Chapter 9 Parametric Equations; Polar Equations

9.1 Parametric Equations

Concepts and Vocabulary

1. Let z = z(t) and y = y(t) be two functions whose common domain is some interval I. The
collection of points defined by (z,y) = (x(t),y(t)) is called a plane [curve] The variable t is

3. The parametric equations z(t) = asint, y(t) = acost define a | (d) circle |.

5. . A curve can be defined parametrically in an infinite number of ways.

Skill Building

1 1
7. (a) Solving for ¢ in the z(t) equation, we have t = i(x—l). Plug this into y(t): y = 5(x—1)—|—2
1
or |y = 2% + 3t Since t varies from —oo to 400, the rectangular equation is defined for all x

from —oo to oo.

(b)

0 2

9. (a) Solving for ¢ in the y(¢) equation, we have ¢t = y — 2. Plug this into z(t): z =2(y—2)+1
or . Since t varies from 0 to 2, we have 1 < z < 5 and y varies from y(0) = 2 to
y(2) =4

’(b)ﬁ

983
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11. (a) Plug y =t into z(¢): |« = €Y | This can be rewritten as y = Inx. Since —oo < t < 00,
we see that 0 < z(t) < oco.

(b)

13. (a) Notice that [z(t)]* + [y(t)]* = sint 4 cos® t = 1, which means our parametrization is

that of a circle of radius 1 centered at (0,0), namely . To find its starting point,

3
ending point, and orientation, plot the points ¢t = 0, g,w, ;,271 We find, respectively, the

points (0,1),(1,0),(0,—1),(—1,0), and (0, 1). Plotted in this order, we trace a circle starting at
the point (0, 1) and moving clockwise until we arrive back at (0, 1).

15. (a) We eliminate the parameter ¢ using the Pythagorean Theorem sin®t+cos?t = 1. Since

int =2 and cost = :
sint = = and cost = 2,
2 3

2 2

(;) + %) =sin’t+ cos?t =1
R
I A |
4 + 9

which is an ellipse centered at the origin. To find its starting point, ending point, and orientation,

3
plot the points ¢t = 0, g, , g, 2. We find, respectively, the points (0, 3), (2,0), (0,—3), (—2,0),

and (0, 3). Plotted in this order, we trace an ellipse oriented clockwise.
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17. (a) Notice that 2sint = 2+ 3 and 2cost = y — 1. If we square and add both equations,
then we have

(x+3)%+ (y—1)> =4sin’t + 4cos’t = 4

(z+3)2

4 4

which is a circle centered at (—3,1) with radius 2. To find its starting point, ending point, and

orientation, plot the points t = 0, g, and m. We find, respectively, the points (—3,3), (—1,1),

and (—3,—1). Plotted in this order, we trace the right half of the circle centered at (—3,1) with
radius 2 oriented clockwise.

(b)

19. (a) Since z(t) = 3, every point on our plane curve has a-coordinate equal to 3. These
points describe the line . Since t goes from —oo to oo, so does y so the orientation of the

curve is upward.

4

4

21. (a) Since z(t) = 2, the rectangular equation is .

(b)

B

O 0

i

4

(c) Since t > 0, we know that .



986 Chapter 9 Parametric Equations; Polar Equations

(d)

2
1

—
T

23. (a) Solving for t in the y(t) equation, we have t = y2. Plug this into the z(¢) equation:

= 5)

(b)

25. (a) Solving for ¢ in the y(t) equation: t = y?/3. Plug this into the x(t) equation: = =

(y2/3)1/2 41 which is the same as x = y/3 + 1, or, equivalently, |y = (z — 1)*|.

(b)




9.1 Parametric Equations

987

(c) SincetZ1,Weseethat‘xz2‘and‘y21‘.

(d)

20

-1 o 1

27. (a) Solving for t we have y equation, we have ¢t = tan™! ¢, so that

T = sec (tanfl y) .

(c) Since sect > 1 for all t > 1, we have , so we only have the right-hand portion of the

graph in part (b).
d
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29. (a) Since x = t* and y? = (t?)? = t*, we see that .

(b)

_2

(c) There are no restrictions on ¢, so we assume —oo < ¢t < oo. Since y(t) is a even power of ¢,

we have that and also .
(d)

3

’ X
31. (a) Solving for ¢ in the y(t) equation: t = % Plug this into the x(t) equation:

Lo (vtLY
- (45— |

(b)

(c) Since x > 0, there are | no restrictions on the plane curve|.
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(d)

i 2 3 i 3
e \\
e

1
33. (a) Notice that this parametrization is the same as in Problem 31 replacing ¢ with n This

2
1
means the plane curve is the same: |z = (i> .

2
(b)

i 2 3 H
x
s
2\
i
g

(c) Since t # 0, |z > 0]and |y # —1|
(d)

N

; ) ,
35. (a) Solving for sin?¢ in z(t) we have sin®t = % Since cos®t = (%) we see that

=

r+2 9y
= =1\
3 +4




990 Chapter 9 Parametric Equations; Polar Equations

(b)

(c) For 0 <t < wehave 0 <sint <1 and —1 < cost < 1 so we see that and

~22y23)
(d)
o

\

37. Solving for t2, we have t> = 1/x. Now plug this into y:

_ 2 2z
1z 1 142

Y

As t increases, x approaches 0 and so does y. Also ‘ x> O‘ and ‘ 0<y<2|

39. Solving for #? in the z(t) equation, we have

16
2 _
S D
16

2 _

16
2 _
t —_ 4_ﬁ.

v= 16
4-(4-3)
4yfa— 18
y:
16
2
4/4— 18
y:
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As t approaches 2, the denominators of x(t) and y(t) are getting close to 0, so x(t) and y(t) are
approaching co. The points are going upward from the point (2, 0) along the curve y = 2v/x2 — 4.
Also‘xZ?‘and‘yZO‘.

41. Solving for sint and cost in x(t) and y(t), respectively, and then squaring, we have

sint=x+2
y—4
t——
cost = 5
—4)?
(a:—|—2)2+(y4) =1}

which is an ellipse centered at (—2,4). At ¢ = 0, the object is at the point (—2,2); at t = g, the
object is at the point (—1,4). This means the object is tracing this ellipse in a counterclockwise
manner. Also ‘ -3<z<~1 ‘ and ‘ 2y <6 ‘

43. Answers will vary. Here are two parameterizations.

a(t) =1, y(t) =4t —2, 00 <1 < 00

a(t) =13, y(t) =43 =2, —co <t < 00

45. Answers will vary. Here are two parameterizations.

z(t)=t, y(t) = —2t° +1, —co <t < 00

a(t)=t+1, y(t) =—-2(+1)>+1, —oo <t < oo

47. Answers will vary. Here are two parameterizations.

z(t) =t, y(t) =4t*, —co <t < 0

z(t) =13, y(t) =4t, —co <t < 0

49. Answers will vary. Here are two parameterizations.

y(t) =t, x(t):%\/%—?,, t>0

1
y(t) =13, z(t) = gtl/G -3, t>0

51. Answers will vary. One such answer would be the following: The line through the given seg-

ment is y = x—2 so one pair of parametric equations would be‘ x(t)=t, ylt)=t—2; 2<t <7 ‘

53. Answers will vary. One such answer would be the following: The ellipse can be parametrized
by‘ x(t) = 3cost,y(t) = 2sint ‘ To start at the left end of the ellipse, we can begin with ¢t = 7. At

37
t= 50 we are at the bottom of the ellipse (which agrees with the counterclockwise orientation),

. 5T
so an appropriate range on t would be 7 <t < 5>
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55. For counterclockwise orientation, we choose z(t) = 3 cos(wt), y(t) = 2sin(wt). If 1 revolution

2 T
takes 3 seconds, the period is — =3, so w = 5 The parametrization is
w

2(t) = 3cos (%”t) y(t) = 2sin (%”t) .

To begin at (3,0) the interval on ¢ would be .

57. For clockwise orientation, we choose z(t) = 3sin(wt), y(t) = 2 cos(wt). If 1 revolution takes

2
2 seconds, the period is — = 2, so w = w. The parametrization is
w

‘ x(t) = 3sin(rwt), y(t) = 2 cos(nt) ‘

To begin at (0,2) the interval on ¢ would be .

59. Notice that the parametrization in (a) is the plane curve for —4 < 2 < 4. Each
of the parameterizations in (b), (c), and (d) are some variation of the parametrization in (a).
Part (b) is the same plane curve as (a) if we replace ¢ with v/¢, but now we can only consider
non-negative z-values since in (b) z(t) = v/t > 0; there are no restrictions on z in (a). Part (c) is
the same plane curve as (a) if we replace t with e, but again there are included restrictions since
in (b) > 0. Part (d) is the same plane curve as (a) if we replace ¢ with cost (with no included
restrictions) except that the orientation is opposite of that in (a) and —1 < z < 1 whereas in
(a) -4 <z <4

(a)
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(d)

Applications and Extensions

61. |I — (d) counterclockwise, II — (a) counterclockwise,

‘HI — (b) counterclockwise, IV — (c) counterclockwise

63.|I — (c) from (1,0) to (—1,0), IT — (b) from (—1,0) to (1,0), III — (a) clockwise,

IV — (d) from <—g,1> to (1,0)

65. (a)

24

0

0 i0 20 30 40

(b) [(@(21),y(2.1)) ~ (8.66,10.53)]

67. Answers will vary.
69. (a) Using the given formulas | 2(t) = (125 cos40°)t ~ 95.875‘ and

1
y(t) =5 32t% 4+ (125sin40°)t + 3 ~ —16t% + 80.3t + 3 |.

1
(b) The height of the ball after 2 seconds is y(2) = —3 -32(2)% +(1255in40°) -2+ 3| =~ 99.6 feet |

(c) The horizontal distance the ball has traveled after 2 seconds is

x(2) — z(0) = (125 c0s40°) - 2 — 0| & 191.6 feet |.

(d) To find how long it takes, solve x(t) = 300 for t.

(125 cos40°)t = 300
L 300
125 cos 40°
| t =~ 3.13 seconds |

(e) The height at ¢t = 3.13 seconds is ‘y(?).l) /2 97.6 feet ‘
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(f) To find the time when the ball hits the ground, we need to solve y(¢) = 0 (i.e. the height of
the is 0).

1
-5 32t% + (125sin40°)t +3 = 0.

Using the quadratic formula, we find the two solutions ¢ ~ —0.04 seconds and t ~ 5.1 seconds.
Since ¢ > 0, it must be |~ 5.1 | seconds that the ball is in the air.

(g) The ball has traveled | 2:(5.1) & 488.6 | feet horizontally before it hits the ground.
71. (a) Using the given formulas | 2(¢) = (80 cos 35°)t ~ 65.5¢ ‘ and

1
y(t) = -5 32t% + (80sin35°)t + 6 ~ —16t* + 45.9t + 6|

1
(b) The height of the football after 1 second is y(1) = i 32+ (80sin35°) + 6| ~ 35.9 feet |

(c) The horizontal distance the ball has traveled after 1 second is (1) — 2(0) = (80 cos 35°) —

0~ 655 feet |

(d) To find how long it takes, solve z(t) = 120 for t.

(80 cos35°)t =120
P 120
"~ 80 cos35°

| t ~ 1.8 seconds |

() The height of the ball at ¢ ~ 1.8 seconds is ‘ y(1.8) ~ 36.8 feet ‘

73. The parametrization (2cosf,2sinf), 0 < 6 < 2, traces a circle of radius 2 centered
at the origin starting at (2,0) in the counterclockwise direction while the parametrization
(2sind,2cosd), 0 < 6 < 2, traces a circle of radius 2 centered at the origin starting at (0,2) in
the clockwise direction.

Challenge Problems

75. The line through (—R,0) with slope m has equation y = m(z + R). We want to find the
point P = (x,y) on the line y = m(z + R) that intersects the circle 22 + % = R?. By plugging
y = m(x + R) = mz + mR into the circle equation to solve for x, we have

2? + (mx +mR)? = R?
2 +m22? + 2m?Rx + m?’R? = R?
(m? + 1)z* + 2m*R)z + (m* — 1)R?* = 0.

Using the quadratic equation to solve for z, the solutions are

—(2m2R) £ /(2m2R)? — 4(m2 + 1)(m2 — 1)R2

2(m2 + 1)
 —2m’R+ \/4m*R2 — A(m* — 1)R?
2(m2 +1)

—2m?R + V4R?
- 2(m? + 1)

—2m2R + 2R
T T2m2t)

-m?+1

- "E R
m2+1
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Writing the two solutions separately, they are

-m2 41 -m?2 -1
=— R =—— R=-R.
m2+1 .
The second solution z = —R is the original point we wrote the equation of the line through, so

the new point P = (z,y) has as its z-coordinate

—m? +1
m2+1

To find the y-coordinate, we know that P lies on the line y = m(xz+R). Plugging in z-coordinate,
we have 9
-m-+1 2mR
= ——F  R+R) =—.
y=m ( m?+1 + ) m?+1

This means we can parametrize a circle using the slope m through the point (—R,0) using the
equations

R(1 —m?) 2Rm

= Y=

for —oco < m < oo.
77. By referring to the picture, the center of the smaller circle traces out a circle centered at
the origin of radius a — b in a counterclockwise manner.

The center of the smaller circle (z.(t), y.(t)) is parametrized by

z.(t) = (a—Db)cost
Ye(t) = (a—Db)sint,

for 0 <t < 2m. Now refer to the following picture.

0 A= (a, 0}] x

Note that arc AT is equal to arc TP since the inner circle is rolling along the outer circle. Recall
that in a circle of radius R, the measure of an arc with central angle 6 is (27 R) - % = R-0. With
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this in hand, we know that arc AT is a -t. This means that arc TP is also a - t so the central
angle PCT has measure satisfying the equation

b-ms/PCT =a-t.

This means a

Now picture the inner circle rotated so that CT is parallel to the z-axis. [Keep in mind that
this amounts to a clockwise rotation of ¢ radians.] Then since the center of the inner circle
is located at (z.,y.) with radius b and rotates clockwise, this circle could be parametrized by
(xc +bcost,y. —bsint). The point P would be located on the circle after we moved through an

angle with measure mZ/PCT = %t, so it would be located at

(a:c + b cos (%t) , Yo — bsin (%t)) .

But to find where P is actually located (remember we rotated the inner circle ¢ radians clockwise),

we need to rotate the inner circle back ¢ radians Si.e. subtract ¢ radians inside the sine and cosine).
The parametrization of the point P, as it travels around the hypocycloid, is given by

—-b
x(t) = 2. + bcos (%t - t) = (a —b)cost + bcos (aTt>

y(t) = y. — bsin (%t—t) = (a —b)sint — bsin (aT—b > ,

for 0 <t < 27.
79. It will be helpful to look through the solution to Problem 77 before reading this solution. The
smaller circle’s center traces out a circle centered at (0,0) with radius a+b in a counterclockwise

manner. The center of the smaller circle (x.(t), y.(t)), oriented counterclockwise, is parametrized
by

z.(t) = (a+0b)cost
ye(t) = (a+Db)sint,
for 0 <t < 27. In the following picture,
¥
o ‘\\\ I/'./I- "“x\\\
.—r"'_'_._ ,,-' —_—
"¢ \
AP
— l
/}Jlll
0 },4 =(a,0) x

we have that arc AT is equal to arc T'P. Reasoning as in Problem 77, we find that m/PCT = %t.

If we rotate the smaller circle about its center so that T'C is parallel to the z-axis with T to
the right of C' (which is a clockwise rotation of 7 + ¢ radians), then the smaller circle (also

oriented counterclockwise) can be parametrized by (x. + bcost, y. + bsint). The point P would

a
be located on this circle after we moved through an angle with measure mZPCT = —t, so it

b
would be located at
a . /a
(:Cc + bcos (Et) ,Ye + bsin (Zt)) .



9.2 Tangent Lines 997

If we undo the original clockwise rotation of 7 4 ¢ radians (this would amount to adding 7 + ¢

radians inside the sine and cosine), we find that the parametrization of the point P on the
epicycloid is given by

x(t) = xc + bcos (%t—l— (7T+t)) = (a+b)cost — bcos (aT_H)t>

y(t) = yo + bsin (%t-i— (7T+t)) = (a+b)sint — bsin (aT—’—bt> '

for 0 < t < 27 where we used that cos(6 + 7) = — cosf and sin(d + 7) = —sin 6 for any angle 6.

AP® Practice Problems

1. For the pair of parametric equations in (C), eliminate the parameter ¢ using a Pythagorean
Identity.

cos?(2t) + sin?(2t) =

(5) + (%)

The rectangular equation represents a circle with radius ¢ and centered at the origin. In
the parametric equations, 0 < ¢t < 7, so the curve begins when ¢ = 0 at the point (3,0)

and ends when ¢ = 7 at the point (3,0).
The answer is C.

3. Eliminate the parameter ¢t using a Pythagorean Identity.
cos?t +sin’t =1

(0 (i) =

2

T 2=
16+y

The answer is D.

9.2 Tangent Lines

Concepts and Vocabulary

1. Let C denote a curve represented by the parametric equations = z(t),y = y(t),a <t < b,
where each function z(t) and y(t) is continuous on the closed interval [a, b] and differentiable on

d d
the open interval (a,b). If both d—f and d—z are continuous and never simultaneously 0 on (a, b),
then C' is called a | (a) smooth | curve.
d d
3. If in the formula for the slope of a tangent line, d—:g =0 <but d—:f #* 0>, then the curve has

d d
a tangent line at the point (z(t),y(t)). If d_a: =0 (but d—:g # O), then the curve
has a tangent line at the point (z(t), y(t)).
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Skill Building

dy
dt

d
For problems 5-12, we will use the formula & _ v

dt
dx d
5. o = et cost — el sint and d—i = elsint + el cost, so
dy e'sint+efcost |sint+ cost
dr  elcost—etsint |cost—sint |
dx 1 dy
7. — =1——and = =1, s0
dt t2 dt ’
dy 1
dr 1—%2 '
dx . . dy . .
9. P = —sint 4 sint + tcost = tcost and P = cost —cost +tsint = tsint, so
d tsint
Y _ =|tant |

dr ~— tcost

d d
11. & = —2cottesc? t and YW s t, so
dt dt
dy —csc?t _ 1
dr  —2cottcsc2t | 2cott |

1 1

13. (a) The slope of the tangent line is [E} =3 The equation of the tangent line at
=2

(2(2),4(2)) = (8,2) is

(b)

-1 0 10 20 30
x

4t
15. (a) The slope of the tangent line is [g} = —. The equation of the tangent line at

(x(1),y(1)) = (3,1) is

[SSRREN
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(b)

N -2 1 ,
17. (a) The slope of the tangent line is {W} ) = [WL_4 =7 The equation of the
tangent line at (x(4),y(4)) = (2,1/4) is
1
y-3=-3-2
=——x+ 3
y= 2l
(b)
PR
o [A+2)7? .
19. (a) The slope of the tangent line is 20T = —2. The equation of the tangent
=0

line at (2(0),y(0)) = (0,2) is
y—2=-2(x-0)
p=—z2)

If we add z(t) and y(t) together, then

(t)+ (t) t + 4 t+4 t+24+2
X = — —
y t+2 142 t+2 t+2
t+2 2 1
S . B O]
s Sl 110)

1
Sox+y=1+ Ey, or y = —2x + 2, is the equation of the plane curve. This means that the

tangent line is the plane curve itself.
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(b)

02

_ =t
21. (a) The slope of the tangent line is { c } = —1. The equation of the tangent line at
€ li=o
(2(0),4(0)) = (1,1) is

(b)

a 1 & 3 4 3 6
x

—sint} —V2/2
o5t |y V22
tangent line at (z(7/4),y(7/4)) = (v/2/2,V/2/2) is

23. (a) The slope of the tangent line is [ = —1. The equation of the

vz )
A S
y:—x+\/§.
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25. (a) The slope of the tangent line is { . The equation of

—3sint _ =3vB/2 . 3V3B
4 cost /3_ 4-1/2 4
the tangent line at (z(7/3),y(7/3)) = (2v/3,3/2) is

y—§:—£( —2\/_)

2

= —%x +6
(b)
27.

dx

il 2t

% = 37—
% =0 when t = :I:% = :l:i At both values, (ZC # 0, so we have horizontal tangent lines
at t = i23£ which correspond to the points (%, —#) and (%, %) . Next, C(ll—f =0

when t = 0. At ¢t =0, d_:g # 0, so we have a vertical tangent line at ¢t = 0 which corresponds to

the point | (0,0) |

29.
dx it
— = sin
dt
d
d—:g = —cost

) dy m™ 3T d:c
On the interval 0 < ¢t < 27, i 0 when t = 5 g At both values, — ;é 0, so we have
3T
horizontal tangent lines at t = 5 which correspond to the points ‘ (1,0) ‘ and ‘ ‘ Next,

d dy
on the interval 0 < ¢t < 2, d—f =0 when ¢t = 0,7, 27. At all three values, E # 0, so we have

vertical tangent lines at ¢ = 0, 7, 2 which correspond to the points ‘ (0,1) ‘ and ‘ (2,1) ‘
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Applications and Extensions

dy

d
31. (a) We begin by finding the derivatives d_gtc and R

dr dy .o

d d
The vertical tangent lines occur when d—f =0and d—z = 0. Notice that this is when ¢t = 0, which

d d
corresponds to the point | (2,0)|. The horizontal tangent lines occur when Y — 0 and d—f £ 0.
This is when
3t2—-4 = 0
4
= -
3
2
t = +—.
V3

dx
For both of these values, T = 0, so the horizontal tangent lines occur at the points

(2(2/V3),4(2/V3)) = <E —%> and (z(—2/v/3),y(—2/v/3)) = <E M) _

37 9 379

(b) The point (6,0) corresponds to the values t = +2. Each of these values produces a slope of
a tangent line at (6,0), namely

dy dy

— 2 — Co\2
dy G| _32r-4 , A |a _3(=2F-4_
dx dx 2(2) dx dx 2(-2)

dt di=2 dt di=—2

(c) The equations of the two tangent lines at (6,0) are

y=2x—12

y=—-2x+12|
(d)

Challenge Problems

d
33. If d—f is never equal to 0, then z(¢) is always increasing or always decreasing, which means
that x(t) passes the horizontal line test. Since x(t) passes the horizontal line test, we know an
inverse of x = f(t) exists, namely t = f~!(z). If we substitute t = f~1(x) into y = g(t), then

y=g9(f ().
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By defining the function F = g o f~! we see that y = F(x). Furthermore, we know that

dy
d at d d
EU _ dt and since the curve C is smooth (and & #0), & exists, making F differentiable.
dv  dx dt x

dt
35. Using the formula developed in Problem 34, we start by finding the first and second deriva-
tives of x and y with respect to 6.

d
d—z = —3acos’fsinf
d
d—z = 3asin?fcosf
d2
d—@;c = 6asin®fcosf — 3acos® 0
d?y 2, . . 3
7 R 6a cos” 0sinf — 3asin” 0.
So
dy  (6acos®@sin6 — 3asin® 0)(—3a cos? sinf) — (3asin® f cos §)(6asin® 6 cos§ — 3a cos® §)
dr (—3acos? fsin )3

—18a2 cos* 0sin? 0 + 9a? sin* 0 cos? § — 1842 sin 0 cos? 0 + 9a? sin? O cos? 0
—27a3 cosb §sin® 0
—18a? cos? fsin” A(cos?  + sin” 0) + 9a? sin? 6 cos? O(sin? O + cos? 0)
—27a3 cos® O sin® 0

—9a2 sin” 0 cos? 0
—27a3 cos® O sin® 0
1
3acostOsinf |

AP® Practice Problems

1. z(t) = tant y(t) =t> -3t +8
. . L. dz dy
Begin by finding the derivatives — and —.
dt dt
dx 9 dy
e t 7 9t —
7 sec 7 3

Find numbers ¢ that correspond to the point (0, 8).

tant = 0 t*—3t+8=38
t = nm for integer n t? —3t=0
tt—3)=0

t=0 and t=3

Since—£§t<z,t20.

4
o dy % 2t-3
The slope of the tangent lines is given by — = 2= = 5
de & sec?t
Att=0 @ - 2(0)7_3 —_3
- dx sec20

The answer is A.
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3. z(t) =3 — 12t y(t) = 46> +

d d
Begin by finding the derivatives o and ey

dt dt
dz dy
— =3t - 12 — =8t+1
dt dt +

dy B

d
The curve has a horizontal tangent when 8t+1=0, but d—f # 0.

T 1 765
= —— | —-12=——.
t=—1 3( 8) 64
- 8

dt

1 d
Note that 8t +1 =0 when t = 3 and that I

d
The curve has a vertical tangent when d—f =3t2-12=0.
Note that 3t — 12 = 3(t + 2)(t — 2) = 0 when t = —2, 2.

The answer is C.

9.3 Arc Length; Surface Area of a Solid of Revolution

Concepts and Vocabulary

1. [False ] The formula should be

3. . The formula should be

b 2 2
dx dy
= — ) + (=] dt,
=[G ()
which means under the square root we should square the first derivatives of x and y, not take
the second derivative of = and y.

Skill Building

d d
5. We begin by finding the derivatives d—:f and d—:g
dx dy
a0 e g

The curve is smooth for 0 < ¢ < 2. Using the arc length formula, we have
2
s = / VBEE T (202 dt
0
2
/ VOt4 + 4¢2 dt
0
2
/ t\V/9t% 44 dt.
0
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d
We use the substitution u = 9¢2 + 4. Then du = 18t dt, or equivalently, t dt = 1—g Changing

the limits of integration, we find that when ¢ = 0, then v = 4, and when ¢ = 2, then u = 40.
The arc length s is

2
s = /t\/9t2—|—4dt:

0 4

40 \/_du 1 4o vy 1 Ty3/274%0
U— = — U U=—|—
18 18 J, 18 13/2],

1 1
— [403/2 - 43/2} —| =[80vI0 - 5] |

27
d d
7. We begin by finding the derivatives d—:f and d—:g
dx dy
E =1 and % =1

The curve is smooth for 0 < ¢t < 2. Using the arc length formula, we have
2
s = / VOO
0
2
= / V142 dt.
0
To compute this integral, we use the Table of Integrals 47 with a = 1. Then

2
t 1
0

1
\/g+§1n|2+\/5|—0

- ﬁ+§1n<z+¢5>.

d d
9. We begin by finding the derivatives d_gtc and d—z

T dy .
i 4cost and i —4sint

The curve is smooth for —g <t < —. Using the arc length formula, we have

ol 3

V/(4cost)2 + (—4sint)? dt

(V2]
[l
NS

d d
11. We begin by finding the derivatives d_gtc and d—i

dz dy .
i 2cost and i —2sint
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The curve is smooth for 0 < ¢t < 27. Using the arc length formula, we have

27
s = V/(2cost)? + (—2sint)? dt
0

27
/ 2 di
0

= 2"
2 (27) —2(0)

= .

dx d
13. (a) We begin by finding the derivatives T and dz
dx . dy
i —4sin(2t) and i 2t

The curve is smooth for 0 < ¢t < 27. Using the arc length formula, we have

s= \/ —4sin(2t))2 + (2¢)2 dt |
0

(b) Using a Computer Algebra system to compute this integral, we find that | s &~ 44.527 |.
(c)

——

-2 -1 0 1

d d
15. (a) We begin by finding the derivatives d_:c and d?i
dx dy 1

— =2t d —==—(¢t 271/2
and  — 2(—!—)

The curve is smooth for —2 < ¢ < 2. Using the arc length formula, we have

o= [ e ()

Note that this is an improper integral because of the discontinuity at t = —2.
(b) Using a Computer Algebra system to compute this integral, we find that | s ~ 8.429|.
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(c)

L

0 1 2 3 4

d d
17. (a) We begin by finding the derivatives d_gtc and d—i

d d
d—f = —3sint — 3sin(3t) and d—i = 3cost — 3 cos(3t)
. dx dy .
By using a Computer Algebra system, we find that o and U are simultaneously O on 0 < ¢t < 27
when ¢t = z, , 771' so the curve is not smooth on [0,27]. To find the arc length, we will exploit

symmetry and find the arc length on the interval [0, z} (where the curve is smooth) and then

quadruple it. Using the arc length formula, the full arc length is

/2
s=4- / V/(=3sint — 3sin(3t))2 + (3 cost — 3cos(3t))2 dt|.
0

(b) Using a Computer Algebra system to compute this integral, we find that .
(c)

4

19. z(t) = 3t2 y(t) =6t
d
Begin by finding the derivatives & and &
dt dt
dx dy

— =0t — =
dt 0 dt 0
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Use the formula for the surface area of the solid of revolution generated by revolving the curve

C about the z-axis.
b 2 2
dx dy
S—27T/a y(t)\/(a> + (E) dt
1
= 277/ 6t/ (6t)% + 62 dt
0
1
= 727r/ tVt2+ 1dt
0

d
Let w = t2 4+ 1. Then du = 2tdt or tdt = Eu The lower limit of integration becomes u =

0% +1 =1 and the upper limit of integration becomes u = 12 + 1 = 2. Therefore,

1 1
5':727r/ t\/t2+1dt:727r/ V2 + 1tdt
0 0

2 _du 2 w321’
- 727r/ Ji =367T/ Jidu=36m|2—| = 247r(2\/§— 1) .
1 2 1 3/2 ],
21. z(t) = cos®t y(t) =sin®t
. . . dz dy
Begin by finding the derivatives — and —.
dt dt
d d
—x:—?)sintcoszt —y=3costsin2t
dt dt

Use the formula for the surface area of the solid of revolution generated by revolving the curve

C about the z-axis.
b 2 2
dx dy
=2 t — — dt
s=2 [ >\/<dt) * <dt>

/2
27T/ sin® t\/(—?) sint cos?t)? + (3 cos t sin” t)2 dt
0

/2
271'/ sin® t\/9 sin?tcos*t + 9 cos? tsin* t dt
0

/2
27T/ 3sin® tsint costV cos? t + sin® ¢ dt
0

/2
= 671'/ sin*tcostdt since cos®t+sin’t=1
0

Let u = sint. Then du = costdt. The lower limit of integration becomes v = sin0 = 0 and the
upper limit of integration becomes u = sin g =1.

Therefore,

/2
S = 67T/ sin t cost dt
0

1
:671'/ ut du
0
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23. z(t) = 32 y(t) =283
d
Begin by finding the derivatives M and Y.
dt dt
dx dy 9
dt 0 dt 0

Use the formula for the surface area of the solid of revolution generated by revolving the curve

C about the y-axis.
b 2 2
dx dy
S = 27T/a I(t)\/(a) + <E) dt

:2w/013t2\/mdt
_27r/013t2\/mclt
_271'/1 (3t%)(6t)/1 + 2 dt
0
:367r/01t3\/1+—t2dt

Let u = v/1 + 2. Then u? = 1+ t2,2udu = 2t dt, and u du = t dt. The lower limit of integration

becomes u = /1402 = 1 and the upper limit of integration becomes u = /1 + 12 = /2.
Therefore,

1 1
S:367r/ t3\/1+t2dt:367r/ 2/ 1+ t2tdt
0

0

V2
=367r/ (u2—1)-u-udu
1

V2
= 367T/ (u4 — u2) du
1
V2
1 1
= 367T |:3'LL5 — §u3:| X

S5 23)- (53)]

2 2
= 367T<E\/§+ )

15
24
=|5(v2+y)
25. x(t) = 2sint y(t) = 2cost
. . .. dz dy
Begin by finding the derivatives T and E

d
d—f:2cost E:—2sint
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Use the formula for the surface area of the solid of revolution generated by revolving the curve

C about the y-axis.
b 2 2
dx dy
S = 27T‘/a .I'(t)\/(%) + (%) dt

/2
277/ 2sint\/(2cost)2+(—231nt)2 dt
0

/2
27r/ 4sintV cos?t + sin® t dt
0

/2
= 871'/ sintdt since cos’t+sin?t=1
0

= 87[— cos t]g/2

= —87 (cos g — Ccos O)
= —87(0—1) =

Applications and Extensions

d d
27. (a) We begin by finding the derivatives d_gtc and d—z

d d
“@_ 3bsin?tcost and & _ —3bcos? tsint
dt dt

The curve is smooth for 0 < ¢ < —. Using the arc length formula, we have

T
2

/2
s = / \/(3b sin?t cost)2 + (—3bcos2 tsint)? dt

(=)

/2
/ \/9b2 sin? cos? t + 9b2 cos? tsin® ¢ dt
0

/2
/ \/9b2 sin?  cos? t(sin? t 4 cos? t) dt
0

/2
/ 3bsintcost dt.
0

Using the substitution v = sint, we have du = cost dt and the new limits of integration are
u =0 to u = 1. So the arc length is

1
s = 3b/udu
0

3b 51" |36
—U ==
2 |, |2
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(b) The following graph shows the case b = 1.

19
0.8

0.64

H 02 04 05 03 1

d d
29. We begin by finding the derivatives d_x and dg
dx dy
E =3 and E =2t

The curve is smooth for 0 < ¢ < 2 so the distance traveled by the particle over the time interval
is equal to the arc length over that interval. Using the arc length formula, we have

s—/\/72tdt /,/ +t2 dt—2/ cht

Using the Table of Integrals 47 with a = 2 we find that

t /9 /9
— W2y z
s 2 [2 1 +t 4
5 9. |9 3
= 2|=-+=-In|= =
25 nle { 2H
= |5+ %ln(3) .
d d
31. We begin by finding the derivatives d_gtc and d—i

dx dy
E—t and ﬁ_\/2t+3

The curve is smooth for 0 < ¢ < 2 so the distance traveled by the particle over the time interval
is equal to the arc length over that interval. Using the arc length formula, we have

s /\/ (Vat+3)° dt
/\/t2+2t+3dt
0
2
/\/(t+1)2+2dt,
0

where in the last step we completed the square. If we make a substitution v = t+1, then du = dt
and changing the limits of integration

3
:/ Vu? + 2 du.
1
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Using the Table of Integrals 47 with a = /2, we find that
s = [g\/u2+2+1n}u+ u? +2
1
3 1
= {Ex/ﬁ—i—ln‘ii—i—\/ﬁ’] - {5\/5—1-111’14—\/3”

3

—

WIL-V3 (3+\/ﬁ>

2 1+3
d d
33. We begin by finding the derivatives d—:f and d_:g
dx . dy .
i —2sin(2t) and e 2sintcost

T
The curve is smooth for 0 < ¢ < — so the distance traveled by the particle over the time interval

is equal to the arc length over that interval. Using the arc length formula, we have

/2
5 = / V/(—25in(2t))2? + (2sint cost)? dt
0

/2
/ \/4 sin?(2t) + (2sint cost)? dt.
0

Using the double angle formula sin(2t) = 2sint cost, we have

/2
s = / \/4 sin?(2t) + sin(2t)2 dt
0

/2 /2
/ / V5sin(2t) dt = l—? cos(2t)1
0 0

_ [

35. x(t) =t y(t) = cosht
. . . dx dy
Begin by finding the derivatives — and —.
dt dt
d d
- 1 @ _ sinht

dat dt
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Use the formula for the surface area of the solid of revolution generated by revolving the curve
C about the z-axis.

b 2 2
dx dy
=2 t — —= | dt
= oy (5) < (3)
b
= 27r/ coshty/12 + (sinh ¢)*dt

b
= 27r/ coshtV/1 + sinh? t dt

b

= 27r/ coshtVcosh?tdt since cosh?t =1+ sinh®t
b

= 27r/ cosh? ¢ dt

b
1 1
= 27r/ 5[1 + cosh(2t)] dt since cosh®t = §[cosh(2t) +1]

1 b
= [5 sinh(2¢) + t}

a

- { B sinh(2b) + b} - B sinh(2a) + a] }

a

5 sinh(2b) — sinh(2a)] — (b — a)

37. One arch of the cycloid x(t) = 6(t —sint), y(¢) = 6(1 — cost) is generated on the interval
0<t<2m.
¥

10

X
0 | am Bl 121

. . L. dx dy dz dy
Begin by finding the derivatives o and prileri 6(1 — cost), pn

Use the formula for the surface area of the solid of revolution generated by revolving the curve
C about the z-axis.

s=or [ oy (2" (%)

=27 /277 6(1 — cos t)\/[6(1 — cost)]® + (6sint)? dt

= 6sint.

2
= 277/ 36(1 — cost)\/l —2cost + cos?t +sin? t dt
0
27
= 727T/ (1 —cost)y/2 —2costdt since cos®t+sin®t =1
0
2
= 72\/§7r/ (1—COSt)3/2 dt
0
2 ¢ 3/2 ¢
= 72\/5#/ {2 sin? 5} dt since 1 —cost = 2sin? 3
0

27 t
= 2887 / sin® = dt
o 2
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t 1
Now use the substitution u = 3 and du = 3 dt. Then dt = 2du. The lower limit of integration
2
becomes u = 0 and the upper limit of integration becomes u = g = 7. The integral becomes

2w T T
t
S = 2887 / sin® 5 dt = 2887 / sin® u - 2du = 5767 / sin® u du.
0 0 0

The exponent of sinwu is 3, a positive, odd integer. Factor sinu from sin® u and write the rest of
the integrand in terms of cosines.

S = 5767T/ sin® udu = 5767T/ sin® usinu du = 5767T/ (1 — cos? u) sin u du
0 0 0

Now use the substitution v = cosu and dv = —sinudu. Then sinudu = —dv. The lower limit
of integration becomes v = cos0 = 1 and the upper limit of integration becomes v = cosw = —1.
Therefore,

= / (1—cos u s1nudu

1
7r/ (1 —v?)(—dv)
1
l—v

(=)

1

; W[Ul_gvsy
el ()

39. For a function y = f(z) on a < x < b representing a smooth curve C, we can parametrize
C' by choosing x(t) =t and y(t) = f(¢) on the interval a < ¢ < b. Tt is given that C' is smooth
dy

x
on a <t <b, so we compute the derivatives T and — E

dr dy

The arc length s of C' on a <t < b using the arc length formula is

= [E) () = [ TR as [ v

For Problems 40-43, we note that since ds approximates s for nearby points, we will compute
ds by the formula ds = \/(dz)? + (dy)? where dz and dy represent that changes in = and y,

respectively, between the nearby points.
41. We start by computing dz and dy.

dr=z(12) —z(1) = V12-V1=V12-1
dy =y(1.2) —y(1) = 1.2%-1%=0.728.

The arc length s is approximately

s~ ds = \/(VIZ - 1) + (0.728)]~ 0.7342].
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To see how this estimate compares to the actual value of

L2 Jrde\?  (dy\?
=[G ()
using a CAS, we find that s ~ 0.7343.
43. We start by computing dz and dy.
dr =2(0.2) —z(0) = %20 ¢l =020
dy = y(0.2) —y(0) = %2 -0 =020 7,

The arc length s is approximately

s~ ds = \/(60.211 —1)2 4 (€920 — 1)2 =| \/e0-4a — 2¢0-20 4 0.4 _ 9020 4 9|

for given values of a and b.

AP® Practice Problems

1. z(t) = 2sint y(t) =1+¢
dx dy
Begin by finding the derivatives — and —
dt dt’
dr dy
E = 2cost % =€

Using the arc length formula for parametric equations,

b 2
s:/ \/<fl—f) + _y> dt = / £/ ( 2cost et dt = / V4 cos?t + e2t dt.

The answer is C.

3. z(t) = cos(2t) y(t) = cos?t
dx dy
Begin by finding the derivatives — and —.
dt dt
dx . dy .
i —2sin (2t) i —2costsint

Using the arc length formula for parametric equations,

b 2 /3
dZZ? dy : 5
s:/a \/<E) + —> dt = / \/ —2sin (2¢)]” + (—2costsint)” dt.

Using the identity 2 costsint = sin (2¢),

5= /ab \/<Z—f>2 + <%>2 = /7;:3 \/[—2sin (26)) + [~ sin (20)]% dt = \/5/7;:3 sin (2t) dt.

du
Let w = 2t. Then du = 2dt or dt = T The lower limit of integration becomes u = 2-

2
g and the upper limit of integration becomes u = 2 - % = % Therefore,
2m/3 d 5 5 1 5
5= \/5/77/2 sin(u)g = g[_COSU]f:;éS = g [—(—5) - 0} = %

The answer is B.

:]

i~
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9.4 Polar Coordinates
Concepts and Vocabulary

1. In a polar coordinate system, the origin is called the , and the coincides
with the positive z-axis of the rectangular coordinate system.

3. . A point in polar coordinates has infinitely many representations in polar coordinates
by adding multiples of 27 to the angle to obtain a new, equivalent point.

5. . If » < 0, then we move 7 units from the origin in the opposite direction of 6 to plot
the point.

7. To convert the point (r,8) in polar coordinates to a point (z,y) in rectangular coordinates,

use the formulas z = and y = .

Skill Building

9. A

11. C

13. B

15. A

For Problems 17-20, refer to the following graph.

For Problems 25-32, we use the facts that (r,0) = (—r,0 £ ) and (r,8) = (r,0 £ 27k) for all
non-negative integers k.
25.

0 (:5)- () [5)
o (:3)-(+5) 5]
@ (52)- (2 v20) | (.2

27.
(a) (—2,37)=(2,3mr—m) =(2,27) = (2,27 — 4mw) = (2, —2m)

(b) (=2,37) = (-2,37 —27) =|(-2,7)
(c) (-2,37m)=(2,3r—7) =|(2,2m)
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@ (55057 (-F)
® (-5-7)= (8- +20) | ()
© (3-9)= (59 = () - (5 +2) | - F)

x = rcosf =6cos (%) =3V3

3

™
oo ()
T S1n Sin 6

<
Il

The rectangular coordinates of the point are (3\/3, 3) .
35.

r = rcos@=—6cos(—%)=—3\/§

3

™
Yy s sin 6

The rectangular coordinates of the point are (—3\/5, 3) .

37.
):o

):5

T = rcosf = 5cos(

NN

y = rsin9:5sin(

ol 3

The rectangular coordinates of the point are | (0,5) |
39.

T = rcos@:2\/§cos(—£):2
y = rsin@z?x/ﬁsin(—%)z—?

The rectangular coordinates of the point are .

41. The point (5,0) is located on the polar axis § = 0, 5 units from the origin, so the polar
coordinates of the point are | (5,0) |

43. The point (—2,2) is in the second quadrant a distance of r = /22 + y2 = \/(—2)2 + (2)2 =
24/2 from the origin. The angle 6 satisfies g < 0 < 7 where

2
6 = tan~! (E) + 7 =tan"! (—2) +r=tan ' (=1)+ 7= SIS
x

The polar coordinates of the point are (2\/5, %) .
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45. The point (\/g, 1) is in the first quadrant a distance of 7 = \/22 + 32 = /(v/3)2 + (1)2 = 2
T

from the origin. The angle  satisfies 0 < 0 < 5 where

0 = tan~* (%) =tan~! (%) = %

5)
76 N

DO

The polar coordinates of the point are (

43
45

41

42

24

For Problems 46-50, the graph of these points follows Problem 50.
47. The point (_\/i 1) is in the second quadrant a distance of r = /22 + y2 = /(—V3)2 + (1)2 =

2 from the origin. The angle 6 satisfies g <6 < 7 where

s 57

1
6 = tan~! (%)—i—w:tan*l (—\/§)+W:_6+W:?'

5
The polar coordinates of the point are (2, %) .

49. The point (3,2) is in the first quadrant a distance of 7 = /22 + y2 = 1/(3)2 + (2)2 = V13
from the origin. The angle 0 satisfies 0 < 0 < g where

6 =tan~! (%) = tan ™ (;) .

2
Using a calculator tan™* (§> ~ 0.588 radians. The polar coordinates of the point are

(x/ﬁ, tan ™! (g)) ~ (\/E,o.588) .

51. If r is fixed at 2, then the set of points are all a distance of 2 units from the origin, forming
a circle of radius 2 centered at the origin, which matches graph .

53. If we multiply both sides by r, the equation becomes 2 = 2rcosf. Now use the formulas

r2 = 22 4+ y? and = = rcos @ to convert the equation to rectangular coordinates.

r? = 2rcosf
4y’ = 2
2 —224+9y> = 0
(z -1 +y* =

This is a circle of radius 1 centered at (1,0), which matches graph .
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2

55. If we multiply both sides by r, the equation becomes r* = —2r cos. Now use the formulas
2

r2 = 22 + y? and = = rcos @ to convert the equation to rectangular coordinates.

r? = —2rcosf
2?4+y? = -2
?4+22+9y* = 0
(z+1)2+y* = 1

This is a circle of radius 1 centered at (—1,0), which matches graph .

3
57. If 0 is fixed at IW and r is allowed to vary, the result is a line containing the pole, making

an angle of %T with the polar axis. Such a line has slope tan :%T = —1, which has rectangular

equation ¥y = —z and matches graph .

59. r = 4 is a circle centered at (0,0) of radius 4.

o
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65. rcosf = —2 is the equivalent of x = —2.

67. If we multiply both sides of the equation by r, then we have 72 = 2r cosf. Since r? = 224y
and z = 7 cos ), the equation becomes x? + y? = 2z. By moving the 2z term to the left side and

completing the square, we have
($—1)2+y2 = 17

which is a circle centered at (1,0) with radius 1.

69. If we multiply both sides of the equation by r, then we have r2 = —4rsin . Since 72 = x2+y>
and y = rsiné, the equation becomes 2% + 32 = —4y. By moving the —4y term to the left side
and completing the square, we have

®+ (y+2)° =4,

which is a circle centered at (0, —2) with radius 2.

A

71. The polar equation rsecf = 4 can be rewritten as r = 4 cos when cosf # 0. The 6 values
where cos = 0 are 0 = ~ + k7 for some integer k. This is a circle centered at (2,0) with radius

2, excluding the points where 6 = g + km which is the pole.
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73. The polar equation rcscf = —2 can be rewritten as ¥ = —2sinf when sinf # 0. The 6
values where sinf = 0 are § = k7 for some integer k. This is a circle centered at (0,—1) with
radius 1, excluding the points where § = km which is the pole.

75. Substituting = rcosf and y = rsin 6, the equation becomes
(rcos@)?  (rsin®)?
4 9
9r% cos® 0 + 4r” sin® 0 = 36
5 36
re = —
9cos? 6 + 4sin” 0

=1

_6\/9C0829+4Sin29
7 9cos2f+4sin®6 |

77. Substituting 7? = 22 4+ y? and x = r cos 6, the equation becomes
r? —4rcosf =0
[r =4cosh]
79. Substituting = r cosf and y = rsin 6, the equation becomes

(rcosf)? =1 —4rsiné

‘T2C0829+4C089—1=O‘.

81. Substituting x = rcosf and y = rsin 0, the equation becomes
(rcos@)(rsind) =1
2 1

cos fsin 0

vcosfsin

cosfsinf |

83. Multiplying both sides by r, we have 2 = rcosf. Using r> = 22 + y2 and = = rcos 0, the
equation becomes

24y =g

1 2+2 1
Tr— = = -
2) TV Ty

where we completed the square in the final step.
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85. Multiply both sides by r and use the equations r = /22 + y2 and y = rsin6.

r3 = rsiné

(V) =y

(® +9°)°% =y

87. Multiply both sides by 1 — cosf and use the equations r = /22 + 32 and x = r cos#.

r—rcosf =4

VaZ+y2—xz=4|

89. Substituting 72 = z2 + y? and § = tan"! (g) the equation becomes
T

z? +y* =tan! (g)
T
Y

¢ 2 2y _ Y
an(z” +y°) =~

y = xtan (x2 +y2) .

91. Substituting r = /22 + y2 the equation becomes

Vaz+y?=2
yv4—x? |

93. Substituting § = tan~! (g) the equation becomes
T

tan (tan*l (%)) =4

Y_y
X

<
|
=~
&

Applications and Extensions
95. (a) Wrigley Field resides at the point | (—10, 36) | in rectangular coordinates.

b) The point (—10, 36) lies in the second quadrant so the angle 6 satisfies T < 0 < 7 where
( P : a g 5

6 = tan~ ! (E) + 7 =tan"! ﬁ + 7 ~ 1.842 radians.
x —10

Wrigley Field is 7 = /(—10)2 + (36)2 = v/1396 = 2/349 ~ 37.363 blocks from the intersection
of Madison and State Streets, so in polar coordinates, Wrigley Field is located approximately at

(37.363,1.842) .

(c) U.S. Cellular Field resides at the point | (=3, —35) | in rectangular coordinates.

3
(d) The point (—3,—35) lies in the third quadrant so the angle 6 satisfies 7 < 6 < ; where

-35
6 = tan~* (Q) +7=tan"! (—3) + 7 ~ 4.627 radians.
T _
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U.S. Cellular Field is 7 = /(—3)2 + (=35)2 = /1234 ~ 35.128 blocks from the intersection of
Madison and State Streets, so in polar coordinates, U.S. Cellular Field is located approximately
at | (35.128,4.627) |.

97. Since y = rsin 6, the polar equation rsin# = a converts to y = a in rectangular coordinates,
which is a horizontal line a units above the origin (i.e. above the pole) if ¢ > 0 and |a| units
below the origin (i.e. below the pole) if a < 0.

99. If we multiply the equation on both sides by r, then we have r? = 2arsin@. If we use the
equations 2 = x? + 42 and y = rsin#, then the polar equation becomes

2 +y* = 2ay
Pt y-af = o
in rectangular coordinates. Since a > 0, then this is the equation of a circle centered at (0, a)

with radius a.
101. If we multiply the equation on both sides by r, then we have r? = 2ar cosf. If we use the

equations 2 = x2 + 32 and = = r cos 6, then the polar equation becomes
22 +y? = 2ax

(@—a)’+y* = a

in rectangular coordinates. Since a > 0, then this is the equation of a circle centered at (a,0)

with radius a.
103. (a) The smallest circle is r1, the middle circle is r9, and the largest circle is 3.

ol

(b) Answers will vary.
(c) The smallest circle is 71, the middle circle is 73, and the largest circle is r3.

o

Sl

;-‘g

(d) Answers will vary.
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Challenge Problems

105. If we multiply both sides of the equation by r, then the equation becomes r2 = arsiné +

brcosf. Now if we use the equations 72 = 22 + y2, = rcosf, nd y = rsinf, then the polar
equation becomes

2?2 4+y? = ay+bz
2> —bzx+yP—ay = 0
2 2 2 2
9 9 a a
- — = — — ——— =0
S I

(=8 6 = 5

b a . Va?+b?
23 of radius — |

This is the equation of | a circle centered at

107. Consider the following picture.

(2, 82)

\ (rL81)

rl

From the point (72, 63), drop a perpendicular to the segment connecting the pole and the point

1
(r1,61). If we denote the length of the perpendicular by h, then the area of the triangle is 37 h.

h

The angle § = 65 — 6; and then we have the equation sinf = — or h = rysinf. Using these
r2

equations, the area of the triangle is

1
57"17’2 sin(92 — 91)

AP® Practice Problems

1. The point P = (2, %ﬂ') is located by first drawing the angle %77. Then P is on the

extension of the terminal side of § = —7 through the pole at a distance 2 units from the

pole, as shown in the figure below.
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7
The point P is also on the extension of the terminal side of 8 = —gﬂ' through the pole at

7
a distance 2 units from the pole, as shown in the figure below. So, P = (2, —677).

v
P
X
Xp
1
The point P is also on the extension of the terminal side of § = — =7 through the pole at

a distance 2 units in the opposite direction from the pole, as shown in the figure below.

So, P = (—2, —%w).

The answer is B.

3. We use the equations £ = rcosf and y = rsinf with r = —1 and 6 = g
x:—lcosgz—l(O):O
y = —1sing =—1(1) = -1

The rectangular coordinates are (0, —1).

The answer is D.

5. To convert the equation r = —2 cos 8 to rectangular coordinates, we multiply the equation
by 7 to obtain 2 = —2rcos#. Since 72 = 22 + y? and = = r cos ), we have
r? = —2rcosf
2 4y% =2

2422 4+y*=0
P2 +14+9y% =1
(z+1)°+y*=1
This is the standard form of the equation of a circle with its center at (—1,0) and radius 1

in rectangular coordinates.

The answer is A.

9.5 Polar Equations; Parametric Equations of Polar
Equations; Arc Length of Polar Equations

Concepts and Vocabulary

1. | True|
True | The rose has eight petals.
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Skill Building

5. (a) The polar equation r = 2+ 2 cosé contains cos #, which has the period 27. We construct
a table of common values of 8 that range from 0 to 27, plot the points (r,0) = (2 + 2cos 6, 0),
and trace out the graph, beginning at the point (4,0) and ending at (4, 27).

iy iy iy iy 7T

o | o A 3

v v 7T 7T e

(r,0) ‘(4,0) (24—\/5,6)‘(2—1-\/5,1)‘(3,5 ‘ 2 ‘< ?>
| E | E ] m | E
43 65 - 67 45 !
o) || (2-v2, = 23,2} | (0,7 | (2-V3,Z 2-v2, 2% 1, -~
4 6 6 4 3

B e E | ow .

3 1 o 1
o | (25) [ (55) | 2+ vaT) [ (2 F) e

A

(b) Parametric equations for r = 2 + 2 cos 6:

‘:v =rcosf =2(1+cosf)cosf y=rsind = 2(1+cos€)sin6“

where 6 is the parameter, and if 0 < 6 < 27, then the graph is traced out exactly once in the
counterclockwise direction.

7. (a) The polar equation r = 4 — 2 cosf contains cos f, which has the period 27. We construct
a table of common values of # that range from 0 to 2m, plot the points (r,60) = (4 — 2 cos 6, 0),
and trace out the graph, beginning at the point (2,0) and ending at (2, 27).

ool 2 |z z]z|E
o [en] (-aD [ (3D [0 03] (3)

o T | % |- F | 7 |7
(r,0) ‘ <4+\/§,?%) (4+\/§,5 > ‘ (6,7) ‘ <4+\/§,%ﬂ> ‘ (4+\/§,%ﬁ) ‘ <5,4§>
0 I T N S N S A
ol CHED D (e e
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(b) Parametric equations for r = 4 — 2 cos6:

‘x =rcosf = (4—2cosf)cosf y=rsinf= (4—20056‘)sin6“

where 6 is the parameter, and if 0 < 6 < 27, then the graph is traced out exactly once in the
counterclockwise direction.
9. (a) The polar equation r = 1+ 2sin 6 contains sin §, which has the period 27. We construct

a table of common values of # that range from 0 to 27, plot the points (r,0) = (1 + 2sin6, §),
and trace out the graph, beginning at the point (1,0) and ending at (1,27).

™ ‘ ™ s ‘ s
6 4 3 2

(b) Parametric equations for r = 1+ 2sin 6:

x=rcosf = (1+2sinf)cosf y=rsinf= (1—|—2$in9)sin6“

where 6 is the parameter, and if 0 < 6 < 27, then the graph is traced out exactly once in the
counterclockwise direction.
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2
11. (a) The polar equation r = sin(36) contains sin(36), which has period ?ﬂ- So we construct

2 4
a table of common values for 6 that range from 0 < 6 < 27, noting that the values ?W <fh< g

4 2
and ?ﬂ- < 6 < 27 repeat the values for 0 < 0 < ?W Then we plot the points and trace out the

graph.
‘ T ‘ n
2 3
s 2
) 5] 0F)
‘ o1 ‘ 47
3
Y [ | (o 4
’ 274 "3
11
e |
11
I

(b) Parametric equations for r = sin(360):

x =rcosf =sin(30)cosf y = rsinf =sin(36)sind ‘

where 6 is the parameter, and if 0 < 6 < 27, then the graph is traced out exactly once in the

counterclockwise direction.
13. To find the points of intersection, where 0 < 6 < 27, set both polar equations equal.

8cosf = 2sech
4cos’d = 1
1
0 = +-
cos 5
g _ T 2 5n Tx
373737 3



9.5 Polar Equations; Parametric Equations of Polar 1029
Equations; Arc Length of Polar Equations

The points of intersection are

m
(3ees(3)-3)

27

] jiad
(e (5) %)
(8 cos ( ) —W>

5T\ o7

oe(2)5) -

Notice that the first and third points are the same, and the second and fourth points are the
same, so the two unique points of intersection are

P:(4,g) and Q = (4,%”) .

[
/N
o~
wl

I
e s
~
w|§ e
~

15. To find the points of intersection, where 0 < 6 < 27, set both polar equations equal.

sinf = 1+ cosf
sinf —cosf = 1
(sin® — cos0)* = 17
sin?6 — 2sinfcosf + cos?d = 1
sinfcosf = 0
sinf =0 or cosf =0
T 37
g = 0 2, —, —.
b ﬂ-’ ﬂ—? 27 2

By squaring both sides in the third step, we may have introduced extraneous solutions, so we

3
need to check all of them. The values 8 = 0, 2, g do not make sinf = 1 + cos#f, so our only

. . 7T . . .
values of intersection are when 6 = 7, 5 The points of intersection are
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17. To find the points of intersection, where 0 < 6 < 27, set both polar equations equal.

1+sinf = 1+ cosf
sinf = cosf
tanf = 1
T 5w
0 = —, —.
4’ 4

We also note that both polar curves go through the pole, so the pole is another point of inter-
section. The points of intersection are the pole, R, and

P = (ean(3) 9= (1 9)

A dr\* dr 1
19. We use the arc length formula s = / r2 4+ (d_;) df with r = e?/2. Then d_; = 569/2
and
2 2 2 2
1
s = / (e0/2)2 4 ( =972 d@:/ ,/§ee de_ﬁ/ e?% dp
0 2 o V4 2 Jo
NG

2

= 5 2] =By




9.5 Polar Equations; Parametric Equations of Polar 1031
Equations; Arc Length of Polar Equations

s dr\* 0
21. We use the arc length formula s = / r2 + (d—g) df with r = cos® 3
. )

—cos 3 sin 3 and

dr
Then & —
e

i 0\° 0 . 0\° i 0 0  ,0
s = / cos’ = | + [ —cos=sin~— d9:/ \/0034——|—cos2—sin2— do
0 2 2 2 0 2 2 2

i 0 0 0 4 0
27 27 027 _ z
/0 \/cos 5 (cos 5 + sin 2) db /0 cos 5 do

[QSin q = ,
2]

0
where in the second line we are using that cos 3 > 0 on [0, 7] when taking the square root.

Applications and Extensions

23. |r =3+ 3cosf

25.|r =4 +sin6

27. Since r = f(0) = 2cos(30), we have the parametrization x(6) = 2 cos(36) cosd and y(0) =

d
2 cos(36) sinf. Now we find d_z

dx
do
dy
do

and 2 using the product rule.

do
= —6sin(30) cosf — 2 cos(36) sin

= —6sin(30)sinéd + 2 cos(36) cos 6.

The slope of the tangent line is then

.
dx 0=r/6

—6sin(36) sin @ + 2 cos(30) cos 6 V3
—6sin(30) cos® — 2cos(3¢)sinf [,_, s 3

The rectangular coordinates of the point (z,y) to write the equation of the tangent line at are

) =0

The equation of the tangent line is
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=1 by

29. Since r = f(f) = 2 + cosf, we have the parametrization x(f) = (2 4 cosf)cosf and

d d
y(0) = (24 cos ) sind. Now we find d_z and d—z using the product rule.
dz . .
o - —sinfcosf — (2 + cos ) sin b
dy e
0 - —sin@sinf + (2 + cos @) cos 6.

The slope of the tangent line is then

[@] B [—sin@sin@—i—@—i—cos@)cos@

= - 2.
dx —sinflcosf — (2+ cosf)sinb |,__ V2

0=m/4

The rectangular coordinates of the point (z,y) to write the equation of the tangent line at are

(§) - ar!
) - e

The equation of the tangent line is

s}

5v/2
2

y:(ﬁ—2)x+

1
5 |
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31. Since 7 = f(#) = 4 + 5sin 6, we have the parametrization z(0) = (4 4+ 5sinf) cos § and
d d
y(0) = (44 5sind) sinf. Now we find & and using the product rule.

do do
dx . .
o - 5cosfcosf — (44 5sinf)sinf
dy . :
7 5cosfsinf + (4 + 5sind) cos 6.
The slope of the tangent line is then
dy _ [5cosBsin® + (4 + 5sinf) cos f 52 1
dx 02W/4_ 5cosfcosf — (4 + 5sinf)sin b 9:77/4_ 4 '

The rectangular coordinates of the point (z,y) to write the equation of the tangent line at are

:C(E) = 2\/5—1—;

4

T 5

I) = 2v2+ 2
y(4) \f+2

The equation of the tangent line is

o (2vee5) = (57 ) (- (22+3))

y:_< 5\/§> 57v2

1+ — —— + 10}
+4:C+8+
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(b) The equation r? = 4sin(26) can be rewritten as r = +2,/sin(26). Besides orientation, the
+ does not affect the graph of the lemniscate, so one set of parametric equations would be:

x =rcosf =2+/sin(20) cosf® y=rsinh = 2,/sin(26)sin 6

where 6 is the parameter.
35. (a)

o

(b) The equation 72 = cos(26) can be rewritten as r = +/cos(26). Besides orientation, the =+
does not affect the graph of the lemniscate, so one set of parametric equations would be:

x =rcosf =+/cos(20) cosf y=rsinf = +/cos(26)sind

where 6 is the parameter.

2
37. (a) The polar equation r = T cosd contains cos @, which has the period 27w. We construct
— €08
a table of common values of 6 that range from 0 to 27 (excluding these values since r is not
defined there) and plot the points (r, 0).

2m
o | o | % R I I+
0 46 44 3 2 432
™ ™ ™ ™ 7
0 ““deﬁ“ed\(z_ﬂﬁ 6D D] EF)
o -
4 6 4 3
)\( o) 100 (G 5) (1) [ (65)
+24 \F+26 V3+2' 6 V242 4 373
T 117 5
— - 7T

undefined

4 6
T )
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2
(b) Parametric equations for the polar equation r = ———— are
1—cosf

_ 2cosf

~ 1—cosf

_ 2sind

Y71 "cosh |
. 1 . . .
39. (a) The polar equation r = 320050 contains cosf, which has the period 27. We
— 2cos

construct a table of common values of  that range from 0 to 27 (excluding the values of 6 such
that 3 — 2 cosf = 0, however there are none) and plot the points (r, ).

T
4

‘ T ‘ 51 ‘ 4
T 6 4 3
) G e) | G D) G F)
=, o =y T4 y T . VRS
5 3+v3 6 3++v2 4 4’ 3
7T 117
R -

1
(b) Parametric equations for the polar equation r = ——— are
3 —2cosf

cos @

r=-—-

3 —2cosf
_ sinf

YT 3 9cos0 |
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41. (a) Constructing a table of common values for § > 0, we find some points on the polar

graph r = 6.

T ‘ T ‘ n

71"77) (7T 7T) 271'(271'

3’3 272 373

‘ T ‘ 57 ‘ 47
" 6 4 3
o (T [(= Y [ (& &=
66 14 3773

7 11

T | 5 |

Tm T 117 117w

— — - — 2, 2
) (F5) | (55) [ erem

(b) Parametric equations for the polar equation r = 6 are

y =0sinf |

43. (a) Constructing a table of common values for 6 between 0 and 27 (excluding 0, 7, and 27
which make r undefined), we find some points on the polar graph r = cscf — 2.

28 10 TSN S - Y I

o[ E]Cra) [ G5 [ (2D [65)
m 5w an 3m 5 T

i T vy | Y 7 5 | oy

oGS D] =5) [ G
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(b) Parametric equations for the polar equation r = cscf — 2 are

‘:c = (cs00—2)c039‘

‘y = (csc@—?)sin@‘.

45. (a) The polar equation r = sin 6 tan 6 contains sin 6, which has the period 27. We construct
3
a table of common values of § that range from 0 to 27 (excluding the values g and ; since 7

is not defined there) and plot the points (r, 8).

T b b 2
i H 0 \ G \ 1 \ 3 \ 2 \ 3
(Ta 9) (07 0) <£a g) ‘ <\/7§7 g) ‘ (ga g) undefined (_ga 2%)
o E | E e x|k
1 T 6
(r,0) V2 37 _ V3 57 (0, 7) V3 Tn V2 51 3 d4n
’ 274 66 o 66 24 273
3T 5 T 117
o H > \ 3 \ 1 \ & \ 2m
(r,6) || undefined | (2,27 @,7—” ﬁ,n—” (0,27)
273 271 6 6

(b) Parametric equations for the polar equation r = sin § tan 6 are

‘:v = sin@tan@cos@zsinQH‘

‘y =sinftanfsinf = sin29tan6“.

47. (a) The polar equation r = tan @ contains tan 6, which has the period . We construct a

table of common values of 8 that range from 0 to 27 (excluding 6 = g and 0 = £l since 7 is

not defined there), noting that m < 6 < 27 duplicates the values taken on 0 < 6 < 7, and plot
the points (7, 6).
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™ ™ ™ ™ 27
2 I I T T I S O T I+

\/§7r T 2

(r,0) || (0,0) <?’E (1,4) (\/g,g) undefined (—\/g,?)

o T L F -l F T T

4 G " G 4 3

37 V3 57 V3 Tn 51 47
(T79) (_1’I> ‘ <_?a 6) (077T) <_7?> ‘ (LI) ‘ (\/ga?)
3T 57 T 117
2 I A O B S I
(r,0) || undefined —\/§,5—7T —1,E _@711_7r (0,2m)
3 4 3

;;::\ A
ERN \
HTEN
S
’/”///}
X
eee 4
L T

(b) Parametric equations for the polar equation r = tan 6§ are

|a: = tanfcosf :sin9|

=]

49. First we recall that for a polar point (r,6), by adding 7 to the angle § and changing the
sign of r, we arrive at the same point. In other words, (r,0) = (—r,6 + 7). To show that
r1 = 4(cosf + 1) has the same graph as ro = 4(cosf — 1), we will show that every point on ry is

also on 19, and vice versa.
Recalling the angle addition formula for cosine, we have

cos(f + m) = cos@cosm — sinfsinm = — cosb.
If (r,0) is a point on the graph of r1, then r1(6) = r and
ro(6 +m) = 4(cos(0 + 7) — 1) = 4(—cosf — 1) = —4(cos + 1) = —r1(0) = —r

and so (—r,0 + m) = (r,0) is also a point on the graph of ra.
If (r,0) is a point on the graph of ry, then r2(f) = r and

r1(0+7m) =4(cos(0 + )+ 1) =4(—cosf + 1) = —4(cos — 1) = —ry(0) = —r

and so (—r,0 + ) = (r,0) is also a point on the graph of 7.

! dr\* d
51. We use the arc length formula s = / r2 + <d_;> df with r = 6. Then d_; =1 and

27 9 1 27
_ 2 2 — | Z2./p2 - 2
s = /O V02 + (1) de_[z CESEEINVEN +1”0 ,
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where we have used the Table of Integrals 49 with a = 1. Then

1
s = |7 47T2+1+§1n(27r+\/4w2+1).

53. The perimeter of the cardioid is found by calculating the arc length of the cardioid over the
interval [—7, w]. We will exploit symmetry and ﬁnd the length s of the top half of the cardioid

using the arc length formula s = / \/ r2 + d9 with 7 = 1 — cosé and then double it.

With the function r = 1 — cosf, we have — =sgsinf and

/\/(1—6039)2+(sin9)2d0:/ V2 —2cosf db.
0 0

Let u = 2 — 2cos# and then du = 2sinf df. Solving for cos @ in the first equation, we have

2—u
5

cosf =

Using the Pythagorean Identity cos? 8 4+ sin? @ = 1, on the interval 0 < 8 < 7 we find that

Viu—u?  JuAd—u

sinf = = ,
2 2

and so

du = 2sinf db

1 du = db.

Vuvd —u

Changing the limits of integration to u = 2 —2cos(0) = 0 to u = 2 — 2 cosm = 4, the integral for
s becomes

fﬁﬁdu—fﬁdu

Another substitution, w = 4—u with dw = —du, the limits of integration change to w = 4—(0) =

4 tow=4—(4) =0, and we have
0 4
1 1
——dw:/ — dw
/4 vw 0o VW

Notice that this is an improper integral. So

Since the top half of the cardioid has length 4, the full cardioid has perimeter equal to .
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55. The graphs below, from left to right and top to bottom, are ry,rs, 73, 74.

b b

For Problems 56-61, using the parameterizations z(6) = r cos = f(6) cosd and y(6) = rsinf =

dy dy dy dx
f(0)sin@ we can find —= = g_e_ Then we have a horizontal tangent line if —= = 0 and — # 0,
de 4 de de
d d
and we have a vertical tangent line if d—z =0 and d—z #0.

57. Parametric equations for r = 3 4+ 3 cos§ are

x=(3+3cosf)cosf y=(3+3cosh)sind

and

d

— = —3smb)smnb 4+ (3 4+ 3cosll)costl = —3sin“ 0 + 3cost/ +3cos” 0 = 6cos” 0 4+ 3cost —

dz 3sinf)sinf + (3 + 3cosf) cosd = —3sin2 @ + 3cosh + 3cos? 0 = 6cos? 0+ 3cosf — 3
= 3(cosf+1)(2cosb —1)

d

d_z = (—3sinf)cosf — (34 3cosf)sinf = —3sinf cosf — 3sinh — 3cosfsin b

= —sinf(6cosf + 3).

Horizontal Tangent Lines on 0 < 6 < 27:

dy

o 0
3(cos@ +1)(2cosf—1) = 0
cosd+1=0 or 2cosf—1=0
0 T bm

T, =, —.
37 3
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dx dzr
Notice that § = 7 makes — = 0 so we must exclude it but the others do not make — zero. The

do do

5 9v3 3
y-coordinates of the points corresponding to 6 = g and ?W are T\/_ and _T\/_’ respectively.
The horizontal tangent lines are then |y = 9%4/5 and |y = —94£ .

Vertical Tangent Lines on 0 < 6 < 27
dx
= =
dé
—sinf(6cos@+3) = 0
—sinf=0 or 6cos#+3=0
27 4w
0 = 0 2, —, —.
) ﬂ—? 7T7 3 ) 3
. dy . dy
Notice that § = m makes i 0 so we must exclude it but the others do not make o7 Z€ro.
2 4 3
The z-coordinates of the points corresponding to § = 0, 2, %, and % are 6, 6, - and -

3
respectively. The vertical tangent lines are then and |z = 1t

59. Parametric equations for r = 2 cos(26) are
x = (2cos(20))cosf  y = (2cos(26))sinb

and
% = (—4sin(20))sin + (2 cos(26)) cos b
3—:; = (—4sin(20)) cosf — (2 cos(26)) sin 6.

d
Horizontal Tangent Lines: Using a CAS to find where —Z =0, we find that

0 = g, 3771-,t3ufl <\/£3%> ,—tan~! (%) ,—tan~! (%) + 7, tan~! <%) — 7. None of

x
these values make — = 0. The y-coordinates of the points corresponding to

_m 37 —1 V6 —1 V6 —1 V6 —1 V6
9—5,7,&111 <ﬁ>,—tan <ﬁ>,—tan (E>+w,tan (\/ﬁ)—ware

4 4 4 4
2,2, ,— , ,— , respectively. The horizontal tangent lines are then |y = +2
3\/6 3\/6 3\/6 3\/6 p Y g
4
3V6 |
d

Vertical Tangent Lines: Using a CAS to find where d—z = 0, we find that

6 = 0,2, tan " (\/5) ,—tan~! (\/5) + 7, —tan~? (\/5) ,tan! (\/5) — 7. None of these

d
values make 2 — 0. The z-coordinates of the points corresponding to

0 =0,r,2mr tan" ! (\/3) ,—tan~! (\/5) +m, —tan"! (\/5) ,tan™! (\/5) — T are

4 4 4 4
2,—2,2, , ,— ,— , respectively. The vertical tangent lines are then |z = £2
3/6' 36" 3v6 3v6 ¥ Y 5

4
and |z =+——|
3v6

and |y &+
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61. In Problem 33, we found parametric equations for 72 = 4 sin(26).

x =rcosf = 24/sin(20)cosf y=rsinf = 24/sin(20)sin b, sin(260) > 0.
Using a CAS to find the derivatives,

dr  2cosf (4 cos? 0 — 3)
o sin(20)
dy  2sinf (4cos®f —1)
do sin(26)

d
Horizontal Tangent Lines: Using a CAS to find where d—z =0 on 0 <6 < 27 where sin(260) > 0,

d
we find that 6 = %, % Neither of these values make d—z = 0. The y-coordinates of the points

T oAm 33/4£
2

2
corresponding to 6 = 33 are and —3%/ 4%, respectively. The horizontal tangent

lines are then |y = +—— |

d
Vertical Tangent Lines: Using a CAS to find where d—z =0on 0 <@ < 27 where sin(26) > 0,

we find that 6 = %, %T Neither of these values make % = 0. The z-coordinates of the points

7 2
corresponding to 6 = T 1T are 33/4§ a

2
56 nd —3% 4%, respectively. The vertical tangent lines

are then |x = +——|.

63. (a) Answers will vary.
(b) Since r? = (—7)2, we have (—r)? = r? = 45in(26) and so the lemniscate is symmetric with
respect to the pole.

Challenge Problems

65. Symmetry with respect to the pole: Substituting 6 + 7 for # and using the angle addition
formula for sine, we have

r = sin(2(0 + 7)) = sin(260 + 27)
r = sin(26) cos(2m) + sin(27) cos(26)
r = sin(20),

and an equivalent equation results implying that the graph is symmetric with respect to the
pole.
Symmetry with respect to the polar axis: Substituting —6 for 6 and recalling that sinf is an
odd function, we have
= sin(—26)
r = —sin(20),

which is not an equivalent equation so the test fails.
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Equations; Arc Length of Polar Equations

(b) The graph intersects the pole when r = 0. Setting 4sin(50) = 0 we see that 50 = 7n for
any integer n, or

92%71

We seek the smallest positive value of 8, which is when n=1. So|a = =n|

(c) The arc length of the petal is given by

5= /m v/ (4sin(56))2 + (20 cos(56))2 db.
0

Using a CAS, we find that s = |8.404 |.

AP® Practice Problems
1. We obtain parametric equations for » = 1 4 cos # by using the conversion formulas

x=rcosf and y = rsinf.
x=rcosf = (1+cosf)cosf® and y=rsind = (14 cosf)sinb.

Then

dx d . . . .
i @[(1 + cos ) cos 0] = (14 cosB)(—sinb) + (cos)(—sinf) = —sinf — 2 cos O sin b,
d d

d—'z = @[(1 + cos ) sinf] = (1 + cos 0)(cos ) + (sin @) (— sinf) = cos b + cos? § — sin? 6,

q dy % cos + cos? § — sin” 0
and — = 4% = .
dr 4z —sinf —2cosfsinf

™
At 0= —
67

6 6

_&in & — Tin T
dx sin & 2(308651116 .

+(T)2—(%)2_ V3+1 B+l
_2(_3)(%) T 1-v3 1443

dy cosg+ (COSE)2 - (sinﬂ)2

The answer is A.

3. Obtain parametric equations for » = 560 by using the conversion formulas x = r cosf and
y =rsiné.

x=rcosf =5b0cosf and y=rsinf =50sind.

The answer is A.
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s dr\* d
5. Use the arc length formula s = / r2 + (d—g> df with r = 4e3¢/2, d_; =632, x=0,

and 8 =1n9.

p dr\?
= 2 —_—
s /a T4+ (d@) do

In9

= / \/ (4e30/2)% 1 (6e30/2)” df
0
In9

= V1639 + 3639 do

0

In9
— \/5_2/ 839/2 do
0

In9

-yl

— 2@(631119/2 _ 1)

_ %m[gm - 1} - 1704 13
The answer is C.

9.6 Area in Polar Coordinates

Note: Throughout this assignment, we will be integrating sin®(af) or cos®(af) frequently. To

integrate them we use the formulas sin?(af) = 1_%5(2(@ and cos®(af) = H%S(Q(w). With
these formulas, we have
/sinQ(GH) e = 19 L sin(2af) = 16‘ 1 cos(ad) sin(ad)
2 4a 2 2a
/COSQ(GH) g = 19 + 1 sin(2af) = 16‘ + L cos(ad) sin(ab)
2 4a 2 2a

Each problem in which the above equations are used will be marked with an asterisk (*).

Concepts and Vocabulary

1
1. The area A of a sector of a circle of radius r and central angle 6 is A = §r26‘ .
f1
3. . The area is given by A = / 3 [£(0))> de.

Skill Building

5%, The area of the shaded region in quadrant I equals one-fourth of the area A of the shaded
region. The area of the shaded region in quadrant I is equal to the area of the non-shaded region
inside the rose in quadrant I which is swept out starting at § = 0 and, by symmetry, ends at

/4 1
0= % The area of the non-shaded region in quadrant I is given by / §r2 df, and the area
0

A we seek is 4 times this area,
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/4 1 /4
A = 4/ —r? df = 2/ cos?(26) db
o 2 0

1 /4 T
[9 +t5 cos(20) sin(20)} = .
0

7*. The shaded region is swept out beginning with the ray § = 0 and ending with the ray 8 = 7.

>~

1
The area A of the shaded region is then equal to / 57"2 de.
0

A

71'1 71'1 us
/ —p? dG:/ ~(2 + 2sinf)? d9:2/ (1 + 2sinf + sin’ §) df
0 2 0 2 0

[—4cosf + 30 —sinfcosb]; =8 + 37|

9*,

72 ) U
£

2k

3

/3 1
The area A of the shaded region is equal to / 57"2 de.
0

7\'/31 7\'/31 9 7\'/3
A = / —r2 dG:/ —(3cosh)? dG:—/ cos? 0 df
o 2 o 2 2 Jo

:|7'r/39\/§ 3_7T

9 9
= [Ze—i—zcosﬂsineo _T+4

- %(3x/§+47r) .

11.

(2m, 2am)

2m
1
[The graph shown is when a = 1.] The area A of the shaded region is equal to / 57“2 do.
0

271'1 271'1 a2 27
A = -2 _ - 2 :_/ 2 0
/O o1 d /O glaf db = [ 6 d

27
[a2 } | 4r3a?
0

—93
6 3
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13%*,

ik

27
1
The area A of the shaded region is equal to / 51"2 do.
0

27 1 9 27 1 9 1 2m 9
A = —r< df = = (14 cosf)” df = = (14 2cosf + cos* ) do
o 2 o 2 2.Jo

27
3 . 1 . 37
= [Zﬁ—i—sme—i—zcosﬁsme]o =5

15%.

i/}
2

27
1
The area A of the shaded region is equal to / 51"2 do.
0

2T 1 9 2T 1 . 9 1 2T . . 9
A = —r< df = = (3+4sinf)” df = = (94 6sin6 + sin* 6) db
o 2 o 2 2.Jo

27
19 1 . 197
= |:Z9—3COSG—ZCOSQSII19:| 2

0
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Exploiting symmetry, we will find the area A of the petal in quadrant I (see the second picture)
T
which is swept out beginning with the ray § = 0 and ending at the ray 6 = 3 and then triple it

71'/3 1
to find the full area of the rose. The area A of the petal in quadrant I is equal to / 57“2 do.
0

/3 1 /3 1 ) /3
A = / —r? df = / ~ (8sin(30))° df = 32 / sin®(36) do
0 2 0 2 0
/3
1 1
= [160 - ?6 sin(30) cos(39)] = ﬁ
0

16
The total area of the full rose is then 3 - Tﬂ = .

The area A of the petal in quadrant I (see the second picture) is swept out beginning with the

71'/2 1
ray 8 = 0 and ending at the ray 6§ = g so A is equal to / 57"2 de.
0

/2 1 /2 1 9 /2
/ —r? df = / = (4sin(20))° df = 8/ sin?(26) df
0o 2 0o 2

0
[46 — 25in(260) 005(29)]3/2 =[2n].

A
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The area A of the half-petal in quadrant I (see the second picture) is swept out beginning with

/4 1
the ray 8 = 0 and ending at the ray 6 = % so A is equal to / —r2 de.
0

A

/4 1 /4 1 /4

/ —r? df = / = (4cos(20)) df = 2/ cos(20) db
o 2 o 2 0

— [sin(20)]7/* = 1.

Then a full petal has area 2 -1 = .
23*,

Referring to the picture we need to find the intersection points of the two circles, so we set them
equal.

2sinf = 1
1
e - L
sin 5
T 5
0 = -, —.
6’ 6

Then

571'/6 1 571'/6 1
A = / S (25in6)? da—/ Ly ae

/6 /6 2
57/6 57/6
= [—lsin90089+ 19} - [16]
2 2 /6 2 /6
V3 27 o« NEERR S
- 2 T332 "3
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25%*.

0.5+

0.5

Referring to the picture we can see that the shaded region is swept out beginning with 6 = 0
and ending at 6 = g Then the area A of the shaded region is

/2 1 /2 1
A = / —(sin6)* d —/ —(1 — cos0)* db
o 2 o 2

1 [7/2

= 5/ (sin?@ — 14 2cos — cos? @) db
1 [7/2

= 5/ (—cos(20) — 1+ 2cosb) df
1[ 1 /2

= —|—=sin(20) — 6 + 2sin 9}
2| 2 .

= it

27*. Using formula (1) with f(8) =sin@ and f'(6) = cos, the surface area S is

/2
S = 2n / (sin ) sin 04/ [sin 0] + [cos 6] dO
0

7T/ sin @ do
0

Il
o

/2

—_

= 27

2

:
- (1)

29. Using formula (1) with f(6) = €? and f/(0) = €%, the surface area S is

0 — —cosé‘sm@}
0

S = 27r/ (”) sin 04/ [ + [¢*]? d9:2\/§7r/ e*’sin6 do
0 0

= 2f7r[ (2sm9—cos9)r_ @(62“4—1),

0

where we used Table of Integrals 122.
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Applications and Extensions

31*. To find the area of the small loop, we need to find the values of # that sweep out the inner
loop. We need to find when the polar curve intersects with the pole, so we set r = 0.

1+2cosf = 0

1

0 = —=

cos 5
_wdn
373

|

The area A of the small loop is

47 /3 1 [47/3
A = / _(1+20059)2 daz_/ (1+4cosf+4cos?0) db
2 2

/3 2 2 /3
4m/3
= |:§9+2Sin9+COSHSin9:| = 7r—3—\/§,
2 27/3 2

33. The two graphs show the full graph and the loop.

_/'/«
! Yo 2 04 0ls | ofs
VI - Fod /
i T /!

To find the area of loop, we need to find the values of 6 that sweep out the loop. We need to
find when the polar curve intersects with the pole, so we set r = 0.

2—secd = 0
secd = 2

T

0 = +—.

3
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The area A of the small loop is

/3 1 ) 1 /3
A = / —(2—5@09) dﬁ:—/ (4—4SQCQ+SGC29) do

—7/3 —7/3
1 m/3
= {20—2ln|sec0+tan9|+—tan@}
2 —m/3
2 V3 2 V3
- <?—21n<2+\/§)+7>—(—?—21n<2—\/§)—7>
4 2+/3 4
- 2T _ 9 3=——2In((2++3)? 3
3 n<2_\/§>—|—\/— 3 n(( +\/—)>+\f
4
= §—4ln(2+\/§)+\/§.

Exploting symmetry, we will find the area A of the regions in the first and second quadrant, and
then double that area. The area in the first two quadrants is swept out starting at the ray 8 =0
and ending at § = w. Then

™1 01> 4 0
A = ~ |2gin? = =2 in* = do.
/0 2 { sin 2] df /0 sin > df

0
Using the substitution u = 3 and changing the limits of integration,

/2
A 4/ sin*u du
0

1 3 . 3 17/?
4 | —— sin UCOSU — — cosusInu + —u = —
1 8 o

where to compute the integral we used Table of Integrals 82 & 88. Then the full shaded region
3
5 |

has area equal to 2 - ??Tﬂ- =
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37*.

We need to find the angles that sweep out the shaded region so we set the equations equal.

8cosf = 2secl
1
2
0 = -
cos 1
1
0 = +-
cos 5
o = 1T 47T
3 3

The shaded region is swept out beginning with 6§ = —g and ending at 6 = % The area A of
the shaded region is then

/3 1 /3 1 /3
A = / —(8cos6)? db —/ —(2sech)? df = / (32 cos? @ — 2sec® ) db
—/3 —7/3 -m/3

327
3

= [16cosfsing +160 — 2tan 0]™>, =|4v3 +

39%*.

We need to find the angles that sweep out the shaded region so we set the equations equal.

2+2cos = 3
1
0 = =
cos 5
T
0 = +—.
3



9.6 Area in Polar Coordinates 1053

The shaded region is swept out beginning with 6 = —g and ending at 6 = g The area A of
the shaded region is then

7T/3 1 77/3 1 77/3 5
A = / (24 2cos ) df — —(3)? d9=/ (——+46089+260829) do
—m/3 2 —m/3 m/3 2
/3
= —§9—|—4sin9—|—cos9s,in9 = % -7
2 —m/3 2
41%.

6-r/3

0.5

T oo05 01 015 02 025

Exploiting symmetry, we will find the area of the shaded region in quadrant I and then double it
to find the full shaded area. Referring to the second picture, the shaded region in quadrant I can
be divided by the ray from the pole through the intersection point of the two curves. The angle

that represents the ray through the intersection point can be found by setting the equations
equal.

cosf = 1—cosl
1
0 = =
cos >
g = =
3

The shaded region in quadrant I can then be found by finding the area of the shaded region on

[O, g] of the cardioid and then adding the area of the shaded region on [g, z} of the circle.

2
This means the area A in quadrant I is

/3 1 /2 1
A / 5(1 —cosf)? d9+/ 5(0059)2 do
0 ™

/3

71'/3 1 1 71'/21
= / — —cosf+ =cos’0 d9—|—/ = cos? 0 do
0 2 2 /3 2

3 1 /3 1 1 /2
= -0 —sinf + — cosfsind + |=60 + = cosfsinf

4 4 0 4 4 s
I A Y N I ) L
|4 16 24 16 24 2
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43*.

First we find the intersection points by setting the equations equal.
1+ cos6
cos

0

= 1+sinf

= sinf
Y
47 4-

The area A of the shaded region is swept out beginning with the ray 6 = g and ending with the

ray 6 = %T Then

57 /4 57 /4 1 57 /4 1 1
A = / 5(1+sin(9)2 d9—/ 5(1+cos9)2 d9:/ (sin@—cos@—i—§sin29—§cos29) do

/4 /4
1 57 /4
= [— cosf —sinf — — sin@cos@]
2 /4

/4

45. Using the area formula, the enclosed area A is

"1 !
A = /—(e—")2 d@:/ —e % do
0 2 0 2

1 ol —e2
|:——€29:| = c .

4

47. Using the area formula, the area A enclosed is

LG

I
|
| =
=
—

49.

1
0

2 T 1
_ —pn—2
) do —/1 29 do

T—1
2
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We need to find when the polar curve intersects with the pole, so we set r = 0.

2+secd = 0
1
0 = —=
cos 5
p - M
373

The area A of the loop is

n/3 an/3 /1
A = / —(2 +sech)? d9=/ (—se029+2se09+2> do
27/3 2 27/3 2

47 /3
1 4 2 —
= [—tan0+21n|se<39+tan9|+29] =V3+ L +20n 2- V3
2 2n/3 3 2+3

_ \/§+4§—4ln(2+\/§).

If we rotate the top half of the circle r = R about the polar axis for T'< 6 < 7w — T, then we will
have the surface of the bead. Using formula (1) with f(#) = R, f/(#) =0, and T < <7 — T,
the surface area S of the bead is
=T =T
s = 27r/ Rsin6\/[R]* + [0]® df = 27TR2/ sinf df
T T
= 27R?[—cosf]5 " = 21 R? [ cos(m — T) + cos(T)].
R? _ a2 R? _ a2
From the picture, we see that cos(T) = Ta and so —cos(mr —T) = Ta' Then

WERE — a2
S —=2rR2. T" —|4xRVER? — a2 |

(b) Answers will vary.
53*. We first find where the curve intersects the pole by setting r = 0.

secl —2cos = 0
1—2cos’6 = 0
1
29 — -
cos 5

2

cosf = :I:£

2
0 = —

N
R
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From the picture we see that the shaded region is swept out beginning with § = —% and ending

with 6 = g So the area A of the shaded region is

1 71'/4 1 9 71'/4 1
A = —/ = (sec — 2cosb) d9=/ —sec?f — 24+ 2cos?0 ) db
2 —7r/42 —m/4 2
/4
= [ltan9—0+sin9cosﬁ} =l2-I|
2 o 2

Challenge Problems
55. The area enclosed by the graph 78 = a and the rays § = 6; and 0 = 6, is

02 1 2 2 02
/ - (9) do o2
9, 2 \0 2 Jo,
B a? [ 971}927Q2 1 1\ afa a
- 2 01 2 6‘1 6‘2 - 2 6‘1 6‘2

= g(Tl—TQ).

. a . . . . .
Since 5 is a constant, we see that the area is a constant multiple of (i.e. proportional to) rq — rs.

To find the area of the shaded region in the first figure, we will exploit symmetry and find the

area A of the shaded region in the second figure and multiply it by eight to find the area we
seek. We must first find the intersection point P of the rose and circle.

3sin(26) 2

sin(20) =
2
20 = sin”' (2
sin (3)

0 = %sirfl (g)

1 2
Then the area A is swept out beginning at § = 0 and ending at 6 = 3 sin~! (5)’ SO

1/2sin™1(2/3) 1 1/2sin™1(2/3) 1 1/2sin™*(2/3) 9
/ —(2)? df — / (3sin(20))? df = / (2 — = sin?(26) d9>
0 2 0 0 2

wl N

A

2
1/2sin™1(2/3) N 1(2>

1, 9 .
= [—16‘ + 3 sin(20) COS(26‘):| . 13
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Multiplying this value by eight, we have the area we sought.

(27 -t (3)) |- ()|

AP® Practice Problems
1. The graph of r = 2 — cos 8 is pictured below.
v
A ke =

/

Note that for@:g,r:2—cosg:2andfor9:7r,r:2—cosn':3.

T
Therefore, the interval — < 6§ < 7 sweeps out the region in the second quadrant enclosed

by the graph of r = 2 — cos#.

A1
Use the area formula A = / 572 df with r = 2 — cosf, x= E, and 8 = .

2
B
A:/ 11"2dt9
o 2

(2 — cos0)* df

:l\
. 3
)

| =

(4 — 4cosf + cos® 0) do
2

S~
~ 3

T

—

1 1
40 — 4sinf + - |6 + - sin (26)
21”73 o2

1
N ©

0 —4sind + lsin(26‘)
4 /2

EREORCR

The answer is D.

N~ NI~ N~ N
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3. The graph of r = cos (26) is pictured below.

y
0.5
05 05 §x
05
v
The interval ~1 < 0 < — sweeps out one petal region of the rose r = cos (26).

A1
Use the area formula A = / 57"2 df with r = cos (20), x= —g, and § =

1 + cos (46)] df

\
2
e~

/4
0+ —sm 46‘]
—m/4

{ ] [(5)+ o]}

—N

ool:] q>|>—t »Jkli—' wl»—‘ N)I}—'
L—

The answer is B.

5. (a) Find the points of intersection of the two graphs by solving the equation.

4cost =2

1

0=—

cos 3
™ T
0=——,—
3’3

The two graphs intersect at (r,6) =1 (2, —g) and | (2, g) .




9.6 Area in Polar Coordinates 1059

(b) The area of the region that lies outside the circle » = 2 and inside the circle
r =4cosf is

/3 /3
A 1/ (4cos9)2d9—3/ 22 df
2 —m/3 —7/3

w/3
/ (8 cos? § — 2) db
—m/3

_ /:/; {8 - %[1 + cos (20)] — 2} d

/3

= / [2 + 4 cos (26)] dO

—m/3

=20 + 2sin (20)777

- 27T+2,27T 27T+2, 2T
=3 sm3 3 sin 3

4
= §+2\/§

(c) The area of the region that lies inside the circle r = 2 and outside the circle r = 4 cos 0
is equal to twice the area of the region swept out by the circle = 2 on the interval

b
3 < 6 < 7 minus twice the area of the region swept out by the circle r = 4cosf on

™

2

T
the interval 3 <fh<

r=4cosf

2 1 1 2

The area of the region is

T /2
A=2-%/ 22d9—2-1/ (4cos6)* df

/3 /3
T /2 1
:/ 4d9—/ 16 - =[1 + cos (20)] d9
/3 w/3 2
1 /2
— 407, - 8 [9 + Lsin (29)}
2 /3

8w 8
= ——4 — +2
3 T+ 3 + \/§

4
= §+2\/§
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9.7 The Polar Equation of a Conic

Concepts and Vocabulary

1. A| (a) parabola |is the set of points P in the plane for which the distance from a fixed point

called the focus P equals the distance from a fixed line called the directrix.
3. ‘In both cases, ¢ = 1, so both graphs are parabolas. Answers will vary.

Skill Building

5. Using Table 9,
1

- 1+ cosf

which means and p = 1 so we have a where the directrix is perpendicular to

the polar axis 1 unit to the right of the pole.
7. Using Table 9,
4 2

T2 _3sinf 1—%sin9

3 4
which means|e = 3 andep =2sop = 3 which means we have a | hyperbola | where the directrix

4
is parallel to the polar axis 3 units below the pole.
9. Using Table 9,

r

r

3

T:4—20059:1—

D= o

cos 6

1 3 3
which means|e= - |and ep = - so p = 3 which means we have an where the directrix

4

3
is perpendicular to the polar axis 3 units to the left of the pole.

11. Using Table 9,
4 5
~ 3+3sinf 1+sin6

4 4
which means and ep = 3 sop= 3 which means we have a where the directrix

is parallel to the polar axis — units above the pole.
13. (a) Using Table 9,

r

B 8 B 2
" 4+ 3sinf 1+%sin9

r

3 8
which means e = 1 and ep=2,s0p = 3 Since e < 1, this is an with directrix parallel

8
to the polar axis — units above the pole. At ¢ = 0 and ¢ = m, the polar points corresponding to

these values are (0,2) and (m, 2), respectively, which are vertices of the ellipse. The y-intercepts

3 8 3
are at 6 = g and 6 = ;, which gives rise to the polar points (g, ?) and (;, 8).

o
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(b) To obtain a rectangular equation of the ellipse, we eliminate the fraction and then square
the resulting polar equation.

8
" 4+ 3sind
4r + 3rsinf = 8
4r =8 — 3rsinf
16r% = (8 — 3rsin 6)?
16(2* + %) = (8 — 3y)?
1622 + 16> = 64 — 48y + 9y

48
1622 4+ 7 (y2 + —y) =64

r

7
24\ ? 24\ 2

16x2+7<y+—> _64+7<—>
7 7
24\? 1024

162° =) =—|

6z +7<y+ 7> -

(c) Parametric equations are

8 cos 8sinf
r= —-— = .
4+ 3sin6’ y 4+ 3sind
15. (a) Using Table 9,
, 9 3

- 3 —6cosb - 1—2cosf

which means e = 2. Since e > 1, this is a | hyperbola |

ol

(b) To obtain a rectangular equation of the hyperbola, we eliminate the fraction and then
square the resulting polar equation.

9
T 3 6cosh
3r —6rcosh =9
3r =9+ 67rcosf
9r? = (9 + 6r cos9)?
9(2* +y?) = (9 + 62)°
922 + 9y* = 81 + 108z + 362>
27 (2% + 4z) — 9y = —81
27 (z +2)° — 9y = —81 + 27(4)

r

3(x+2)7° —y?=3]
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(c) Parametric equations are

_ 9cosf _ 9sind
YT 3 T 6cos0’ YT 3 6cosh |
17. (a) Using Table 9,
6 2
r

T 3_2sinf 1—%sin9

2
which means e = 3 and ep = 2, so p = 3. Since e < 1, this is an with directrix parallel

to the polar axis 3 units below the pole. At t = 0 and ¢t = 7, the polar points corresponding to
these values are (0,2) and (m,2), respectively, which are vertices of the ellipse. The y-intercepts

3 31 6
are at 0 = g and 0 = ;, which gives rise to the points (g, 6) and (g, g)

(b) To obtain a rectangular equation of the ellipse, we eliminate the fraction and then square
the resulting polar equation.

3r —2rsinf =6

9r? = (3r)% = (6 4 2rsinf)?
9(z* +y?) = (6 +2y)*
922 + 9y% = 36 + 24y + 49>

24
92% 4+ 5 <y2 — g@/) =36

12\? 12\?
9:172—|—5<y—€) _36+5<€>

12\* 324
9x2+5<y—€) =5
(c) Parametric equations are
6 cosf 6sinf
T3 2sing’ YT 3256
19. (a) Using Table 9,
6sect 6 3 T 3T
" T 9sech 1 2—cosf  1-Lcosh b7 272"

2

which means e = 3 and ep = 3, so p = 6. Since e < 1, this is an with directrix

perpendicular to the polar axis 6 units to the left of the pole. At ¢ = 0 and ¢ = m, the polar
points corresponding to these values are (0,6) and (m,2), respectively, which are vertices of the
3

ellipse. The y-intercepts are undefined since the function is undefined at 6 = g and 0 = 5
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(b) To obtain a rectangular equation of the hyperbola, we eliminate the fraction and then
square the resulting polar equation.

2r —rcosf = 6
4r% = (6 + 7 cosh)?
4(z* +y*) = (6 + 2)?
4a* + 4y* = 36 + 122 + 22
3(2? — 42) + 4y* = 36
3(x —2)? + 4y* = 36 + 3(2)*
3(x —2)? +4y® = 48|

(c) Parametric equations are

6 cos @ 6sinf

T2 _cost YT 2" cosh |

Applications and Extensions

For Problems 21-26, we will use the parametric form of each graph x = rcosf and y = rsin6
dy

d
along with the formula d—y = % to determine the slope at the given value of 6.
T g
21. Parametric equations for r = L are
4 — cosd
~ 9sin6
v 4 —cosf
9cos b
r = —
4 —cosf’
S0
[@} B {(4—0059)(90059) — (9sin9)(sin9)} _3
df|,_, (4 — cos9)? 0=0
{d_x} B [(4—cos€)(—9sin9) — (90059)(51119)] _0
do |, (4 — cos )2 o—o

d d
Since “¥ = 0, this means Y is undefined which means the tangent line at 8 = 0 is vertical so
x

do

the slope is .

23. Parametric equations for r = ———— are
4+ sin6

B 8sinf
vy = 4 +sin6
8 cos b

o

4 +sin@’
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S0
{@] B {(4+sin9)(86059)—(851n9)(cos€)} _0
do 0=m/2 B (4+81n0)2 0=m/2 B
dx [ (4 +5sin0)(—8sinf) — (8cosb)(cos ) 40
afg_psy (4 + sin 6)? b=rjs 25
Then
[dy} 0
— = — = O
dz | o_r /o —40/25
which means the tangent line has slope @ at § = g
25. Parametric equations for r = L are
2 + cosf
_ 4sin6
L + cos @
~ 4cost
2+ cosf’
S0
dy _ [(2+cosB)(4cosf) — (4sinf)(—sin0) _ 4
dol,_. (2 + cos9)? b—r
dx ~ [(2+cosf)(—4sinf) — (4cosf)(—sin ) _0
do|o_. (2 4 cos 6)? —

d d
Since d—z = 0, this means d_y is undefined which means the tangent line at § = 7 is vertical so
x

the slope is .

4
27. It is given that e = = and p = 3, so using Table 9, we have

4
=3 12
- 5 —

N 1—%c059_5—46039'

29. It is given that e = 1 and p = 1, so using Table 9, we have

1-1 1
r= = .
1+sinf 1+sin6

31. It is given that e = 6 and p = 2, so using Table 9, we have

62 12
T 1—6sin@ 1—6sind |

r

33. (a) [c=0.967]

(b) The shortest distance occurs when r is a minimum which occurs when cosf = —1. The

shortest distance is then 1155
= — " |~0.587 AU
T 1 0.967(-1)

(c) The greatest distance occurs when 7 is a maximum which occurs when cosf = 1. The

shortest distance is then L155
=— — _ =1|35AU|
T T 0.967(1)
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(d)

(ii)

(iii)
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(iv)

(b) Answers will vary.
(c) Answers will vary.
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37.

Directrix D

\4

AN

rsing

8 Polar Axis

Pole O
{Focus F)

T
If we drop a perpendicular from point P to the ray # = —, the intersection point of the perpen-

dicular and the ray is labeled @). The distance from the pole to @ is rsinf. Since the distance
from the pole to the directrix D is p, the distance d(D, P) = p —rsinf. Then since d(F, P) = r,
the equation of the conic is

d(F, P)
= e
d(D, P)
r
' = e
p—rsinf
r = ep—resinf
r(1+esinf) = ep
cp
r o= —.
1+ esind
Challenge Problems
2 2
39. For the ellipse $—2 + Z—Q = 1, the value ¢ = v/a? — b2 is the focal distance from the center
a
and e = < is the eccentricity. If we use the parametric equations * = acosf and y = bsinf for

a
0<6< ﬁ, then this parametrizes the ellipse in the first quadrant. If we rotate this part of the

ellipse about the z-axis to find the surface area .S, then

/2 2 2 /2
S = 27r/ d_x + @ d9:27r/ bsin@\/a251n29+b200529 do
) d6 d6 )

)
/2
= 27rb/ sin 0y/a2(1 — cos? 0) + b2 cos? 0 db
0

w/2 a2 — b2
= 27rb/ asinfy/1 — < 5 cos? 9) de.
0 a

Nz

Now we use the fact that e = ——————. Then
a

/2
S = 27Tab/ sin04/1 — e cos2 0 dO
0
o1
= 2mwab [ —=+v/1—u? du,
. €
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where we used the substitution © = ecosf with du = —esinf df and new limits of integration
u = ecos(0) = e to u = ecos(m/2) = 0. To calculate this integral, we use Table of Integrals 60
with a = 1.

S = 27mb/ vV1—u?du
0

€
e

2mab 1
_ zZravu 1—w2+4 =sin"'u
e 2 2 0
B 2mab (e 1 2y 1 |
= s 5 e 5 sin” e

wab . _
= 7b* 4 —sin"le,
e

where in the last step we used that fact that

a? — b2 a?—a?2+b b
\/1—82—\/1— 2 —\/7—5

a a?

Chapter 9 Review Exercises
1. (a) Solving for ¢ in the y equation, we have t =1 —y. Then

r=4(1-y)—2

1 n 1
=——x+ |
YT
(b)
(©) There ve [z o]
1
3. (a) Since x = e’ and y = (e!)~!, we have |y = — |.
T

(b)

P

-1 ] 1 2 3 1
x

1

(c) Since €' >0 and e=* > 0, we have |z > 0|and |y > 0],
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5. (a) Since tan?t+ 1 = sec? t, the rectangular equation is

i)
(b)

-1

() On0<t< —,1<sect<+v2and0<tant <1 so

™
4 )

1< sec?t <2
0< tan?t <1.

The restrictions on z and y are then

7. (a)

The slope of the tangent line is

] _|a| _[1] _1
de |, dx 2], 2
dt =1

The point of tangency is (x(1),y(1)) = (—=3,1). The equation of the tangent line is

y—1==(x+3)

N =N =
N | ot

y =+
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(b)
¥ 14
4 2 —Il i 1 &
14
9. (a)
dy 1 9 ~1/2 2 -1
— = (P +1)7VA2t) =P+ 1)
U )R = (R + )
dx
— = 273
dt

The slope of the tangent line is

dy
dyl @ | _[t@+n7*1 0 3/V/10 . 81VI0
dr],_y  |de| | 2% |, —2/21 20
dt d¢=3
1
The point of tangency is (z(3),y(3)) = (5, \/E) The equation of the tangent line is
81v/10 1
- V10 =— _Z
) V10 20 (:C 9)
i 4 vio|

:——x+—
Y 2v/10 2v/10

(b)
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11. Answers will vary. Here are two parameterizations.

[2(t) =1, y(t) = 2t +4, —c0 <t < 0]

|2(t) =t -2, y(t) = —2t+8, —co<t< oo

13. We eliminate the parameter ¢ by using the Pythagorean Identity cos?t + sin?t = 1. Since
cost = % and sint = y, we have

2
e T |
1Y

The plane curve is below.

When ¢ = 0, the object is at the point (2,0). As ¢ increases, the object moves around the ellipse
in a counterclockwise direction, taking ¢ = 27 seconds to complete one revolution.

For the graphs of Problems 14-17, see the graph below Problem 17.

15. Converting to rectangular coordinates

4
r = rcos9_—2cos<§>_

rsinf = —2sin <4§> =3.

<
I

The rectangular coordinates are (1, \/§) .

17. Converting to rectangular coordinates
0
x = rcosf =—4cos (_Z) =-2V2

y = rsin9:—4sin(—£)=2\/§.

The rectangular coordinates are (—2\/5, 2\/5) .
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19. Converting to polar coordinates

4
One pair of polar coordinates is (5, tan~! (g)) ~ (5,0.927) | Another pair is

(—5,tan—1 (g) +w) ~ (—5,4.068) |

21. Noting that the given point is in quadrant II, when we convert to polar coordinates we have

N R N

3 3
f = tan ' —-2 = —.
an ( 3)—1—71' 1

3 7
One pair of polar coordinates is (3\/5, Zﬂ-) . Another pair is (—3\/5, Iﬂ-) .

23. Using the formulas r = \/22 4+ 42 and § = tan™! (g), the equation becomes
x

[22 + 2 = eton (v/2)/2

ZC2 + y2 — etanfl(y/w)

Y _ tan (ln (:c2 + y2))

T
y = xtan (111 (172 + y2)) .

25. Multiply the equation through by r.

r2 =ar —rsinf

2?4y =ava2+y2 -yl

27.
Va2 +y2 =tan"! (E)
x
y = xtan (\/$2+y2) .
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29. Using the formulas r? = 22 + y2, = rcos#, and y = rsiné, the equation becomes
(r*)? = (rcos)? — (rsinf)?
r* = 12(cos® § —sin? §) (for r # 0)

r? = cos? 0 —sin® @ (for v # 0) |

31. Using the formulas z = r cos 6 and y = rsin @, the equation becomes

(rcosf)? (rsinf)?

=1
4 * 9

9 00529+sin26‘ 1

T =
4 9
2 sin2

.2 9cos® f + 4sin” 6 _q

36
6
T =
\/9cos29—|—4sin29

. 6\/960529+4sin29
© 9cos26 +4sin’0

33. Multiplying by r cos 6, the equation becomes r? = 2r cos # which in rectangular coordinates
is #2 + y?> = 2x. Upon completing the square, the equation becomes (z — 1)% +y* = 1. We
recognize this as a circle centered at (1,0) with radius 1.

35. Multiplying by r, the equation becomes r? = —5r cos# which in rectangular coordinates is

5\° 25
z? + 4% = —5x. Upon completing the square, the equation becomes <a: + 5) +9? = T We

5 5
recognize this as a circle centered at (—5, 0) with radius 3



1074 Chapter 9 Parametric Equations; Polar Equations

37. (a) The polar equation r = 4 cos(26) contains cos(26), which has period 7. We construct
a table of common values of 6 that range from 0 to 27 noting that the values from 7 to 27
duplicate those from 0 to .

(b) Parametric equations for r = 4 cos(26):

x=rcosf =4cos(20)cosf y=rsinh =4cos(20)sinb ‘

where 6 is the parameter, and if 0 < 6 < 27, then the graph is traced out exactly once starting
at (4,0) and following the arrows in increasing order.



Chapter 9 Review Exercises 1075

4
39. (a) The polar equation r = T %0050 contains cosf, which has the period 27. We
— 2cos

construct a table of common values of 6 that range from 0 to 27 (excluding the values g and

)
—7 since r is not defined there) and plot the points (r, 6).

27

oo | § | F 1§ 5T

G 1 3 2 3

‘ (—4,0) undeﬁned‘ (4,%) ‘ (2,—”)
in ‘ s ‘ Am
1 3
4 77T>‘( 4 577)‘<2 47T>
1+v3 6 1+v2' 4 $ 3

11
& 2n

4
(b) Parametric equations for the polar equation r = ——— are
1—2cosf
4 cosf
r=-—
1—2cosf
4sin 6
y=———|
1—2cosf

41. (a) The polar equation r = 2—2 cos  contains cos #, which has the period 2. We construct
a table of common values of # that range from 0 to 2, plot the points (r,0) = (2 — 2 cos 6, 6),
and trace out the graph, beginning at the point (0,0) and ending at (0, 27).
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I

s
6
e

(b) Parametric equations for r = 2 — 2 cos 6:

‘:v =rcosf =(2—2cosf)cosf y=rsinf = (2—20059)51116“

where 6 is the parameter, and if 0 < 6 < 27, then the graph is traced out exactly once in the

counterclockwise direction. 0.50
43. (a) The polar equation 7 = €”-°Y increases in radius as the angle increases. We construct

a table of common values of § that range from 0 to 2, plot the points (r,8), and trace out the
graph. All decimals in the table are approximate values of r.

27
20 N S T I O N B T
0 6 4 3 2 .
iy v v v iy
(r,9) H (1,0) ‘ (1'299’6) ‘ (1.481,1) ‘ (1 688,5) ‘ (2.193,—) ‘ (2.850,?)
H 3 ‘ 51 ‘ 7T ‘ 5m 4
9 o o ™ n il il
4 3 6 5 7 5 !
yis v e v vy
(r,0) H <3.248,Z> ‘ <3.702,?> ‘ (4.810,7) ‘ <6.250,?> ‘ <7‘124’Z> ‘ <8.121,?>
27

p H 3 ‘ 51 ‘ 7T ‘ 117
2 . 7 Oy
(r,0) ‘ (10.551,7”) ‘ (13.708,%) ‘ (15.625,%) ‘ (17.811,%) ‘ (23.141,2n)
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(b) Parametric equations for r = €0-%%:

. 5 .
‘x =rcosh =e"?cosf y=rsinhd= GO'OHSHIH‘

where 60 is the parameter.
45. (a) The equation 2 = 1 4 sin?#, or r = \/1 + sin @, contains sin # which has the period
27. We construct a table of common values of  that range from 0 to 27, plot the points (7, 6).
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(b) Parametric equations for r = /1 + sin? 6:

z=rcosf =V1+sin?fcosh y=rsinh=1+/1+sin’Hsinf
where 6 is the parameter.

1
47. (a) Since e = 6 < 1, this is an .

(b) To obtain a rectangular equation of the ellipse, we eliminate the fraction and then square
the resulting polar equation.

1

r=—
1— gcosf

1
r——-rcosf =1
6

1 2
r? = (1 + 67‘6059)

1\2
22yt = (1—1—6:6)

1 1
Pyt =14 a4 —a?

3 36
35 [, 12 )
36 (w 3595) Tty =
85 (0 6N\ B8V
36 35) Y T T 36\35
6> , 1296
(c) Parametric equations are
6 cosd 6sind

" 6 —cosb’ y_6—cost9'

49. For clockwise orientation, the ellipse can be parametrized by z(t) = 4sin(wt),y(t) =
2 2

3cos(wt). If it takes 5 seconds for one revolution, then the period is i 5, or w = il
w

The parametrization is then

2 2

which has clockwise orientation, and does indeed start at (0,3) when ¢ = 0.
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51. First we find the derivatives.

dx .
— = —cos
dt
d
d—:g = —3sint
: . dy
To find the horizontal tangent lines, we set i 0.
—3sint = 0
t = 0,m,27.

d
None of these values make d—f = 0, so we have horizontal tangent lines at each value. The

horizontal tangent lines occur at the points

(2(0),y(0)) = (z(2m),y(27)) = |(1,5)
(x(m),y(m) = |, =1}
To find the vertical tangent lines, we set C(ll—f =0.

—cost =
3

77'

oy <@

t =

d
None of these values make d—i = 0, so we have vertical tangent lines at each value. The vertical

((5)w(3) - [
(()(2) - B3

tangent lines occur at the points

d d
53. We begin by finding the derivatives d—:f and d—z
d 2 2
d—f =sec’t and d—:g = § sectsecttant = § sec® ttant

The curve is smooth for 0 < ¢ < —. Using the arc length formula, we have

/4 2 2 2
(sec2 t) + (g sec? t tan t) dt
71'/4 4
sectt (1 + 3 tan? t> dt
71'/4 4
sec?ty/1+ 9 tan® ¢ dt.

N

Il
S—

I Il
S— S
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Using the substitution v = tant, then du = sec?t and the new limits are u = tan(0) = 0 to
u = tan (g) =1, then

3
where to compute the integral we used Table of Integrals 47 with a = 3

55. The given curve can be parametrized by

y(t) =t
1 1
t) = =t*—-Int

dx dy
on 1 <t < 2. We begin by finding the derivatives I and — R

dx 1 dy
— =t—-— d —==1

dt a M @

The curve is smooth for 1 < ¢ < 2. Using the arc length formula, we have
2 2 2
1 1 1
= 1]? t—— dt = — 24 = 412 4t
; /1/[]+ 4t /\/16 +o+
/ “ t_ +t dt / -t —i—t) dt

[ In [¢] + tﬂ =2+—1n(2)—5

1 4
3 1
- 5 + Z 111(2) .
dr

57. Using the arc length formula s = d9 from Section 9.5 with r = e™" and
dr ~9 the arc length is

rc length i
an ~ &

s = /027T \/(679)2 + (—679)2 df = " V2e=? do

0

= [va]" =[va - )]

0
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po dr\? 0
59. Using the arc length formula s = / r2 + (d—;> df from Section 9.5 with r = 2sin® 3

and

d 0
d_; = 2sin 5 cos 5, we will exploit symmetry and find the arc length s of the curve from 6 = 0

to 6 = = and then double it. Then

2
/2 0\> A /2 0 ) 9
s = /0 \/<2sin2§) +<2sin§cos§) d9—/0 4sin4§+<4sin4§cos2§> do
/2

/2
/ 2sing df = [—4(305 q
0 2 2],

= 4-2V2.
The full arc length is then

2(4—2\/5): 8 — 42|

3+ Bl
2F 20
1p 1-

. . ORI . .
3 2 |1 1/ 2 3 3 2 L1 1] 2 3
a1k 2 qE
2 2+
3F BE

Exploiting symmetry, we will find the area A of the half-petal in quadrant I (see second figure),

and then multiply it by 8 to find the full shaded region (see first figure). The area of the half-petal
is swept out starting at § = 0 and ending at the first intersection point of the curves.

4cos(20) = V2

1 \/5
20 = cos <T>

0 = %cos_1 (?)

/1/2 cos~1(v/2/4)

Then

1/2cos™1(v/2/4)
/0 % ((4 cos(26))* — (\/5)2) df = (8 cos®(26) — 1) db

0
= [30 + 2cos(20) sin(29)](1)/2 cos™ ! (vV2/4)

2 2
In the following picture, we have cosf = % or, equivalently, § = cos™* (%) .
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(

4
cos™t \/i = \/ﬁ
4 N 4
With these values, we have

(e () o () (9))

os~ ! <Q> + ﬁ

Then

sin

A

4 4

Then the full shaded region has area

8 (g + gcos_1 <g>> =|2V7 4+ 12cos™! (%) .

d d
63. We start by finding d—f and d—?
dr 1
dt Vit
dy t
b VT

Using formula (2) in Section 9.3, the surface area S is

27r/01\/m\/(;>2+(#)2&:%/01\/@(#

S =
V142 V142
1
t 1
- 27r[§ t2+1+§1n‘t+\/t2+1u —| 7 (VE+m+v2)) |
0

where the integral was computed using the Table of Integrals 47.
65. Using formula (1) from Section 9.6, the surface area S is

w/3 T

27T/ 4sin 6/ + 02 d9:327r/

0 0

= 327 [—cos@]g/?’:.

AP® Review Problems

/3
sin 6 dé

S

1. For the pair of parametric equations in (B), eliminate the parameter ¢ using a Pythagorean
Identity.

cos?t +sint =1

5+ (=) -
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The rectangular equation represents a circle. In the parametric equations, —7 < t < 7,
so the curve begins when t = —7 at the point (—2,1), and ends when ¢ = 7 at the point
(=2,1). The curve traces out the circle exactly once.

2
-1
The pair of equations in (A) traces out the ellipse (z — 2)* + (yT) =1
The pair of equations in (C) traces out a circle three times.
The pair of equations in (D) traces out a line segment y = z for —7 < < 7.

The answer is B.

. We obtain parametric equations for r = 2 cos § by using the conversion formulas = r cos 6
and y = rsinf.

x=rcosf =2cosfcosh =2cos’f and y=rsinh = 2cosfsinf.

Then

d d

d—z = @(2 cos®0) = 4 cosf(—sinf) = —4 cosOsinb,

d d

d—z = @(2 cosfsinf) = (2cosB)(cosf) + (sinf)(—2sin6) = 2(cos®f — sin” 6),

and d_y _ % . 2(C0829 — sin? 9) B sin 0 — cos? 0

d:v_%_ —4cosfsin®  2cosfsin

2 2
AtO=T dy  (sing)” —(cosF)”

37 dx 2cos §sin % 2(%)(@)

The answer is C.

a(t)y=22 45 y(t)=3t—t3

d d
Begin by finding the derivatives Y
dt dt
dx dy 9
— =4t — =3-3t
dt dt

d d
The curve has a horizontal tangent when d—i =3-3t2=0, but d_gtc #0.

Note that 3 — 3t> = 0 when ¢t = —1 and 1.
When t = —1, (x,y) = (7,—2). When t = —1, (z,y) = (7,2).

d
The curve has a vertical tangent when d—f =4t =0.

Note that 4t = 0 when ¢ = 0.
When t =0, (z,y) = (5,0).

The answer is C.
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5
7. To convert the equation rsinf = 1 to rectangular coordinates, use y = rsinf to obtain

yzz

5
This is a horizontal line 1 units above the polar axis.

The answer is B.

9. Obtain parametric equations for r = 29/3 by using the conversion formulas = = r cos § and
y =rsiné.

z=rcosf =23 cosf and y=rsinf = 2°/3 5in .

The answer is A.

11. The region inside the limacon r = 2 — cos f is swept out by the interval 0 < 6 < 27.

1 27
The area of the region inside the limagon is A = 3 / (2 — cos0)* df.
0
The region inside the circle 7 = cos 6 is swept out by the interval 0 < 8 < 7.

The interval 0 < 0 < g sweeps out the upper half of the circle.

1 ™ U
The area of the region inside the circle is A = 5/ (cos)*df = / cos®>Hdf or,
0 0

N~

1 /2 /2
equivalently, A =2 - 3 / cos? 0df = / cos? 6 df.
0 0

The area inside the limagon » = 2 — cos # and outside the circle 7 = cos 8 is

1 27 ) /2
Az—/ (2 —cosb) d9—/ cos? 0 d6.
2Jo 0

1 [ 1
The quantity 3 / cos? 0 df is the area enclosed by a circle of radius 3
0

S l/ﬁ 2gap— (L) =T
O,2OCOS —7T2 —4

1 27
Therefore, the area is also given by A = 3 / (2 — cos6)* df — %
0

1 27
Neither expression for the area A is equivalent to A = 3 / (2 —2cos 9)2 de.
0

The answer is C.



