |20 22
= —o0.

We conclude that the improper integral f_ll dz .

55. We split the integral into two improper integrals:

/2 dx /1 dx +/2 dx
o z—-1)Y Jo @-DY S @-1)V*

We consider

/1 dx i b dx
@ g [
0 (z—1)3 b=1- Jo (2 —1)"/3

- b
= lim g(a: - 1)%]

b—1—

I
=
1
—
(=
I
—_
~—
wino
I
—
s}
I
—_
~—
wino
(I

—~
S
I
—_
~—
()
I

. 3
b—1— _5
3

2

W N w

[

And

Il
=
1
—
8
|
—_
~—
wlo
1
(V]

—
[\
|
—_
N
wito
|
N W
—
Q
|
—_
N
wito
[E——"

= lim
a—1+

= lim
a—1t |

|
N W

—

S

|

—

~—
wlit
I

We conclude that the improper integral f02 (m_dﬁ converges to —% + % = @
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57. We evaluate

/2 dx C b da
12— )3t b=2- )y (2 - 2)3/4
b
_ . o 1/4
- iy [aa-o
_ : _ 1/4 1/4
- i [ ()
—  lim {4—442—b]
b—2—
= 4.

The improper integral converges to .

59. The function f(z) = ﬁ is continuous on (1,3] but is not defined at x = 1, so
f13 ﬁ is an improper integral.

3 3
2xd _
2 _ lim (z®—1) 3/2(296 dzx)
1 (22 —1)%% 1t )y

Since

i 1 /3 2z dx o 1 1
im =00 ————=-21lim | — — = 00.
b1t /D2 — 1 ’ 1 (22— 1)3/2 b1+ ] 2 — 1

Therefore,

61. We evaluate

o0 2 b 2
ze ® dr = lim ze ¥ dx
0 b—o0 0
- b
. 1 2
= lim |—ze™"
b—o0 L 2 0

[ 1 1
= lim |—=e ¥ — (——802>:|
b—oo | 2 2

(1 1 _,
= lim |= — Ze7?
1um B 26 :|

b—oo |

The improper integral converges to .
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63. (a) We have
1 1

Va? -1 22 T

By the comparison test, since p = 1 and [, £ dx diverges, we conclude that [, \/% dx

v

65. (a) We have

Y]

1+e™®
T

1
> .
T

By the comparison test, since p = 1 and floo % dx diverges, we conclude that floo % dx

divrss|

67. (a) We have

sin?z <1
SO
sin? < 1
22~ 2
By the comparison test, since p = 2 and floo #dm converges, we conclude that

00 sin® gz
Ji #8252 da [converges|.

(b) Using a CAS we obtain

 sin? x
/ 2 o~ [0.673]
1

69. (a) We have
1 1 1

@t vz~ ave B

By the comparison test, since p = % and floo 13—1/2 dx converges, we conclude that

¥ s e [comvergs)

(b) Using a CAS we obtain

. W
| eroae=lE

Applications and Extensions

71. The area is given by the improper integral fooo ( L) dx. We evaluate

1
x+1 - r+2

> /1 1 b 1
/ — dzr lim — dx
0 z+1 x+2 b—oo Jg \x+1 x+2

= lim [In]z+ 1] —Injz +2[)}
b—o0

= blim Infp+1—Indb+2|— (In]0+ 1| —In|0 + 2|)]
—00

= lim [In2+4In|o+ 1| —In|b+ 2|]
b—o0

b+1H

b+2

b—o0

_ [m2)

= lim [1n2+1n
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73. The volume is given by the improper integral fooo T

/000 w(eﬂ”)2 dz

b
= lim
b—o0 0

= lim
b— o0 L

= lim
b— o0 L

= lim

b—o0 _2 5

s
5 |

e_””)2 dzx. We evaluate

e 2 dy

75. The area is given by the improper integral f - m dr = fooo $2+4a2 dz —l—fo 12+4a2 dx.

We evaluate first

0 3 0 3
8a . 8a
/,Oo z? + 4a? de = tllIfnoo . 22+ 4a? de
[ 1
R -
_ . 3\ L -1
= tLIIElOO _(8a )2 tan
I t
= lim |—4a®tan™! <—)}
t——o00 L 2a
- ()
(~1a) (-
= 271a’.
We next evaluate
*©  8a . t 8g3
/0 m dx = hm

= lim

t—o00

= lim

t—o00

4a® tan™! <i) }
L 2a

= lim
t—o00

= (1)

= 2mad’.

(5)

So the area under the graph is 27a? + 2wa? = .
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(a) We have R(t) = 100, and r = 0.08. So the present value of the asset is given by the

improper integral

oo b
/ R(t)e_Tt dt = 11m 1006—(0.08)t dt
0 b—o0 0
b
= lim ﬂefo.OSt
b—oo | —0.08 o
100 100
= 1 " —0.08 _ —0.08(0)
b [—0.086 ~0.08°
= lim [1250 — 1250~ -0%"]
b—o0
= 1250.

The present value of the asset is $1250.00.

(b) Now with R(t) = 1000 + 80¢, and r = 0.07, the present value of the asset is given by

the improper integral

) b
/ R(t)e ™ dt = lim [ (1000 + 80t)e (-0t gt
0

b—o0 0

b—o0

b b
= lim [1000 / e~ (00N g1 4+ 80 / te“tdt]
0 0

b—ro0 —0.07

1 1
= lim [1000———e %" 4+ 80 ———5e~®9Dt((0.07)t + 1)
(0.07)

[ 1
= lim [1000———e %070 1 80 —
(0.07)

se 078 ((0.07)b + 1))

- (1000%(007(0) + 80 <— (0';7)2 e~ 00O ((0.07)(0) + 1)) )]

1000 1
= lim l—e_o'mb+80<——26_(0'07)b((0.07)b+1))

—0.07
(1000 80
—-0.07  (0.07)°

~ (1000 80
—-0.07  (0.07)

~ 30,612.

The present value of the asset is approximately | $30,612|.

(0.07)
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79. We evaluate the improper integral

2N Ir dy

10 /m (,,,2 +y2)3/2 =

2nNIr b dy
im _
10 b—co J, (7’2—|-y2)3/2
- b
2rNIr . 1 Y
10 bli)r{.lo 7’_2 \/ﬁ (by Formula 61)
2N Ir 5 [1 b 1 x
im |— - —
0 o [PV 2Rt a?
2nNIr 1 1 1 T
0 2 e Pyrie
i (r/b)” +1 T

2rNIr 1 1 T
10 7”2 r2 —|—x2

81. We have W = floo F(r)dr, where F is the force acting on an object. So we evaluate the

improper integral

00 b
GmM
/ F(r)dr = lim m2 dr
1 b—o0 1 r
0 GmM} b
= lim |—
b— o0 L r 1
. [ GmM ( GmMﬂ
= lim |- —| -
b—o0 L b 1
= lim |GmM — Gm—M]
b— o0 L
= |GmM |
83. We evaluate the improper integral
) b
/ ze *dx = lim ze *dx.
0 b—o0 0
Let w =z, du = dx, and dv = e ®dz, v = —e~ ", and use integration by parts.
00 i b b
/0 ze Ydr = bli>I£lo [:v(—e )}0 —/0 (—e )d:v
i b
= lim be~? —|—/ e “dx
b— o0 0
o . _ b - b:|
= blggo | be™’ + [ e ]0
— li b b _ b _ =0
i [~be~? + [~e~* = (=e~0)]]
= lim [—befb +1-— efb}
b—o0

[1]
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85. We evaluate the improper integral

o b
e *cosrdr = lim e *“cosxdr.
0 b—o0 0

We use integration by parts to obtain formula 126, and so

0o b
/ e *“cosxrdr = lim
0

e ¥(—cosx + sin :v)]
b—oo

0

= lim
b—o0

1
e (= cosb + sinb) — (56_0(— cos 0 + sin 0))}

T
N—= N~ N

= lim
b—o0

N =

e b(cosb — sin b)}

1
5|

. b m
87. By definition, fo W = blggo fo _(x2f4)3/2'

To evaluate f use the substitution z = 2tan6, -5 <0 < 7.

dx
(12_;,_4)3/2 ) 2

Then dz = 2sec? 0 df and Va2 + 4 = VAtanZ 0 + 4 = 2v/sec2 6 = 2secd since -5 < 6 < 7.

When z =0, 2tanf = 0 and so 6 = 0. Asx—>oo,tan9—>ooandso€—>%.

So,
> dx b dx b
i i 9 9d9:—1 0.do
/0 2+ 4P2  1ome /0 (2 + 432 pomj2 /0 R g2 bomjz Jo O
1 .. NPT B . 1 1
-1 0l = 1 b—0)=>(1-0)=-.
1,0, lsinblo =7 Tim (sinb—0) = 2(1-0) =7

1
Therefore, [;° T)S/Q converges to .

oy . o0 d.’E _
89. By definition, [| T = bi{{olofl 1+1)\/m

To evaluate [ (zﬂ)dﬁ, begin by completing the square on the expression 2z + 22.

x4 2’ =2+2r+1—-1=(z+1)° -1

dx dzx

cr)Vezta? J (z+1)V/(z+1)2-1"

The integral becomes f

Use the substitution u = z + 1. Then du = dz and [ (Hl)dg”ﬁ = [ ( +1)\/021+1)2—1 =

J u\/‘% = arcsecu + C = arcsec(z + 1) + C.

So,

/OO dz = lim /b dz = lim [arcsec(z + 1)]°
1 (z+DV2x 422 booo)y (x4 1D)V2x 422 b !

= lim [arcsec(b+ 1) — arcsec(2)] =
b—o0

e

T m
2 3

oo dx s
Therefore, [ GiDvaaTaE converges to .
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91. We evaluate the improper integral

o) b
/ sinzdr = lim sin x dx
0 b—o0 0

o b

= blggo [— cosz]

= lim [—cosb— (—cos0)]
b—o0

= lim [1 —cos?].
b—o0

Since this limit does not exist, the improper integral fooo sin z dx . We now
evaluate the improper integral

0 0
/ sinzdr = lim sinx dx
— 00 a— — 00 a
— 3 _ 0
= agrgloo [—cosz],
= lim [—cos0— (—cosa)]
a—r — 00

= lim [cosa—1].

a—r—00
. C e . . . o . :
Since this limit does not exist, the improper integral f_oo sinz dx | diverges| We now
determine
t

. . . t

lim sinzdr = lim [cosz]_,

t—o0 ¢ t—o0

= Jim [cost — (cos (—t))]
— tli)rgo [cost — cos (1))

= lim [0]

t—o0

- [

1 1 1
> -
V2+sinz  V2+1 V3

for all z, and since [, & dz diverges, by the Comparison Test, [~

93. Since

1

m dzr diVergeS .
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95. (a) We evaluate the improper integral, and let u = 2™, du = nz" "' dx, dv = e~® dx, and
v = —e~". We obtain

oo b
/ z"e *dxr = lim z"e " dx
0

b
= 0+n lim l/ :C"lexdx]
b—o0 0

oo
= n/ 2" e dx.
0

(b) Using part (a) repeatedly, we obtain
o0
n / 2" e dx
0

/ x"e " dx
0
= n(n-— 1)/ 2" 2e " dx
0

= [n(n—l)u-l]/oooezd:z:

b
= (n!) lim e dx
b—oo Jo

= (n!) lim [—e~"];

= (n!) lim [—e?— (=]

b—o0

= (n}) bliigo [1- e_b]
= nl

97. We evaluate the improper integral, and obtain for p # 1

/b dx . b dx
™ = lim 0
o (x—a)? t—>at J; (x—a)?
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99.

101.

IfoO<p<1,then1l—p>0, and

/b e _ . |b-a)" (t-a) " (b—a)”
o (x—a)f  15at '

And if p =1, we have

/b de " dax
o« (—a)f  tSer ), x—a

_ : b
= Jim_ [Infz —al}

= lim [ln|b—a| —In|t — al]
t—at

= OQ.

So f; (If—z)p converges if 0 < p < 1, and diverges if p > 1.

pr:(),then(w_—a)_lforallxm(a b), andsof

for all « in [a,b), so fa (= w)p =1. And 1fp < 0, then (w a7 and = L oF are continuous

_ oo 1
b — a. Likewise, =ay = 1

(z— a)p

on [a, b, so the integrals f (w a)p and f )p are ordinary definite integrals, and hence

N[

2
converge. For example, fl f)l = fl 1)dz = [ (x—1) L =

/ e T f(x)dx

0

= / e Txdx
0

b

We evaluate, for s > 0,

L{f(x)}

= lim e Frdr
b—o0 Jq
- 1 b
= lim |——e ™ (s:v—i—l)}
b—oo | S 0
= lim —ie_bs(bs +1)— —ie_(o)s((())s +1)
b—oo | 52 52
|1 1 4
= JmE e “’S“)]

1
32 |
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103. We evaluate, for s > 0,

L{f(x)}

105. We evaluate, for s > a,

oo
|
0

(@) da

o
/ e **sinzdx
0

b

lim e **sinzdr
b—o0 Jq

. [—e™*%(cosz + ssinx) b

lim
b— oo L 52 —+ 1 0

. [—e " (cosb+ ssinb)  —e (©%(cos (0) + ssin (0))
lim —
b—oo | s24+1 s2+1
I [ 1 _psCOSh+ ssind

m |[—— —e¥———
b—oo | 82 +1 s2+1

1

s24+1 |

L@} = [ e r@de

0

00
/ e 5T At o
0

b

= lim e®(@=9) dy
b—oo Jo
'ew(a—s) b
= lim
b—oo | a—S 0
'eb(a—s) eO(a—s)
= lim —
b—o0 a— S a— S
) 'e—b(s—a) 1
= lim —
b—o0 L a— S a— S
— 1
- s—a |

But for s < a, [;° e™*"e” dx diverges.

Challenge Problems

107. The arc length is given by fol \/1+ (dy/dz)? dz. We differentiate, and obtain

dy
dx

%(\/x—xz —sin~? \/E)

1 o\ —1/2 1 1
—(z—2x (1-2z)—

2t 1- (Va2
1-2x 1

2Vx — 2 B 2Vx — 2
—x
Vo =22
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So

1+ (dy/dz)?

Il
$
+
7N\
8
| |
8
Q‘
N—

We now evaluate the improper integral.
| de — i b —~1/2
/oﬁ x = bl_l}r{lﬁ 0(1—96) dx
= lim [-2V1—2]

b—1— 0
- [ (o)
= i [2-2v10)

-

109. We split the integral into two improper integrals:

[e%s) 0 x
e dr = lim e“e ¢ dr + lim efe” ¢ dx.
0o z——o0 [ z—o0 Jq

For the first integral, let u = e®, then du = e” dz, and we obtain

0 1
. — x . —
lim e ¢ dox = lim e “du
z——00 J. T—+=00 [,
. il
= lim |[—e7%|
T —00 [ }ef

- [ ()

= lim [efew - 671}

r——00

1

= 1—--.
e

For the second integral, let u = e®, then du = e” dz, and we obtain

T e”

lim ee™ dr = lim e “du
e’
= lim |[—e™
Jim [=e™],
= lim [—6_6 —(—6_1)}
xTr—r0o0
. . . xr
= lim [e L_e 8}
XT—r00

1

e

> ® 1 1
(x—e®) _ - -
/ ¢ dx (1 ) e '

—oo €

So we have
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111. Since a < b, f(x) > 0 for all x. The integral of f is 0 outside of the interval [a, b], and so

we have
/ f(x)de = /b 1 dr = ! (b—a)=1
o * o« b—a b—a “ '

We conclude that f is a probability density function.

0o b
1
/_OO /axb_ad:c
1 b
= b_a/a:cd:c

— 1 11,2_1@2
b—a |2 2

113. We need to evaluate

8
~
—

8
~—"

U

8

I

The mean of f is u =| %42

115. We need to evaluate

/m (e —p)’f(2)dz = /:(:c—a;b 2 o

— 00

1 (1 a+by’
T ob—a|3\"T T2
1 [1 a+b\® 1 a+b\?
= “(b— I
b—a |3 2 3 2
1 [1/1 3 3
_ L T R )
b—a |3\2° 2 3\2%7 2

1 3
— 26— a)’|
M@—@[( @)
s a)2
N 12
The variance of f is 02 = (b;g)z . The standard deviation is o = 12’_7%.

AP® Practice Problems
1. The function f(z) =

o 2 42 . . .
T =2, 80 fo i3 dx is an improper integral.

2 T+ 2 . b T+ 2
————— dz = lim - dx
0 T2 +4x—12 v—2- Jo a? +4x—12

z?-ﬁf—lz = (I+g;zi_2) is continuous on [0,2) but is not defined at
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Now use the substitution u = 2 +42—12. So, du = (2x + 4) dz = 2(x + 2) dz, (v + 2) dz =

L and [ i pde= [19 = Sinful+C = $In|2? + 42 — 12|+ C.

b

2
2 2
Therefore, / QL dr = lim B T
0 T2+ 4w —12 b2 Jo x?+4x—12
1 b
lim [— ln|x2—|—4x— 12‘
b—2— | 2 0

1
5 Jm [In [p* +4b —12[ — In12].

. . . 2 :
Since lim [b? +4b — 12| = 0%, lim In[b? +4b — 12| = oo and so [ sy dar | diverges |

The answer is D.

. The function f(z) = é/sg—fT is continuous for z > 3.

By definition, [;* 5 dr = lim i 2=

dx.
b b

. 8x . oy —1/3

jim [ =i [ (30 aran

3 b
= —4 lim [5(8 - x2)2/3]

b—o0 3
— 6 lim [(8 _p2)2/3 1]
b—o0

2
Since lim (8 — b?)?/3 = ¢ [lim (8 — b2)] = 00, —6blirn [(8 - b2)2/3 - 1} = —oo and so

b—o0 —00
oo 8z .

The answer is D.

. The function f(z) = Wlx)? is continuous for z > 2.

(

By definition, f;o x(l—z dr = lim be Py Tl (h}x)z dx.

Inz) b—o0
To evaluate [ x(li—x)z dz, use the substitution v = Inz. Then du = 1 dz, dz = 2 du, and
[—mde=[Li(zdu) = [udu="F +C=—3=+C.

z (Inz) zu? Inz

So, / ————dr = lim ————dr = lim [——} = — lim (— - —>
2 x(lnz) b= Jo 1z (lnx) b—oo | Inz |, b—oo \Inb In2

1 1
—‘<°‘m)—m-

The answer is A.
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7. Using the method of disks, the volume is given by V = [ (y)? dz = T [ (4

wfloo %4 dz.

.. oo 1 T b 1
By definition, fl s dr = blggo fl -1 dT.

< 1 b1
/ — dx lim —dx
1

x? booo J; at

= lim x4 dx

. oo
The volume is V =7 [, éd:v:w-%:.

7.8 Integration Using Tables and Computer
Algebra Systems

Skill Building
1. We use Integral 123,

/e‘”” cosbr dx = a287+b2(acosb:c + bsinbzx) + C,
with @ = 2 and b = 1. We obtain

2x
/e%cosxd:r = ﬁ@cosx—i—sinx)—l—O

e?*(2cosx + sinz) + C |.

1
5

3. Use Integral 31 with a =2, b =3, and n = 4.

24 3z)° (24 3z 2
2 tgp = -
/:1:( +3z)" dx 2 <4+2 4+1>—|—C

Cxgel (e -+
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5. Use Integral 41 with a = 6 and b = 3.

22 dx 2
= 8.62—(4-6-3 3-39)221V6 + 32+ C
G ol W6yt (-3l Visse s
2
25(288—72x+27x2)\/6+3x+0

=|&(32—-8x+32%)6+3z+C

7. Use Integral 50 with @ = 2. Then a? = 4 and

751 e
/\/f”;dx_ VP2 | B 1 0
x

9. Use Integral 59 with @ = 2. Then a? = 4 and

dx =
/(xQ — 1) =" tC

11. Use Integral 120 with m = 3 and n = 2.

3+1 2 4 2
3 5, _ o (Inx) _ 2 / 3 o1, _ ¢'(Inw) _1/ 3
/:v (Inz)*de = 541 el (Inz)* “dx = — ~3/%® Inzdx

Use Integral 117 with n = 3 to evaluate fx3 Inzdz.
3+1 1 4 1
/x3ln:cd:c: <§+1><1nx— m) +C = %<lnx—1> +C

r4(lnz)?  1[2* 1 sAne)? g
/xg(lnx)de—T—g{ZOnx—Z)}—|—C— (4 ) —Z(mz-H+C

So,

13. Use Integral 47 with a = 4. Then a? = 16 and
1

/\/x2—16dx: g\/x2—16—76111‘174—\/:1:2—16’—1-0

=|£V2? — 16 — 8In|z + V2% — 16| + C

15. Use Integral 67 with a = v/6 . Then a? = 6 and
3-6 3(v/6)*
/(6—:62)3/2d:v:E[G—xz}g/Q—i—%\/G—xz—i—(T\/_)sin1

= %(6—952)3/24—%x\/G—xQ—i—z—;sin*lmT‘/g—i—C

x
—+C
V6

17. Use Integral 69 with a = 5.
2

/Vl():c—:z:Qda::I_S (2-5)x—x2+%cos1<5_x)+0

2
= %75\/10:1: — a2 4 2—25(30871 (%) +C




798 Chapter 7 Techniques of Integration

19. Use Integral 95 with a = 3 and b = 8.

sin[(3+8)x] = sin[(3 — 8)x] sin (11z)  sin (—5z)
/cos( x) cos (8x) dx 3343 3(3-8) + 9 + (=10) +
Since sin (—5z) = — sin (5z), S5 — s 4 g the integral becomes

(—10) 10

/cos (3z) cos (8z) dx = | Snlllz) y sno) 4 o)

21. Use Integral 109.

/xtan_lzcd:c = ””22"'1 tan~1x — % +C

23. Use Integral 117 with n = 4.

4 1'4+1 1 " )
/:v Inxdxr = (m> (lnx—m) +C = g(lnw—g)—i—C

25. Use Integral 128.

/sinh2 rdr = thél(zm) -£+C

27. Use Integral 79 with n = 2 and a = 4.

/ dx B (2-4)x—x2+ 2-1 / dzx Lo
22v/8r — 22 4(1—-2-2)22  (2-2-1)-4 ) 22-1/8z — 42
V8x — x?

42 / v o
1222 12) avRe a2

Use Integral 76 with a = 4 to evaluate [ —2=

rv/8x—22"
/ dx B \/(2-4)x—:172+07 V8x — 22
N 4z N 4o
So, the integral becomes
dx :_\/8$—12+i _\/81‘—;52 LOo— iz /78m7m2+c
2 /817 ) 1212 12 A 1222 48z

29. Use Integral 36 with n = 2 and a = 2. Then a? = 4 and

dx
(4+a2)>!

dx 1 .
/(4—1-:102)2:2(2—1).4 (4+$2)2_1 +(2-2—3)/

71 T +/ dx LC
8\ 4+ 22 44 22

Use Integral 17 with a = 2 to evaluate 4_"1_%.

dz 1 1 T
¥ _ iy
/4—1—172 glan T ot

+C

So,

dx - 1
/(4+x2)2: $(e +3tan 5) 40|
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31. Use Integral 132.

/xsinh:cd:c =|xzcoshx —sinhx + C

33. Begin with the substitution v = x + 1. Then x = v — 1,dz = du, and V4x +5 =
VA —1)+5=Viu+ 1.

The integral becomes

/(:v—i—l)\/de:/u\/Mdu.

Use Integral 38 with a =1 and b = 4.

/uv4U+1du= 15216(12u—2)(1+4u)3/2+0= 61—0(6u— 1)(1+4u)*? + C
So, using u = x + 1,
/(:v+1)v4:v+5dw= %[6(96-1-1)—1][1+4(:C+1)]3/2+C

=| & (62 +5)4z+5)°*° +C

35. We complete the square, and write 3z — 22 = % — (x — %)2 Then substitute u = = — %,
split the integral, and use symmetry to obtain

2 3 2 3
xr X
/ ——dr = / —dz
1 V3z —a? 1 2_(55_&)2
4 2

2 a2
1 U

z [9 51
= —9/ ——u2du+27/ — du.
0 4 0 /%_u2
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Now use Integrals 60 and 16 to get

/2 3 p 9 w? L1 U
2 dr = — ,/—— Zsin” 5
1 V3z—a? 2V4 3 o

1 2 1
5 /9 1 9 2(3 0 /9 9 2(0
= -9 % Z—(—) +—sin1ﬁ—<— —— 024 —sin! ()>

1/2 " 1/2
+27{$n1§}
2

N |

0

2 8 3 2V 4 4 3

1

V2 09 1 1
= —9<T+§sm 5—0 +27(sm 5—0)

— 135 -1
= s sin

©
pﬂ
[\v)

1
3

37. (a) Using a CAS we obtain

/e%cosxdac = esz (sinz +2cosz) + C|

(b) We obtained in problem 1,

/ e*®sinx dr = 1e?*(2cosx +sinz) 4+ C |

(c) Since
821 1 )
— (sinz + 2cosx) = =€ *(2cosx + sinx)

we see that the results are equivalent.

39. Refer to the integral in exercise 3. Using WoLframAlpha,

/x (2 + 3x) dx = %xﬁ + %ﬁ + 54a* + 3223 + 822 + constant

A screenshot is shown below.

27x®  216x°
£+ Y i 54xt +32x° + BN

rxL2+3x]4cz‘x=

wt

41. Refer to the integral in exercise 5. Using WolframAlpha,

T Nezw
do =| 222 (342 — 82 + 32) + constant
6+ 32 15v/3

A screenshot is shown below.

r 2Vx+2 (327 - 8x + 32
X =
V6+3x 15v3
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43.

45.

47.

49.

ol.

Refer to the integral in exercise 7. Using WolframAlpha,

4 2
/@doﬁc: Va? +4 - 2log (Va? + 4+ 2) + 2log (z) + constant

where log (x) is the natural logarithm.

A screenshot is shown below.

J‘. drx dx=vx*+4 —2103{'Vf+4 +2]+210g(x)
x

Refer to the integral in exercise 9. Using WolframAlpha,

dx -
/W =|— 1 == T constant

A screenshot is shown below.

r l.,g,.q dy— — X
w [-4+x":l‘- 4

Refer to the integral in exercise 11. Using WolframAlpha,

/:v3 log?(z) da = &t [8 log”(z) — 4log () + 1] + constant

where log (x) is the natural logarithm.

A screenshot is shown below.

pr logﬂtxjdxz 3—12 ¥t |8 log“"[x)—4log(x}+ 1:| + constant

w

Refer to the integral in exercise 13. Using WolframAlpha,

/ V=16 + 22 dz = | 22v/2% — 16 — 8log (V22 — 16 + ) + constant

where log (x) is the natural logarithm.

A screenshot is shown below.
ﬂ —16 4+ dx= = xVx* — 16 —Blog('\"r'" ~16 +x]

Refer to the integral in exercise 15. Using WolframAlpha,

1
2

/ (6 — x2)3/2 de =2l sin~! (%) — 326 — 22(2? — 15) + constant

A screenshot is shown below.

r[ﬁ—r"-f-""’- dx = 2—2? sin'l(i]— i—l}x'\;‘ 6—x" (x* - 15]

Ve
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93.

95.

o7.

99.

61.

Refer to the integral in exercise 17. Using WolframAlpha,

V/—(@=10)z[v2=10(z—5)/z—50log (vV&—10+/z)]

/\/1OI—I2dI:

2vz—10v/z

where log (x) is the natural logarithm.
A screenshot is shown below.

ﬁ 10x-—x" dx =

w

\"—Lx— 10) x [\fx— 10 (x —

5)Vx —50log(Vx—10 +Vx))

2vVx—10 Vx

Refer to the integral in exercise 19. Using WolframAlpha,

/cos (3z) cos (8z) dx

Lsin (52) + 5

o 55 sin (11x) 4 constant |.

A screenshot is shown below.

w

1 . 1 .
cos(3x)cos(Bx)dx = — sin(5x) + — sin(ll x)
r 10 22

Refer to the integral in exercise 21. Using WolframAlpha,

/xtan_l T dr =

% [(w2 + 1) tan~lz — x} + constant

A screenshot is shown below.

'

1
rxtan‘lLIJ dx = 3 ({x* + 1) tan~Y(x) — x|

Refer to the integral in exercise 23. Using WolframAlpha,

/:1:4 log (x) dx

where log (x) is the natural logarithm.

A screenshot is shown below.

[

=2°[5log (x) — 1] + constant

rx"‘ logix)dx = 2—15 x° (5 log(x) — 1) + c

Refer to the integral in exercise 25. Using WolframAlpha,

/ sinh®(z) dz

A screenshot is shown below.

wt

1[sinh (22) — 22] + constant

rsinhE x)dx = :l} (sinh{2 x) — 2 x)

+ constant
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63. Refer to the integral in exercise 27. Using WolframAlpha,

1 —(z—8)x(x
_V-(@-Yaletd) -+ constant

— dx = -
22/ 8x — 22 48z

A screenshot is shown below.

V—-(x—-8)xix+4

1
[
2y 8x—x? 48X

65. Refer to the integral in exercise 29. Using WolframAlpha,

1 1 2z -1 (z
/md@ = E|:LE2—+4 +tan (5):| +Constant

A screenshot is shown below.

r—l-.- dx i( ;'Ex +tan'1(f)]
o [4+x"’-:|“ 1l + 4 2

67. Refer to the integral in exercise 31. Using WolframAlpha,

/:1: sinh (z) dz = ‘ x cosh (z) — sinh (x) + constant ‘

A screenshot is shown below.

rx sinh(x) dx = x coshix) — sinh(x)

w

69. Refer to the integral in exercise 33. Using WolframAlpha,

x4+ D)VAx +5de =| & 4:10—1—53/2 6x + 5) + constant
60

A screenshot is shown below.

1 ,
r[l+x)\“5+4x dx = = 4x+576x+5)

71. (a) Using a CAS we obtain

2 3
x
/ —dr =
1 V3xr — 22

(b) We obtained in problem 15,

/6 dx B 1
1 22V +2 8 3

(c) Since
135 1 9 135 1 9
g ST g - V2= sinTi g — V2

we see that the results are equivalent.
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73. Using a CAS we obtain

/\/1+x3dx:/\/:c3+1d:17

and we conclude that this integral cannot be expressed using elementary functions.

75. Using a CAS we obtain

2
/e_”” dx

= %ﬁerf(x) +C

and we conclude that this integral cannot be expressed using elementary functions.

77. Using a CAS we obtain

1 _
/:1: tanz dr = 51'1:2 — idilog(ieZ

x) —imtan~! (eix) - idilog(—ieix) +C

and we conclude that this integral cannot be expressed using elementary functions.

Chapter 7 Review Exercises
1. We complete the square: z2 + 4z + 20 =

/ dz

22 4+ 4z + 20

3. Factor out sec ¢ tan ¢. Then let u = sec ¢,

/ sec® ¢ tan ¢ do

5. Factor out sin ¢ and use the identity sin’

/ sin® ¢ do

(z +2)* 4 16. Then we let u = z + 2 to obtain
_ / dz
) (w22
_ du,
B / u? + 42
1 tan™
4

1 —
i tan

_ 1 u

+C

4
— 1(

=2) 4+ C|

so du = sec ¢ tan ¢ d¢. We substitute and obtain

/ sec? ¢ sec ¢ tan ¢ do

/u2 du

1
§U3+O

tsecd ¢+ C|

¢ =1—cos? ¢.
/ sin? ¢ sin ¢ do
/ (1 — cos? gb) sin ¢ d¢.

Let u = cos ¢, then du = — sin ¢ d¢, so sin ¢ dp = —du. We substitute and obtain

/ sin® ¢ do

/ (1 - %) (—du)

/(u2_1)du

1 3
by - O
3’[,L u +

%cos3¢—cos¢+c.
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7. Let u =z + 2, so du = dx, then substitute.

Let u = sec#, then du = secftanfdf. We substitute and obtain

da
/\/(17—0—2)2—1

11.

sec tan 6 do
Vsec?f —1

B / sec @ tan 6 do
tan @

/sec 0 do

= Inlsecd + tanf| + C.

We have sec = u =z +2, so tanf = vsec2f — 1 = VuZ — 1 = /(2 + 2)> — 1. We obtain

dx

In

x+2+\/(x+2)2—1}+0.

— cotv. We obtain

/vcsc2vdv =

. We use integration by parts with u = v and dw = csc?wdw. Then du = dv and w =

U(—cotv)—/(—cotv) dv

—vcotv+/cotvdv

= ‘—vcotv+ln|sinv| —I—C‘.

Let x = 2sinf, then dx = 2 cosf df. We substitute and obtain

/ (4 - x2)3/2 de = / (4 —(2 sin9)2)3/2 (2cosb) db

= 2/(26089)3 cos 6 df

= 16/cos49d9

-

1—|—cos(29)>2d9

2

= 4/ (14 2cos (26) + cos® (20)) db

1+ cos (46)

= 4(9+sin(29))+4/fd9

= 40 + 4sin (20) + 260 + %Sin (40)+C
= 660+ 8sinfcosf + sin (26) cos (20) + C
= 69+831n90059+2sin90039(1—2sin29)+C’.
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We have 6 = sin™" (£), and cosf = /1 —sin® 6 = /1 — (z/2)* = V4 — 22. We obtain

/(4—x2)3/2dx — Gsin™! (;)4—8(;)(% 4—:1:2)
e e
= [6sin" (%) +22vV4—2?+ lavi—22(2-2%) + C|

13. Let u = €', so du = e dt. We substitute to obtain
2t t
/e— dt = / _° etat
et —2 et —2
= / du
w—
—2+42
— /u du
u—2

[ i)

u+2Inju—2/+C

‘et+21n|et—2|+C‘.

15. We use partial fractions to obtain

216 (22—4)(a2+4)
T (@-2)(z+2) (a2 +4)
A B Cx+ D

x—2+x+2+ 2 +4

w0 r=A(x+2) (2" +4)+B(z—2) (2 +4) + (Cx+ D) (z —2) (2 +2).

Let = 2 to obtain A =1/16, and z = —2 to get B = 1/16. We now have

T = 116(I+2)($2+4)+1—16(x—2)(a:2+4)—|—(C’:17+D)(x—2)(:17—|—2)
T o= <O+é>I3+Dx2+<%—4C)x—4D.

Equating coefficients, we obtain C'= —1/8 and D = 0. So

vdr /16 1/16  (—1/8)x
/x4—16 N /(x—2+x+2+ 2+ 4 du

1
= In|z— 2|+ 1n|x+2|——1n(w +4)+C

16 16
= 1—11?1’1‘ —4’——111(.%‘ +4)+C
— | Hm|as| o)
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17. Let u=y + 1,

y* dy
(y+1)°

/

so du = dy and y = u — 1. We substitute and obtain

(u—1)du

usd

2-_2u+1
/%du
u

1
/ (— —2u"?+ u_3) du
u

1
—+C
2u2 +
2
y+1

2
In|u|+ = —
u

+C|

1

1n|y+ 1| + 2(y+1)2

19. We use integration by parts with v = 2 and dv = sec? x dz. Then du = dz and v = tanz.

We obtain

/:1: sec® zdx

21. We use integration by parts with u
obtain

[wa-way

23. We use partial fractions to obtain

rtanx — /tanxd:z:

‘xtanx — In |sec z] —i—C‘.

In(l-y), du = %dy, dv =dy, and v = y. We

yln(l—y)—/y(%> dy

yln(l—y)—/lfydy

Yy
yln(l_y)_/w

1-y

322 +2 3a?+2
s — 22 x?(x —1)
A B c
Tz 22 -1
32° 42 = Ax(z—1)+ Bz —1)+ Ca?.

Let x =1 to obtain C'=5. Let z =0 to get B = —2. Then

3242 = Ax(z—1)+ (=2)(x — 1) + 522
327 4+2 = (A+5)2? +(-A—-2)z+2.
We equate coefficients and determine A = —2. We now have
322 +2 -2 =2 5
———dr = —+ =4+ —d
/£C3—$2x /<x+12+x—1>x

—2Inz[+2+5njz -1+ C|
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25. We use integration by parts with v = sin™ ' z, du = ﬁ dz, dv = z?dz, and v = %:103.
1 1 1
§ZC3 Sin_l xr — / <§I3> ﬁ dx

We obtain
/x2 sin'zdr =
L 5

= gzc sin™ xdx.

1 1 z?
r—- | —
3J V11— a2

Now let u = 1 — 2, so du = =2z dx, vdx = —5 du, and 2° = 1 — u. We substitute and

obtain
1 1 1-— 1
/x2 sin~ 'z dz gxgsinflx— §/Wu<_§> du
= lx3 sin~ 'z + l/ (u—1/2 _ u1/2) du
3 6

1 1 2
— gxg sin~tz + G (2\/5 - §u3/2> +C

- s e v T= -0 -a) P <

27. We use partial fractions to obtain

1
2422 2 +2)
A B
Tz z+2
1 = A(z+2)+ Buz.

When 2 = —2 we obtain B = —1/2, and when z = 0, we have A =1/2. So

[#5% = (5 h)e

T+ 2
= 11n|x|—lln|x+2|+0
2 2

1 x
29. We use partial fractions to obtain
w—2 w — 2
I—w?2  (1—w)(l+w)
B A B
o l-—w 14w
w—2 = A(l+w)+ B(l—w).

Let w = —1 to obtain B = —3/2, and let w = 1 to obtain A = —1/2. We now have

w— 2
/1_w2dw

iﬂ)dw
14w

(=

tlnfl—w/ —3m[l+w/+C|
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31. Let u = /x, soduzﬁdwand 7

/ % cos® \/x dx

33. We use formula 98, and obtain

/sin x cos (2z) dx

35. Let u = 1+ 22, then du

2z dx, so xdx

L dx = 2du. We substitute and obtain

/ (cos® u)(2) du

i

/ (14 cos (2u)) du

1+ cos (2u)
2

du

1
u+ §sin(2u)—|—C

u + sinucosu + C

= ‘\/E—i—sinﬁcosﬁ—i—C‘.

cos (1 —2)x
2(1-2)

cos (1 + 2)x
20142

$cosz — ¢ cos (3z) + C'|

+C

%du. The lower limit of integration is

u=1+02=1, and the upper limit becomes v = 1 + (\/§)2 = 4. We substitute to obtain

V3 T dx B /4 %du
o VI1+4a? 1 Vu
4
1
= / —u Y2 qy
1 2
- [
1
— 412 _q1/2
pr— '
37. We integrate by parts, with v = tan™'z, du = ﬁ dr, dv = 2™dx, and v = n%rl
We obtain
n —1 n+1 —1 1 n+1 1
z"tan” T xdx = T tan™ " x — T ——dx
n+1 n+1 1+ 22
n+1 1 n+1
-z tanflx——/x—d:c.
n+1 n+1l/) 1422
39. We evaluate v ,
/ - dr = lim a2~ g,
1 \/E b—o00 1

xn-{-l
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Let u = 2/2, then du = %x_l/Q dx. We substitute to obtain

pl/2

e I —ug
[ e - [ e

. . 2
The improper integral converges to .

41. We evaluate

1 b

T dx ! x dx
——— = lim —_—.
0o V1—zx2 b—1- Jo V1 — 22

Let uw = 1 — 22 and substitute to obtain

12
1 xdw ) 1-b _%du
= lim

0o Vv 1 — 1‘2 b—1— 1 \/E

Jm [=vad,
= im [-VT-82 - (-VT)]
b—1-
= 1
The improper integral converges to .
43. We evaluate
/2 . b
/ SIme der = lim tanz dx
o COsST b—(7/2)" Jo
= lim [In|secz|)’
Jim i seea]]
= lim  [In|secb| — In |sec0]]
b (m/2)~
= lim [In|secb|]
b (m/2)"
= o0.
The improper integral .
45. Since .
1+e > 1
x x

for all , and since floo % dx diverges, by the Comparison Test, floo Ite ®

x
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47. We use integration by parts with © = 22 and dv = cosx dz. Then

/xQCosxda::xQSin:r—/2xsin:cdx.

Then f (z) = .
2
49. The arc length is given by foﬂm 1+ (%) dr = fow/2 1+ (cosz)’dx = O”/2 V1 + cos? zdx.

(a) With n = 3 we have Az = (m/2)=0 _ & So the Trapezoidal Rule provides the

approximation
- Lo+ () +21(3) +4(3)]

/2
/ V 1+ cos?xdx —
o 2
= %/6 [\/1+cos20+21/1+c0s2%+2\/1+cos2g+\/1+C082g]
~ |1.910]

(b) With n = 4 we have Ax = W = §- So Simpson’s Rule provides the approxima-
tion

/2 Ax m ™ 3m m
2 ~ — =~ - Y b
[ viremra = 2 o ar(D) v2r(5) s ur (%) +5(3)]
L [\/m+4\/1+cos2g+2\/l+coszg

3T ™

+4R+\/i]

[o10)

51. The area is given by the improper integral

Q

%

1 1
/ 2 23dy = lim 23 dy
0

a—0t J,

1
= lim [31‘1/3:|

a—0t a

— lim [3(1)1/3 —3(a)1/3}

a—0t

= 3.
The area of the region is .
53. Express the logistic model 4 = 0.0024P (100 — P) in the form 42 = kP (1 — £.) where

M is the carrying capacity and k is the maximum population growth rate.

dpP P P
i 0.0024P (100 — P) = 0.0024 - 100P (1 — 1_00) =0.24P (1 — 1—00)
(a) The carrying capacity is M = .
(b) The maximum population growth rate is k =|0.24].
(c) At the inflection point, the size of the population is given by one-half the carrying
capacity. Therefore, the size of the population is at the inflection point.
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AP® Review Problems
1. Use the identity cos? 6 = $[1 + cos (26)].

/cos2xdx:/%[1+cos(2x)]d:v=%[w-ﬁ-%sin@x)] +C=|iz+ isin(22)+C

The answer is B.

3. Partition [0, 2] into five subintervals, each of equal width: [0,0.4],[0.4,0.8],[0.8,1.2],[1.2, 1.6]
and [1.6,2.0].

The width of each subinterval is Az = 0.4.
Now apply the Trapezoidal Rule:

/0 Fl) e = S(F(0) + FOA) Az + S[F(04) + FO8)Ax + S[£08) + F(1.2)]Aa

+ 3 1FL2) + FUL6)]AT + S[7(16) + F20) A

[£(0) + 2£(0.4) + 2£(0.8) + 2£(1.2) + 2f(1.6) + (2.0)] Az

— DN =

= 513+ 2(4) +2(4) +2(6) + 2(8) + 10](0.4) = ,

The answer is C.
5. Partition [0, 10] into four subintervals [0, 1], [1,4], [4, 8], and [8, 10].
The widths of the four intervals are

Ar;=1-0=1,A20=4—-1=3, Aag=8—-4=4, and Azy =10—-8 =2.

Now apply the Trapezoidal Rule:

10

Fla) de ~ S[FO)+ F)]Az + 5[F() + FA)]Azs + S[F(4) + F(8)]Axy

+51F®) + 710 Ay

1 1
= 5[4+5](1)+ 5[5+10](3)+
9 45 88 40
=3tz ty g =l

The answer is D.

N =

0

[10 + 12](4) + %[12 +8](2)

N =

7. Evaluate [ zcsc? zdz using integration by parts.

Let u = z and dv = csc? z dz.

Then du = dx and v = fCSC2$d,T = —cotx.
Now /xcchxda::x(—cotx) —/(—cotx)(da:) = —xcot:c—l—/cotxdx.

To evaluate [cotzdr = [ 252 dz, use the substitution u = sinz. Then du = coszdz,

and [cotzdr = [Ldy = [ L(coszdr) = [Ldu=In|u/+C =In|sinz|+C.

sinx

So, /xcsc2:vd:v=—xcotx—i—/cotxdx:‘—xcot:v+1n|sinx|—|—C‘.

The answer is D.
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9. The function f(z) = 22 is continuous on (0, 10] but is not defined at z = 0.

10 : . :
So, [y D% gz is an improper integral.

10 10
/ ln_x dr = lim ln_x dzr
0

X b—0t Jp X

To evaluate f 1“7”” dx, use the substitution v = Inz. Then du = %dw, and

2 2
T

T 2
10 1 10
ne . Inz
——dz = lim —dzx
0 T b—0+ Jp T

10
. l (Inz)? ]
= lim |—~—
b—0+ 2 b

- % lim {(11110)2 - (mb)Q].

b—0+

2
. . 2 . _ 10 Ing :
Since b1_1>r51+ (Inb)” = (bl_l)lf(r)l+ In b) =00, |, —Fdx|diverges|.

The answer is D.

11. To evaluate [ ﬁ dzx, use the substitution z = 4sinf, -5 <0 < Z.

Then dz = 4cosfdf and V16 — 22 = V16 — 16sin’ 6 = 4/1 —sin?0 = 4vcos20 =

4cost) since —5 < 0 < 3.

The integral becomes

1 1 1 1
7da::/— 4 cosf db :—/csczﬁdﬁz——cotﬁ—l-a
22v/16 — 22 (4sin0)*4 cos9( ) 16 16

2
Since V16 — 22 = 4cosf, sech = \/ﬁ, tanf = /sec2f—1 = \/(\/ﬁ) -1 =
+—=2— and cot@::l:—”ﬁ;ﬁ.

VT6—27
Since —Z <0 < Z, cot§ = ¥A6=2=

1 1 1 V16— 22 "
Therefore,/de:—ECOtQ—FO:—ET—FC: —IG_I\/16—ZC2+C.

The answer is C.

Practice AP® Exam, Part I
1. For f(z) = e +sin (22), f/(z) = e** [ L (42)] + cos (2z) [-L (22)] = 4e*® + 2 cos (22).
So, f/(0) = 4¢” + 2 cos (0) = 4(1) + 2(1) =[6]

The answer is D.
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. Note that lim = = lim CEE= = lim (2 +1) = 2,

rz—1 rz—1

Therefore, il_}ml w = (lirn %) . [lim f(:v)} =(2)(3) = @

x—1 r—1
The answer is C.

Since 111% f(x) # f(3), function f is discontinuous at x = 3. Statement (B) is TRUE.
z—

Since lim f(x) = lim f(z), lim f(x) exists. Statement (C) is TRUE.
r—4— r—4+ r—4
Since 1im5 f(z) = f(5), function f is continuous at x = 5. Statement (D) is TRUE.
xr—r
Since lim f(z)=1and 1 < f(2) <2, lim f(z)# f(2). Statement (A) is FALSE.
r—2~

T2~

The answer is A.

. For f(z) = 2% — 1522 — 1800z + 2000, f'(x) = 32% — 302 — 1800 = 3(z — 30)(x + 20).

Note that f/(z) < 0 on the interval —20 < z < 30, and defined at z = —20 and x = 30.
Therefore, f is decreasing on the interval —20 < z < 30.
Use f"(x) = 62 — 30 = 6(x — 5) to examine concavity.

Note that f”(z) < 0 for < 5. Therefore, f is concave down for x < 5.

So, f is both decreasing and concave down for .

The answer is B.

For y = €%* cos (3x),

f(@)=e* [% cos (3;5)] + cos (3) (%6%) = **[—3sin (32)] + cos (3z)(2¢*")

= €*[—3sin (3z) + 2 cos (31)] = | 2" [2 cos (3) — 3sin (3)] |

The answer is B.

. Note that lim % =7 lim sin (7z)

z—0— x—0—

Lett=T7c. Asx -0, t—>0".

. T sin(7z) _ 7 7: sin(7z) _ 7 7. sint __ 7 _ 7
Then lim f(r) = lim 5= =4 lim === = { lim =& = (1) = 3.
z—0 z—0 z—0 t—0

Since k + 2In(z + e**1) is continuous for all x > 0,

lim f(z) = lim [k+2In(z+e" )] = f(0)=k+2In(0+e") =k+2.

z—0t z—0t

For f to be continuous at x = 0, choose k so that lim f(z) = lim f(z).
z—0~ z—0t

So, 2 =k + 2. Therefore, k = 2 and ili}l%) f(z)=1.

Note that for k = %, f(0) = % = ill}%f(x)

Therefore, f is continuous at z = 0 for k = .

The answer is C.
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10.

11.

. Note that lim /(= 3)7 = | lim (2 - 3)}4/5 =0and f(3) = /(B33 =0.

x—3

Since 1iH13 Y/ (xz — 3)* exists and is equal to f(3), function f is continuous at z = 3.
r—

Note that f'(z) = £(z —3)71/° = 5{,/‘;73. So, f'(3) is not defined.

Therefore, function f is not differentiable at z = .

The answer is B.

. secx + tanx) tanx dx = secztanz + tan® z) dz
J( ) J(

2

Use the identity tan? z = sec? z — 1.

/(secx—i—tanx)tanxdx:/(secxtan:v+se02:v—1) d:v:‘secx—l—tanx—:v—i—(}'

The answer is C.

| =

(43: + Getanx) 1/2

X
(417 + 6€tanz)*1/2%(4x + 6€tanz)

= (4:1: + Getanz) -1/ (4 + 6etenT L gec? :1:)

N =N =,

44 6et T sec? x
24z + Getan®
2 4 3etanTgec? g

The answer is D.

For a function f that is continuous on the closed interval a < = < b and diﬁerentjable'on

the open interval a < = < b, the Mean Value Theorem guarantees that f’(c) = w

for at least one ¢ between a and b. Applying the Mean Value Theorem to function f that

is continuous on 1 < x <5 and differentiable on 1 < & < 5 with f(1) = 10 and f(5) = 50,

F(c) = f6)—f(1) _ 50-10
7

e = 10 for at least one ¢ between 1 and 5.

The answer is B.

The ith term of the sum is ¢"/20 - & = f(u;)Az for f(z) = €%, u; = o, and Az = 5.

The quantity u; is the right endpoint of the ith subinterval [ fori=1,2,...,n.

1
% %)
Since the last term of the Riemann sum is e? and the right endpoint of the nth subinterval
is 55, therefore f(%) = /20 — ¢2 5o 56 = 2, s0 n = 40. So, the interval [0,2] is
partitioned into 40 subintervals of equal length

2 1

40
1
Therefore, 20 el/20 4 e2/20 1y 62} = ; flui)Az = f02 e’ dr.

The answer is B.
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12. The region in the first quadrant bounded by the graph of y = 1 + e~2? and the line z = 3
is pictured below.
¥
=43
. g 1 H—i’x
4] 1 2 3 *
Since y = 1+ e~ 2% is nonnegative on [0, 3], f03 (1 + e27) dx is the area under the graph of
y=14+e"2% fromx =0 to z = 3.
3 1 ’ 1 1
A= /0 (1 + 6721) dr = {x + <_§)62m]0 = <3 — 566) — <0 — 560) = % — %e’ﬁ
The answer is C.
13. Use the substitution u = /z. Then x = u? and dz = 2u du. The lower limit of integration
becomes u = v/1 = 1, and the upper limit of integration becomes u = v/4 = 2. Therefore,
4 2 2
1+ 1+u 2 3
— _dr = ———2udu =2 [ du |
/114—\/5:1: 11+uuu fll—i—uu
The answer is D.
14. Using the Chain Rule, £ f(f(2)) = f'(f(2)) - f'(=).
For f(z) = v25 — a2, f(—3) = /25 — (—=3)2 =4 and
d
T FE3) = F(F(=3) f1(=3) = f'(4) - f(=3).
Sice £16) = gtz U = 10119 = () [y = () (1) =
1)
The answer is B.
15.

/11f(:10)d:cZ/Olf(;v)dx—i—/olf(;p)dx:/Olezzdx_i_/ole4zd$
1 1

1,.1° 1 1
_ |t 2 _to—dx| -2y _te—4_ V|3 _1,-—2_1,-4
= [26 }_1 + [ 46 }0 2(1 e ) 4(6 1) 7 — 3¢ 7€

The answer is D.
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16.

17.

18.

19.

20.

Use the limit definition of the derivative of function f at x = xq, f'(x0) = %in%) w
—

Apply the definition to f(x) = sin (2z) at 29 = F.

. sin ( 2 2h) — sin (1)
_ 1 sin ( 5 + 5 .
h—0 h 50 h

4

f’(”) iy S0 2G5 A R)] —sin(2-F)

The answer is B.

At x = 3, the graph of f crosses the z-axis. So, f(3) = 0.
At z = 3, the graph of f is decreasing. So, f'(3) < 0.

At z = 3, the graph of f is concave up. So, f”/(3) > 0.

Therefore, ‘f’(?)) < f(3) < f"(3) ‘

The answer is C.
42’ +32% 45 42t 432245 o5 . A+3+ % 44040 7
o e 541 L 5400 L2

lim
z—o0 b3 + a2 —x  a—oo bad 4 —u

1

The answer is B.

Given v(3) = —3, the velocity of the particle at time ¢ is given by
t t

v(t) = v(3)+/ a(z)dx = —3—|—/ 3dr = 3+ [3a]y = =3+ (3t —9) = 3t — 12.
3 3

The particle is at rest when v(t) = 3¢t — 12 = 0. So, the particle is at rest at ¢t = 4.

Given z(2) = 5, the position of the particle at time ¢ is given by

x(t) = z(2) —l—/2 v(z)dr =5 +/2 (3xz — 12) dz.

4 3 4
5+ | (Bx—12)dr =5+ [512 — 12:5]
2

=5+[(24—48) — (6 —24)] =[-1]

The answer is C.

So, x(4)
2

For the rectangle with two sides along the z-axis and y-axis and inscribed using the function
f(x) = 7922 the width of the rectangle is z and the height is f(x) = e=%2%. So, the area
as a function of x is given by A(z) = z-e7%2%. To find z so that the area of the rectangle
is a maximum, set A’(z) = 0 and solve for .

Applying the Product Rule,
Al(z)==z- ie_o'% +e 027 ix =z (=0.2e79%) 4702 . (1) = e (1 — 0.22)
dx dx ' o

Since e792% > 0 for all z, A'(x) = 0 when 1 — 0.2z = 0. So, A’(x) = 0 when = = 5.

Note that A’(z) > 0 for z < 5 and A’(z) < 0 for x > 5. So, the area is a maximum for
=

The answer is D.
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21.

22.

23.

24.

For y = f(z) = 2”?;226, find f’(z) by applying the Quotient Rule.

f'(=)

i<x+2><2w—6>[d%<:v+2)]—(w+2>[%<2w—6>]
T de\220-6) (22 — 6)*
2z —6)(1) — (z+2)(2)  —10

(22 — 6)° (22 —6)%

The slope of the tangent line to the graph of y at the point (4, 3) is min = f/(4) =
—10 5

(=67 ~ ~2°

The slope of the normal line to the graph of y at the point (4, 3) is Mmnorm = f,_(}l

(SN

Z

The equation of the normal line to the graph of y at the point (4, 3) is y — 3 = Z(z — 4).

Multiplying both sides by 5, by — 15 =2(z —4) or | by — 2z =T |.

The answer is A.

For f(z) = k", f'(z) = eko® (L (ka?)] = 2kzeh’
and f"(z) = 2kx(%ekx2) +ef [ (2ka)] = (2kx)*eR*” + 2kek™” = 2kt (2ka? + 1).

Since f has a point of inflection at = +2, f”(42) = 2ke**(8k + 1) = 0.

Since k is nonzero, and e** > 0 for all k, 8k + 1 = 0. Therefore, k = | —

ool

The answer is B.

Apply the Product Rule.

%[R/jln(u—i—i})du} = (t?) {%/jln(u—l—fﬁ)du} + [/:ln(u—l—3)du] (%R)

=t*In(t+3)+ {/Qtln(u—l-ii)du}(%)

=|2In (¢t +3) + 2t [, In (u+ 3) du

The answer is D.

Rewrite the differential equation % = ycos (2x) as i/_y = cos (2z) dz.

Integrate both sides to obtain [ % = [cos (2z) dx

or In|y| = 0.5sin (2z) 4+ C for some constant C.

Applying the condition that y = 3 when x = 0 yields In3 = 0.5sin (0) + C.
Thus, C =1In3 and In|y| = 0.5sin (2z) + In(3).

Solving for y yields Y= +4¢0-5sin (2z)+In(3) — +4¢0-5sin (Zw)eln(?;) — +3¢0-5sin (2;E)

0.5sin (2z)

The condition y = 3 when x = 0 requires the positive sign. Therefore, |y = 3e

The answer is B.
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%.Aﬂ%ﬁ@+g@M%®—ﬂdI—B[iW@Mx+[

26.

27.

28.

N =

= 3[f(2)]} +
1

= 3/3) — f()] + 5

=6+12-12=[6]

The answer is A.

3

g(z)g'(z) dx — 6/13 dz
(o)} ~ ol

{lo@3) = s} - 663 - 1)

:3[4—2]+%{52—12}+6(3—1)

dz

If z represents the number of words memorized at time ¢, then expression 2= represents the

rate at which a list of M words are memorized. We are given that the rate is proportion
to the product of the number of words memorized, M, and the number of words that have

dt

not been memorized, M — x. Therefore, the differential equation | 9¢ = ka(M — z) | models

this situation.
The answer is C.

For f(z) = (z - 3)*(z - 5),

Flo) = (e =3 | oo =) + - 9)| o - 37

=(x—3)2+2x—-5)(z—3)
= (z — 3)(3z — 13).

_ _ _ 13
Note that f/'(z) =0 for v = 3 and x = 3.

dat

For x < 3, f'(x) > 0. So, the graph of f is increasing for z < 3.

For 3 <z <1 f/(z) < 0. So, the graph of f is decreasing for 3 < z < 2.

For x > 1—3?’, f'(z) > 0. So, the graph of f is increasing for = > 1—3?’

At 2 = 12, the graph of f changes from decreasing to increasing.

3

Therefore, the function has a relative minimum at

Tr =

wle

The answer is D.

Use implicit differentiation to find %:

d d
3 = 102
dy
20 +6y— =0
dx
dy -2z @
de 6y 3y’
So B - _B® _ 4
“lay=cn 30

dy
Sy(H—w (3 dac) 3y—3z Z—Z B

9y 9y
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d’y _33)(=1=-3(1) _ —9-3 _ _4
dz? (2,9)=(3,1) 9(1)? 9 3"
The answer is B.
29. Since lim [3z — sin (3z)] = 0 and lim [1 — cos (2z)] = 0, lim 32=52062) j5 of indeterminate

z—0 2—0 a0 1—cos (2z)
form 2. Apply L'Hopital’s Rule to evaluate lim z=sin(z)

0 rs0 l—cos(2x)
. 3z —sin(3z) . L[Bx—sin(3z)] | 3—3cos(3xz) 3 .. 1—cos(3x)
lim ————— = lim &—————= = lim —————> = —= lim ————~
2=0 1 —cos(2z)  2-0 L[l —cos(2z)] 20 —2sin(2z) 2 z—o0  sin (2x)
Since lim [1 — cos (32)] = 0 and lim sin (22) = 0, lim 1=5%3%) j5 of indeterminate form 2.

z—0 z—0 p0 sin(2z) 0
Apply L'Hopital’s Rule to evaluate — 3 lim 1=2232)

2 x50 sin(22)
3.. 1—-cos(3z) 3. A1 cos(3z)] 3 . 3sin(32) 3/3-0
T2.50 sin(2z) | 2450 L T 2.502c08(20)  20\2-1 =[0]
220 sin (2x) 2250  Lgin (2z)] 20 2 cos (2x) :
The answer is B.
30. For graph I, the graph of f is concave down for 1 < z < 4. So, f”(z) <0 for 1 < < 4.

The graph on the right could represent f”/(z) for function f on the left.

For graph II, the graph of f is concave up for 1 < x < 4. So, f"’(z) > 0for 1 <z < 4.
The graph on the right could represent f”(z) for function f on the left.

For graph III, the graph of f is concave down for 1 < z < g and concave up for g <z <4
So, f"(z) < 0for 1 <z < % and f”(z) >0 for 3 <z < 4. The graph on the right could
represent f”(x) for function f on the left.

The answer is D.

Practice AP® Exam, Part II

31.

Use a graphing calculator to examine the graph of g(t) = (t — 2)sin (3£) on the interval
0<t<2

g(t) = (¢t — 2)sin ("7‘)

Since g(t) <0 forall 0 <t <2, f(z) = [, (t —2)sin () dt <0forall 0 <z <2.
Using the Fundamental Theorem,

o d
~dz

F(x) (t — 2)sin (%) dt = (z — 2)sin (?) <0forall0<az <2

Finally, since the graph of g is increasing on the interval & < z < 2 for some k, f/'(z) =
¢'(t) > 0 on the interval k < z < 2. Therefore, only statements I and II are true.

The answer is B.
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32.

33.

34.

35.

36.

For function f(x) = 222 + V/a* — 8 defined for z > 0, find z so that f(x) = 10.

Using a graphing calculator, f(z) = 10 for x = 2.

Using a graphing calculator, f/(2) = 32.

3
Since g is the inverse of f and f'(2) = 32 # 0, then ¢/(10) = f/}2) = (é) =2 ~]0.0937.
3

The answer is D.

For f(z) = e — 2° — e, find the point where the graph of f crosses the z-axis.
Using a graphing calculator to solvef(z) = 0, x ~ 3.4711.

Using a graphing calculator, f/(3.4711) ~ 9.1063.
The slope of the normal line to the graph of f at x = 3.4711 is

~ _ 1 ~ __ 1 ~ | _
Muorm ~ — FE 711y ~ ~9.1063 > 0.110.

The answer is B.

Functions f and g have perpendicular tangents for all « such that f'(x) - ¢'(z) = —1.

Since f'(z) = z_-1+1 and ¢'(z) = —ﬁ, find all z such that (#—1) . (—ﬁ) = -1

Equivalently, find all = such that (z + 1)(2zv/z) = 1.

Using a graphing calculator, x ~|0.484|.

The answer is A.

Partition [0, 2] into five subintervals, each of equal width: [0, 0.4],[0.4,0.8],[0.8,1.2], [1.2, 1.6],
and [1.6,2.0].

The width of each subinterval is Az = 0.4.
Now apply the Trapezoidal Rule:

/0 F@)dz ~ [F(0) + F(0.4)] Az + %[f(().zl) + F(0.8)]Az

N =

+ %[f(o.s) + f(1.2)]Ax + %[f(1.2) + f(1.6)] Az + %[f(l.G) + f(2.0)]Ax

[£(0) 4 2£(0.4) + 2£(0.8) + 2f(1.2) + 2£(1.6) + £(2.0)](0.4)

N~ DN~

[10 4 2(12) + 2(13) + 2(16) + 2(19) + 20](0.4)
—[30]

The answer is B.

Given v(0) = 2, the velocity of the particle at time ¢ is given by
t t
v(t) :v(O)—i—/ (3—\/E)dx:2+/ (3= Vx) dx.
0 0

The velocity at time t = 4 is v(4)=2+f04(3—\/5)dx:2+%= =

The answer is C.



822 Chapter 7 Techniques of Integration

37. Using a graphing calculator, the region in the first quadrant enclosed by the graph of
y =tanx, y = 3 — x, and the y-axis is pictured below.

Using a graphing calculator, the graphs of y = tanx and y = 3 — « intersect at « ~ 1.089.

y y=tanx

o/

The area of the region in the first quadrant enclosed by the graph of y = tanz, y = 3 — z,

and the y-axis is given by A = f01,089 [(3 —x) — tan ] dx.

Using a graphing calculator, A ~ f01'089 [((8—x) —tanz]dx ~| 1.905|.

The answer is A.

38. Let w(t) denote the weight of the animal after ¢ days.
Then w(t) = w(0) + [y r(z)de = w(0) + [f 0.16eV da.

The number of pounds gained from ¢ = 0 to ¢t = 5 days is w(5) — w(0) = f05 0.16eV* dz.

Using a graphing calculator, w(5) — w(0) = fOS 0.16eV7 dz ~ .

The answer is B.

39. The function g(x) = % is defined for all > 0.

For g(x) = zl;‘f;m, find ¢'(x) using the Quotient Rule.

(x+1) {d%(xlnx —z)} — (xlnx—x)[%(x—k 1]

g'(x) =

EESVE
@+ D(z-t+hr—1)—(zlnz—=z)(1) hz+a
a (z+1) GRS

To find a critical number for g(z), set ¢'(z) = m—ir)ﬁ =0.

Using a graphing calculator to solve Inxz +x =0, x ~|0.567 |

The answer is C.

40. The distance between a point (x, ) on the graph y = 22 +z and the point (3, 4) is given by

d=+/(r =32+ (y—4)2 =/(x — 3)2+ (22 + = — 4)2.

Since d > 0, finding z so that d is a minimum is equivalent to finding = so that d? is a
minimum.

Let f(x) =d? = (2 — 3)? + (22 + . — 4)%
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Then f/'(x) = 2(x — 3) +2(2® + x — 4)(2z + 1).
To find the critical numbers of f, solve f'(z) = 2(x — 3) +2(2?> + z — 4)(2zx + 1) = 0.

Using a graphing calculator to solve 2(z — 3) +2(2? + 2 —4)(2x +1) =0,  ~ —2.137, -1,
and 1.637.

Note that f(—2.137) ~ 28.854, f(—1) ~ 32, and f(1.64) ~ 1.958.
Therefore, the minimum distance is d ~ +/1.958 ~|1.399 |.

The answer is B.

. The perimeter of a regular hexagon is given by P = 6s, where s is the length of each side.

When the perimeter is P = 120 cm, the length of each side is s = lP = l(120 cm) = 20 cm.

i3OCm

The perimeter is increasing at a constant rate of 30 cm/min. So, 4 S p——

The rate of increase in the area of the hexagon is

8 (8) () () (),

d (6s) — Gds
From P = 6s, 4 = 4 (65) = 64,

ds _ 1dP __ 1 cm cm
SO’ dt — 6 dt 6(3Om1n) min

Therefore, 44 = 3v/3(s5%) = 3v/3(20 cm) (522 ) ~|519.615<2

min min |

The answer is B.

. For g(z) = [ [3f(t) + VT +1] dt
9(2)_/2 [3f(t)+ t3+1} dt_3/2f(t)dt+/2\/t3+1dt.
0 0 0

Using a graphing calculator, f02 Vi3 + 1dt =~ 3.241.
Since [ f(t)dt =10, g(2) = 3 [ f(t) dt + [T VI + Ldt ~ 3(10) + 3.241 = 33.241.
By Part 1 of the Fundamental Theorem of Calculus,

d

g’(x):d—/x[iif(t)—l— t3+1}dt:3f(x)+ a3+ 1,
T Jo

and ¢'(2) =3f(2) + v22 +1=3(4) +3 =15.
Therefore, g(2) + ¢'(2) &~ 33.241 + 15 = | 48.241 |,

The answer is C.

. The average density across the length of the rod is f = f V10 — 23 dzx.
Using a graphing calculator, f02 V10 — 23 dx ~ 5.584.

Therefore, the average density is f = 715 f02 V10 — 23 dz ~ 1(5.584) =|2.792 ],

The answer is C.
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44. The distance traveled by the object from ¢ =0 to ¢ = 10 is given by folo [v(t)] dt.
Since v(t) = €%?' — 3, we find that v(t) <0if 0 <t < 5In3 and v(t) > 0if 5In3 < ¢ < 10.
Therefore,

10 5In3 10 5In3 10
/ lo(t)] dt = / [—v(t)] dt + / v(t)dt = —/ (%% —3)dt + / (2% — 3) dt.
0 0 5In3 0 5In3
Using a graphing calculator, 051[13 (%2 —3)dt ~ —6.4792 and f5110n3 (%2 —3) dt ~
8.4245.
Therefore, the distance is
5In3 10
—/ (2% —3)dt + / (e”% —3) dt ~ —(—6.4792) + 8.4245 ~ | 14.904 |
0 5In3

The answer is D.

45. Counsider cross sections perpendicular to the z-axis of thickness dzx.

The base of each triangle is [sinz — (1 —sinz)] = 2sinz — 1.

The height of each triangle is %(2sinz — 1).

The area of each triangle is 5 (base) (height) = 1[1(2sinz — 1)] (2sinz — 1) = $(2sinz — 1)°.
The volume of each cross section is dV = (Area) dz = §(2sinz — 1)% da.

To find the range for z, find the intersection of y = sinz and y = 1 —sinx.

sinx =1—sinx

2sinx =1
sing = 5
_ T Sm
SO, Tr = 3 and 5
S _ r5m/6 1 . 2 1 r57/6 . 2
Therefore, the volume of the solidis V' = fw/G 7(2sinz —1)"dx = 3 /6 (2sinz — 1)" dz.

Using a graphing calculator, V = § 576/6 (2sinz — 1)? dz ~[0.272]

The answer is B.

AP® Practice Exam

Part 2, Free Response

1.

(a) Partition [0, 6] into four subintervals: [0,1],[1, 3], [3, 5], and [5, 6].
Ar;=1-0=1, Aag=3-1=2, Aag=5-3=2, and Azy =6-5=1.
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Now apply the Trapezoidal Rule:

6
1/0 E(z) de ~ % {%[E(O) + E()] Az + %[E(l) + E(3)|Aws + %[E(?,)

+ E(5)]Azs + %[E(S) + E(6)]Ax4}

= S IEO) + BOI1) + [EQ) + EG)Q) + [B3) + BG)](2)

+ B
+ [E(5) + E(6)](1)}

_ 1_12[E(0) +3E(1) + 4E(3) + 3E(5) + E(6)]
_ %[1,0 +3(1.3) + 4(2.1) + 3(4.1) + 5.6]

= | 2.6 thousand feet |

(b) %ff E(z)dx = 2.6 thousand feet is
‘ the average elevation of the trail along the entire length of the trail. ‘

(¢c) For a function f that is continuous on the closed interval a < z < b and differentiable
on the open interval a < z < b, the Mean Value Theorem guarantees that f/(c) =

W for at least one ¢ between a and b.

Since function F is differentiable on the interval 0 < x < 6, it is also continuous on the
interval. For the interval 3 < z < 5, the conditions of the Mean Value Theorem are
satisfied. Since F(3) = 2.1 and E(5) = 4.1, there F’'(c) = E(5g:3E(3) =421 — 1 Mt
for at least one ¢ between 3 and 5. Therefore, there must be at least one distance x
for which the elevation increases at a rate of 1000 feet per mile.

(d) Since E’(x) > 0 on the interval 0 < x < 6, F is increasing on the interval 0 < x < 6.
Therefore, the Left Riemann sum is the lower sum and ‘ underapproximates | the value

of & f06 E(z)dx.

2. (a) The region is pictured below.

AT

y

I\J|n—t

=
+
=I

To find the points of intersection of the curve y = 13-916-7 with the horizontal line y = %,

set mﬁfq = % and solve for x. Multiply both sides by 2(:102 + 7) to obtain

8r=a>47
22 -8z +7=0
(x—=1(x-7)=0

The curve and the line intersect at z = 1 and 7.
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The area bounded by the two curves is fl ( 217 — %) dx.

Using a graphing calculator, the area is fl (m§i7 — %) dr ~|0.892 |

b) Use the method of rings to find the volume of the resulting solid when the region in
g g g
(a) is rotated about the line y = —2.

7
Volume = 7 / {(outer radius)® — (inner radius)z] dx
1
’ 4 \? 1\°
:7T/ (2+m> —(24—5) dx ~|14.551
1 x

(¢) Each section perpendicular to the z-axis is a rectangle with a height equal to five

times the length of the base. The base is 13‘—_7_7 . The height is 5( e %)

2
The area of the rectangle is 5( e~ %) .

Multiply the area by the thickness of the section dzx.

2
The total volume is given by V =5 fl (12+7 - %) dx ~|0.862|.

3. (a) The acceleration of the object is given by a(t) = v'(¢).

Use the product rule to find v/ (¢).
T\ | d _gqy
) oo () 3

> ﬂ + cos (”zt) [80-“(_0.1)]}
> +0.1cos (%’5)]

+ cos ()]

— =
-2

a(t) = v'(t) = 10 {e-“f {% cos

=10 {eo-“ {— sin

=10 —0.1t z :
e 4 S1n

N TN
|2 =2

ISR
— |

_0'1’5[57” sin (Z

=|—e

(b) The position of the object at time ¢t = 5 is given by

5
z(5) = z(0) + /0 v(t) dt

=4+ fo 10e=91% cos (”T) dt |.

(c) Since both the velocity v(t) and acceleration a(t) are negative for 2 < ¢ < 3.839, the
speed of the object is ‘ increasing on the interval 2 < ¢ < 3.839 |

Since v(t) < 0for 2 < t < 6, the object is‘ moving to the left on the interval 2 <¢ < 6|.

(d) The distance traveled by the object on the interval 0 <t < 6 is

6
:/ [v(t)| dt = 10f§ le0-2 cos (ZE)| dt |
0
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4. (a)

g9(2) = f02 f(t)dt is the area of the triangular region between f and the z-axis from
r=0tox=2. So,g(2)= foz ft)ydt = 3(2)(4) =[4]

Using Part 1 of the Fundamental Theorem, ¢'(z) = - [ f(t)dt = f(z). So ¢'(2) =
1(2)=[4]

Since ¢'(z) = f(z),g"(x) = f'(z). The graph of f has a cusp at = 2. The slope of

the line tangent to the graph of f at x = 2 is not defined. So, ¢"(2) .

Since ¢"(x) = f'(x) > 0 for x < 2 and ¢"(z) = f/(z) < 0 for z > 2, function g has a
point of inflection at .

For h(z) = [*, f(t)dt, W' (z) = & [“, f(t)dt = f(z) = 0 when 2 = 5. So, h has a
critical number at = 5. Since h'(z) = f(z) > 0 for z < 5 and h'(z) = f(z) < 0 for
x > 5, function h has a relative maximum at .

Using properties of integrals, break up ff2 ft)dt.

/_Zf(t)dtz/_(;f(t)dt—i—/:f(t)dt—i—/:f(t)dt—i—/;f(t)dt

2 4 6
h(6):h(0)+/0 f(t)dt+/2 f(t)dt+/4 F(t)dt.

From the graph, f02 f(t)dt =4 and ff f(t)dt = 0. Also, h(6) = % and A(0) = —2.
4 4
So, = —2+4+4+ [, f(t)dt+0and [, f(t)dt =% |

Since f(z) = [, v/100 — £ dt, g(0) = [; /100 — £ dt = 0.
Using Part 1 of the Fundamental Theorem,
, d 4x d
g'(x) = e V100 — 3 dt = /100 — (4x)3 d—(4x) = 44/100 — 6423.
x Jo x

So, the slope of the line tangent to the graph of g at x =0 is ¢’(0) = 40.
Using the point-slope form of the line, y — 0 = 40(z — 0).

The equation of the line tangent to the graph of g at x =0 is .

Since ¢'(x) = 4v/100 — 6423 > 0 on the interval 0 < 2 < 1, function g is increasing
on the interval 0 < z < 1. So, g is one-to-one on the interval 0 < x < 1 and therefore
has an inverse on the interval 0 < x < 1.

Since g(1) = A and h is the inverse of g, h'(A) = g/%l) =——1 -1
’ 4,/100—64(13) 24
§'(x) = =g/ (x) = =4(100 - 642%) "/
dx dx
1 —1/2| d
=4( =] (100 — 6423 — (100 — 642
<2)(OO 642°) [dx(()() 635)]
- —38422
V100 — 6443

Since ¢’(z) < 0 on the interval 0 < x < 1, the graph of g is concave down on
the interval 0 < 2z < 1. Therefore, a trapezoidal sum used to estimate g(1) =

f04 V100 — 3 dt is an | underestimation |.
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6.

(a) The right side of the differential equation Z—‘Z = % gives the slope of the line

tangent to the graph of y(z) at (z, y). For example, the slope of the line tangent to

the graph of y(z) at (1,2) is @ = 2. Continuing in this manner, the slope is
calculated for each point indicated on the graph.

(z, y) | Slope (z, y) | Slope

12 | 2 (2.2) | &

(1,1) 0 (2,1) 0

(1,0) 2 (2,0) | &

S

1+ . —.—
/ J
/ 2 x

(b) The line tangent to the graph of f at the point (1,2) has slope m = 22-1° _ o
Use the point-slope form of a line to find the equation of the line.

y—2=2x—-1)

‘y—2:2x—2‘0r‘y:2x‘

(c) Rewrite the differential equation % = 2(‘”\/_51)2 as (yf—%)z = % dx

Integrate both sides to obtain [ (yf—yl)z = % dx or —y—il = 4\/z + C for some
constant C.
Applying the condition that y = 2 when x = 1 yields —1 =4+ C.
Thus, C = =5 and —— =4,/z — 5.
Y

Solving for y yields |y = 541\/5 + 1|




