Chapter 6 Applications of the Integral

6.1 Area Between Graphs

Concepts and Vocabulary

1. The two graphs meet at = 0 and at x = 1, and in the interval [0, 1], we have \/z > 22,
so the integral is fol (V& — x?) dx. See the figure below:
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Skill Building

3. The region is shown below:

Partitioning along the x-axis, we have x < 2x, so the area is

1 1 1
1 1 1
/(2x—x)d:1::/ xdx—{—:cz} =-——-0=|2|
) ) 2" ], 7 2 2

561



562 Chapter 6 Applications of the Integral

5. The region is shown below:

The two curves intersect when 22 = x, so when = 0 and x = 1. Partitioning along the
x-axis, we have 22 < z, so the area is

1 1
/(a:—332 da:—{lxz—l:rg] —<1—1)—(0—0)— l
0 2" 73", 273 6

7. The region is shown below:
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2

Partitioning along the x-axis, we have e™” < e¥, so the area is

In2
/ (em _e—m) dr = [em +€_m]gl2 — (eln2 +€_1n2)—(60+60) — (2+ l)_(1+1) :'
0

2

9. The region is shown below:

(0, 0)
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The two curves intersect when 22 = 2*, so when x = —1, = 0, and = = 1. Partitioning

along the z-axis, we have z* < 22, so the area is

1 1
1 1 1 1 1 1 4

/ (xz—x4)dx: 3 — —2® =|lzs—=]—|—-5+=)=|—=|
—1 3 5 |4 3 5 3 5 15

11. The region is shown below:

y

y = cos(x)
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0.6
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Partitioning along the z-axis, we have % < cosz, so the area is

/3 1 113 1
/0 (cosx— 5) dr = [sinx— 540 = (sin% —3° g) — (sin0—0) =

13. The region is shown below:

ol%
(SN

0.5

-0.5

The two curves intersect when 2 —y = y2, so when y? +y —2 = (y + 2)(y — 1) = 0; this
happens at the points (1,1) and (4, —2). Partitioning along the y-axis, we have y? < 2 —y,
so the area is

1 1
1, 1 11 8\ [9
2—y—y)dy=2y— v -2 =(2-z—-z)-(-4-2+2)=|5]|
/_2( y—y°) dy [y 5Y 3y]2 ( 5 3> ( +3> 5
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15. The region is shown below:

The two curves intersect where 9 — 32 = 5, so when y = —2 and y = 2. Partitioning along
the y-axis, we have 5 < 9 — y2, so the area is

[iv-veme Lot - (-2)-(++2) 2

17. The region is shown below:

05

-1.0+ (5, -1

Solve the second equation for x to get © =y + 6. The two curves intersect where y? +4 =
Y+ 6, so when y> —y — 2 = (y — 2)(y + 1) = 0. Therefore the intersection points are (8, 2)
and (5, —1). Partitioning along the y-axis, we see that y% +4 < y + 6, so the area is

2 2 2
1 1

/(y+6—(y2+4))dy:/ (—y2+y+2)dy:[—§y3+§y2+2y}

-1 -1 -1

8 1 1 9
=(-2+2+44)—(c+=-2)=|2|
(5+2+0)-(5+3-2)
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19. The region is shown below:

oL

Solving y = Inx for x gives x = e¥. Then partitioning along the y-axis, we see that 1 < e¥,

so the area is
2
[ -nay=ler -y = (-2 - (-0 <[ =3]
0

21. This region is bounded above by y = cosz and below by y = —sinz, and it extends from
r=-Ftoxr= %T’T. So we integrate by subdividing along the x axis, and we get

3m/4 3m/4
/ (cosx — (—sinx))dx = / (cosz +sinz) dr = [sinz — cos 55]?:7;//44
—7/4 —m/4

(#-(4)-(4-9-3

23. If we try to partition along the z-axis, we will require two integrals, one for —5 < z < 3
and the other for 3 < x < 4, since the upper boundof the area changes equations at = = 3.

So we partition along the y-axis. The equation of the parabola is © = —y? + 4; solving the

linear equation for x gives x = 2y + 1. Since —y? +4 > 2y + 1 throughout the region of
integration, the area is

1

1 1
1
/ (—y2+4—(2y+1))dy=/ (—y2—2y+3)dy=[—§y3—y2+3y]
-3

—3 -3

_<_%_1+3)—(9—9—9)_ 21

25. The region is shown below:
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The two curves intersect when /z = 3, which is at the points (0,0) and (1,1). So:

(a) Partitioning the z-axis, the area is

[l [ ] = (5-5) ~0-0=[ 5]

0

(b) Partitioning the y-axis, we must first solve the two equations for z. This gives z = y?
and z = y. Then the area between the curves is

[femar= [ L] = (33 - 0-0-[F]

0

27. The region is shown below:
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The curves y = 22 + 1 and y = 2 + 1 intersect when 22 +1 =2 + 1, so when 22 = 2. As a
result, the intersection points are (0,1) and (1,2). So:

(a) Partitioning the z-axis, the area is

/01((:c+1)—(x2+1))d:c = /Ol(x—xQ)dac - sz _ %st _ (% B %> (0-0)= '

(b) Partitioning the y-axis, we must first solve the two equations for z. This gives x =
vy —1and z =y — 1. Then the area between the curves is

/12(\/yT1—(y—l))dy:/j(l—y-i-\/ﬁ)dy: {y_ ly2+2(y_1)3/2}

27 73 .

2 1 1
=(2-2+2)—(1-2+0)=|=|
(2-2+5) - (1-5+0)

2

29. The region is shown below:
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These curves intersect where 9 — 2 = 9 — 3z, so at (0,3). So:

(a) From z = 0 to = 3, the upper bound is v/9 — z and the lower bound is /9 — 3z,
but from z = 3 to z = 9 the lower bound is 0. Therefore the area is

/OS(M_MMH/:MM

S R 3(9—3:c>3/2r+ [—%(9_95)3/2]9

0 3

= ((~4vB+0) ~ (-18+6))) + (0~ (-4v6)) =[12]

(b) Solving both equations for x gives z = 9 — y? and r = 3 — %y2, and the first curve
forms the upper bound for integration when subdividing along the y-axis. Then the

area is

L0637

31. The region is shown below:

y
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051

2
= |6y — =¢°
)

6 — —y2) dy

3

These curves intersect when vx —2 = v/2z — 6, so at = 4, which is the point (4, \/5)

Therefore:

(a) From x = 2 to = 3, the lower bound is zero and the upper bound is v/ — 2; from
x = 3 to x = 4 the lower bound is v/2z — 6. Therefore the area is

/23de+/34 (Vo —2—v22—6) dy = E(I_mgﬂ}

12 1
“ _23/2__2 _ 3/2
2+|:3(117 ) 3(1: 6)

G0 ((2-52)- ()
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(b) Solving both equations for = gives x = 3 + %y2 and x = 2 + y?; the first curve is the
upper bound for integration when subdividing along the y-axis. Then the area is

[ (b)) 1) o
b,

6 0
- (f—?)—m—m

2
=|2v2|
3f

33. The region is shown below:

-0.5

The two graphs intersect when 4 — 22 = 22, so when z = +1/2. Therefore the area between
the curves is

V2 V2 9 .1V2 16
/ (4—I2—I2)d17:/ (4 — 22%) dx = [4x——x3] =|—V2|
V3 V2 3 love L3

35. The region is shown below:
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37.

39.

For these curves, we partition along the y-axis. The graphs intersect when y? —4 = 4 — y2,

which is when y = —2 and y = 2. So the area between the curves is

/2«4—@/2)—(y2—4>>dy—/2<8—2y2>dy— [Sy—gyﬂ:_ o4)

-2

3

—2

The region is shown below:

v

2

Note that Inz? = 2Inz. This area can be computed more easily by subdividing along the
y-axis. Solving y = 2Inz for = gives = e¥/2. The line z = e meets this curve at y = 2,

so the region extends from y = 0 to y = 2 and is bounded on the left by e¥/2 and on the
right by e. Therefore the area of the region is

/2 (e = ev/7) dy = ey —207%) = (2 ~26) - (0~ 2) =[2]}

0

The region is shown below:

Kl

The area of the region is

/3 3 /3 3 3 /3
/ (cosx—(l——:v)) dac:/ (—x—l—i—cosx) dr = [—xz—x—i—sinx =
0 T 0 s 2m 0

| S
S
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41. The region is shown below:

43. The region is shown below:

2
oy . . . . . _ _ 3
We partition along the y-axis. Solving these equations for x gives x = % and 2 = 1+ yy.

The curves intersect where y? — 3y —4 = 0 (since y? = 4x); this factors as (y —4)(y+1), so
the y-coordinates of the intersection points are —1 and 4. Therefore the area of the region

is
4 2 4
3y 3, 1 4 125
1+2y— L) ay=|y+2y2— = ==
/1(+4y 4) Y [y+8y 127 | [ 7|24
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45. The region is shown below:

N
LF

0.6 y = sin(x)

0.4

0.2

4 2

The graphs intersect at * = 0 and again at * = 3, where sin § = 1 and Zp=2. 7 =1
. . ™ ™
So the area of the region is

/2 92 1 /2
/ (sinx——x) dr = [—cosx——:vﬂ = —z—i—l .
0 T T 4

0

Applications and Extensions

47. The slope of BC' is f;ll = —1, so the point of tangency of AD with the parabola is a
point where the slope of the tangent to the parabola is —1. With y = 22, we have ¢/ = 2,
so the slope is —1 at =z = —%. Therefore the point of tangency is (—%, i), so the line AD

has equation
1 1 1 o 1
——=-1lz—- |-z ry=—xr— —.
L 5 ; ory 1

Line BC has equation
y—1l=-1(z—=1), ory=—x+ 2.
So the area of the parallelogram is

[ e G2

The shaded area, on the other hand, has area

! ! 15 1 S
/ (—z+2) —2?) dx:/ (—2? =z +2)de = [——xg——x2+2x} =_.
L L 37 72 L, 2

Finally, 277 . % = %, and Archimedes’ result follows.

49. (a) The points of intersection occur where the values of the two functions are equal:

cos’x = sin’z

1—sin’z =sin’z
2sin’z =1

sinx = =

2
1 1
sinx = :I:\/jz +—
2 V2
3

T = :I:% + 2n7 or :l:zﬂ + 2nm,n any integer
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For the region shown, this is x = —Z and = =

s
4
2
The points of intersection are (—%, sin? (—%)) = (—%, (—%) ) = (—

2
.2 _ 1 _ 1
(s (5) = (5 (%)) =[ED
(b) The lower limit of integration is 2 = 0, the y-axis, and the upper limit is z = 7, from
Part (a).
The area is the integral of the difference between the two functions over this interval:

/4
A= / (cos2 x — sin? x) dx
0
/4

= / cos 2z dx
0

) and

NE
N[=

ISE

Let
u =2
Then
du = 2dx
1
dr = = du
2

z=0—>u=2(0)=0

7T_> (7T) s
Tr = — u = —_ = —
4 2

/4 1 /2
/ cos2xdr = —/ cosu du
0 2 Jo

/2

= — [sinu]

N =N = N =

Il
o]

51. The region is shown below:

03 y=sin"!(x)

0.2

0.1

I I I
0.1 0.2 03 0.4 0.5

X

Since it is easier to integrate siny than it is to integrate sin~! z, we choose to partition
along the y-axis. The two equations are then # = siny and x = y. The graph of x = siny
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intersects the line x = % at y = g, while the graph of z = y intersects that line at y = l

Sofor0 <y < %, the region is bounded to the right by x = y and to the left by x = sin y,
while for % <y < %, it is bounded to the right by x = % and to the left by x = siny. As
a result, the total area is

1/2 /6 1
/ (y—siny)dy+/ (— —siny)
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53. (a) The three curves are shown below:

0.7

0.6 -

(0.489, 0.511)

04 y=sin"!(x)
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(b) The graphs of sin” 'z and y = 0 intersect at the point | (0,0)|, and = +y = 1 and

y = 0 intersect at the point | (1,0)| The third point of intersection is where y =

sin™'z = 1 — x; solving sin~!# = 1 —  using technology gives = ~ 0.489, so that

y=1-0.489 = 0.511, and the intersection point is ‘ ~ (0.489,0.511) ‘

(c) Partitioning along the y-axis allows us to use just one integral, bounded above by
x =1 —y and below by x = siny, so its area is

0.511 0.511
1
/ (1—y—siny)dy = {y— §y2+cosy} ~0.253 |
0 0
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55. (a) The three curves are shown below:

12+

0.6 -

0.4+

02+

(1.317, 0.366)

I
-0.2

(b) 2z +y =3 and y = 1 intersect at = 1, which is the point

_ 1 1
Y= g when =T

intersects y = 12;“

when 3 — 2x =

0.4 0.6

_1
241"

(1,1)|. y = 1 intersects

= 1, so when x = 0; this point is | (0,1) | Finally, 22 +y = 3

Clearing fractions and simplifying gives

223 — 322 + 2o — 2 = 0. The only real root of this cubic is, using technology, x ~
1.317. At that value, y = 3 — 2 - 1.317 = 0.366, so the third point of intersection is

‘ ~ (1.317,0.366) ‘

(c) Partitioning along the y-axis allows us to use just one integral, bounded above by
z = (3 —y) and below by z = ,/% — 1, so its area is

1
~/0.366

57. (a) The three curves are shown below:

0.8

0.6

y=sin"'(x)

(0.599, 0.641)

3= -3 1) as [~0295)

.
-0.2
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(b) y =1—2? and y = 0 intersect at (—1,0) and at | (1,0) |; the point we are concerned
with here is (1,0). The graph shows that y = sin™' = and y = 0 intersect at | (0,0) |

The third point of intersection is found by solving 1 — 2 = sin™! z; using technology
we get  ~ 0.599, so that y = 1 — 0.599? ~ 0.641 and the third intersection point is

‘ ~ (0.599,0.641) ‘

(c) Partitioning along the y-axis allows us to use a single integral, bounded above by
x =+/1 —y and below by x = siny; the area of the region is then

0.641
/ (VI—y—siny) dy[~0325)
0

Challenge Problems
59. The region (for k = 1) is shown below:

N

8 4

(a) Partitioning along the x-axis, the upper edge of the region is y = k and the lower

edge is y = tanz. The bounds of integration range from x =0 to z = tan~! k, so the
area is

tan~' k -~
A= / (k — tanz) dz = [kz + In cos 2] 'K — ktan~ & + In cos tan~ ! k.
0

1
ViR
can be seen by drawing a right triangle in the first quadrant whose tangent function
is equal to k. Therefore we get for the area

1
VITR

Now, since z is positive, tan~! k is in the first quadrant, so costan™'k = as

A=ktan 'k +1n

1
Etan™'k — 5 In(l+ k%) |

(b) When k =1,

1 T 1
1 tan—11_ 2y _|™_1
A=1-tan" "1 21n(1+1) 1 21112.
(c) Using the Chain Rule,
dA  dA dk
dt — dk dt
k 1 dk
= (tan""k — 2k ) - —
(an U R TRy )dt
k k dk
_ -1 _ R
_(tan k+1+k2 1+k2) dt
ztan_lk-%

dt’
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When % = % and k =1, we get

a4 _ 11 L | T it d
— — tan - — — | — Ssguare units per second.
dat 10 |40 P

61. The region is shown below:

0.6 -

-02

-04 1

-0.6-

Since (—y)? = y? and (—x)% — (—z)* = 22 — 2*, the graph is symmetric about both the
z and y-axes. So we can compute its area by computing the portion of the area in the
first quadrant and multiplying by 4. In the first quadrant, the equation of the curve is

y = Va2 — 21 = /1 —22. Note also that if > 1, then 22 — 2* < 0, so there are no
points of the curve to the right of x = 1; therefore, the integral to compute the area will

go from x = 0 to z = 1. Using the substitution u = 1 — 22, du = —2x dx, then z = 0
corresponds to u =1 and z = 1 to u = 0, so the total area is

1 1 /0 2 o I4
4/ £C\/1—£L‘2dl'=—4-§/ ul/Qdu:—Q[gu?’/z} =5t
0 1

1

AP® Practice Problems

1. Determine the point(s) of intersection of f(z) = 22 and g(r) = 3x as upper and lower
limits of integration.

2

3r==x
22 —3x=0
z(r—3)=0

=0 x=3

3
A:/ (3x—:c2)d:c
0

CHOICE C
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3 /i[f(:c)—i—ex]d:c_/if(a:)da:—i—/ie””da:
—4—4+4+,

=4+ —e2
N ]

CHOICE B

1
5. 4= / (@) - g(a)] de

CHOICE B

7. Determine the point of intersection of f(z) = e” + 2 and g(x) = —2x + 3 as the lower limit
of integration, x = 4 being the upper limit of integration. Using a graphing calculator
suggests that the only intersection is z = 0.

?
Check: e +2=—-2(0) +3
3=3

So the intersection is at z = 0.
4

A:/ [€® +2—(—2z+ 3)]dx
0

4
:/ [e® + 2z — 1] dx
0
= [ez—i—xz—x}é
= [e4+16—4— (eo)}
=et+12-1

[

CHOICE B

6.2 Volume of a Solid of Revolution: Disks and Washers

Concepts and Vocabulary
1. From the boxed formula in subsection 3 preceding Example 4, the formulais V = 7 f; f(x)? da.

3. False. From Problem 1, or the boxed formula in subsection 3 preceding Example 4, the
volume is V' = ﬂ'f:[f(a:)Q —g(z)?] dz.

Skill Building
5. Using the disk method, the radius of each disk is 24/z, so the volume is

4 4 4
V:w/ (2\/5)2d:v=47r/ xdw=47er2} = [307]
1 1 1
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11.

13.

Since we are revolving around the y-axis with the disk method, first solve the equation for
T to get x = % Then the radius of each disk is %, so the volume is

4 2 4 4
1 1 1 1 3
V:w/ (—) dyzw/ —dyzw[——] zw(l——)z—w.
1 \y 1Y vl 4 4

Using the washer method along the z-axis, each outer radius is secx and the inner radius
is 1, so that the volume is

1 1
V:ﬂ'/ (sec® z — 1%) d:v:w/ (sec®z — 1) dwzw[tanx—x]ilz 2n(tanl — 1) |.
-1 -1

The region is shown below:

0.5

R

L L L
X
0.2 0.4 0.6 0.8 ,

The radius of each disk is 222, so the volume is

! 2 ! 4 ! 4
V= W/ (2x2) dr = 7T/ 4ot de =7 [—x5] =| =7l
0 0 5 0 5

The region is shown below:

L L
0.5 1. 1.5

The radius of each disk is e™*, so the volume is

2 —z\2 ? —2z 1 —2z 2 1 1
V=nm (e ) dr=m e dr=m|—=e =lsm|ll==5]}
0 0 2 0 2 (&
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15. The region is shown below:

y
®

©, 4)

©, 1) y= 1

Solving for x gives x = /y (since x > 0), so the radius of each disk is \/y and the volume

1S
4 4 4
1 15
V:W/ (\/§)2dy:ﬂ/ ydy—ﬂ[;ﬁ] =57
1 1

1

17. The region is shown below:

)
A @) y=4 @4

The outer radius of each washer is 4 and the inner radius is 22, so the volume of the solid

) V—7T/02(42—(1172)2) d:Z?—ﬂ'/O

19. The region is shown below:

2 2 128

_ 4 _ _15 | ==
(16 x)dx—w[lfix 517 O— 57T

v
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The outer radius of each washer is 4 and the inner radius is 24/z, so the volume of the
solid is

V_w/o4 (- va)?) da:—w/o4(16—4:1:)da:—ﬂ'[16x—2x2]3_.

21. The region is shown below:

4075

10.25

A 4

Solving y = x® for = gives = y'/3, so the outer radius of each washer when revolved
around the y-axis is 1 and the inner radius is y'/3. Therefore the volume is

N G L )
= w{[(l) - g (1)5/3} —0} = gw

23. The region is shown below:

N
LF

(1,0)

0.5
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Using the disk method, the radius of each disk around the z-axis is %, so the volume is

2 2 2 2
1 1 1
V:w/ <—) d{E:ﬂ'/ —2d$—ﬂ'|:——:| _.
1 x 1 T x|y 2

25. The region is shown below:

y

0. 9)

(0, 0)
I

I I I I I I I I I I I I I I I
5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80

Using the disk method to revolve about the y-axis, first solve y = \/z for z to get = = y2.
Then the radius of each disk is y2, so the volume is

9 9 9
1 59049
V=7T/ (y2)2dy=7r/ y4dy=7r[gy5] =|—|
0 0

o 5

27. The region is shown below:

When revolving about the z-axis, we use the disk method. Note that the region lies both
above and below the z-axis, so from x = 0 to 2 = 2, the radius will be —(z — 2)3, while
from x = 2 to x = 3 it will be (z — 2)3. However, since we square the radius, the minus
sign will disappear in the computation — that is, ((z — 2)?)? = (—(z — 2)®)2. Therefore
the volume is

V=n 3(($—2)3)2d3::7r oo dr—n|Lw—2y] =12
0 0 7 7
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29. The region is shown below:

y

]O(o, 16) y=16

144 (3, 16)

12k

When revolving about the y-axis, we first solve y = (z+ 1) for « to get © = /y — 1. Using
the disk method, the radius of each disk is /iy — 1, so the volume is

v=w/116<¢y—1>2dy=w/l

16 %

1 4
(y—2y1/2+1) dy:w[§y2—§y3/2+y =|—7
1

31. The region is shown below:

We use the disk method to revolve about the y-axis; the radius is 1 — y*. Therefore the
volume is

1 "2 L . 1, 2. ! 64
V=rn| 1=y dy=7| -2+ dy=n|=y’—Zy+y| =|=7|
1 o 9 5 ., |45
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33. The region is shown below:

We use the washer method to revolve about the z-axis. Each outer radius is 4z, and each
inner radius is 23, so the volume is

2 2 2
_ 2 (..3)\2 _ 2_ 6 _ ES_E7 _%
V—7r/0 ((4:10) (x))dx—w/o (16:10 x)dx—w[3:v 790} Tl

0

35. The region is shown below:

v

25

0.5

y=1-x

I
0.5

We use the washer method to revolve about the z-axis. Each outer radius is e”, and each
inner radius is 1 — z, so the volume is

Vv 7T/01 ((61)2 —(1- a:)z) dx

Il
3
| —
N
@
[~
8
S
_|_
8
[
w
8
w
—_
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37. The region is shown below:

0.75 -

051 Il

0.25

0

=1

8

We use the disk method to revolve about the z-axis. Each radius is cscz, so the volume is

3n/4 9 3n/4 3 /4
V= 7T/ (cscz)” dx = 7r/ csc? x dr = [~ cot x]ﬂ% =[x}
/2 /2

39. The region is shown below, with the line of revolution shown as a dashed line:

To revolve about y = —1, we use the washer method. Each outer radius is e”—(—1) = e*+1,
and each inner radius is 0 — (—1) = 1. Therefore the volume is

2 2 1 ? 1 5
V:w/ ((61—0—1)2—12) dx:w/ (e** +2¢") do =7 |=e** +2e"| =7 —et 202 - 2|
) ) 2 2 2

0

41. The region is shown below, with the line of revolution shown as a dashed line:

v

0.5
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To revolve about & = 1, we first solve y = 22 for z to get x = /Y. Using the disk method,
each radius is 1 — /y. Therefore the volume is

1 1 1
V 4 1
:”/ (1—\/27)2dy:7f/ (1—2y1/2+y)dy—w[y——y3/2+—y2] -
0 0 3 27 1, 6

43. The region is shown below, with the line of revolution shown as a dashed line:

4

e ————————————————————
X

L L L
-3 -2 -1 1 2 3

To revolve about = —4, we first solve y = /x for  to get x = y?. Using the washer

method, the outer radius is 4 — (—4) = 8 and the inner radius is y? — (—4) = y? + 4.
Therefore the volume is

1 .]% [1024

2 2
8
V:w/ (8% = (y* +4)?) dy:ﬂ'/ (48—8y2—y4) dy =7 |48y — —y® — —¢°| =|—7|
) ) 3V 75 |, 7| 15

45. The region is shown below, with the line of revolution shown as a dashed line:

o e

To revolve about y = 4, we use the washer method. The outer radius is 4 — 0 = 4, while
the inner radius is 4 — # Therefore the volume is

4 1\? 18 1 8 1 1% [363
V= 42 (4- =) | de= S \de=n |-+ | =22
71-/1 ( ( x2> v 71-/1 (:102 :104) v W[ x+3x3}1 647T
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47. The region is shown below:

ES

n

(a)

(b)

(c)

(d)

v

The radius of each disk when revolved around the z—axis is y = x?. Therefore the
volume is

s 8 s 170 1 24
V:ﬂ'/ deI:ﬂ'/ ($2)2d17:ﬂ'/ dtde=n|=2®| =x|=(3)°-0| = —37T
0 0 0 5 o 5 5

The outer radius of each washer when revolved around the line y = —1is y — (—1) =
22 + 1, and the inner radius is 0 — (—1) = 1. Therefore the volume is

V:w/o3 [(w2+1)2—12]dw:7r/03
zw[%xf’—FgaEBE:w{{%(3)5+§(3)3] —0} =%

The outer radius of each washer when revolved around the line y = 10 is 10 — 0 = 10
and the inner radius is 10 — y = 10 — x2. Therefore the volume is

3 3 3
V= w/ 102 = (10— 2?)°] d = w/ [100 — (100 — 2022 + 2*)] da: = w/ (2022 — 2*) da
0 0 0
657

B (o] o)

3
[(:C4+2:C2+1) — 1] dx =7T/ (x4+2x2) dx
0

The outer radius of each washer when revolved around the liney =a >9isa—0=a
and the inner radius is @ — y = a — 22. Therefore the volume is

v_ﬁ/og @ = (@=a?]ar = [

3
= 77{2—;3:3 — éx5]0 = 7T{ {2—;(3)3 - 2(3)5} - 0} = <18a - 2;;3)7'( 79(” ; 2437T

3 3
[a2 — (a2 —2az% + 3:4)} dr = 7T/ (2a:172 — x4) dzr
0
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49. The region is shown below:

1/2 The radius of each disk when revolved around

— 0 = y'/2. Therefore the volume is

(a) Solving y = 22 for = gives . = y
the y-axis is z — 0 = y'/2

4 2 4 1,7 1
V:w/ (yl/z) dy:ﬂ'/ ydy—w[—yz] —w[—(4) —O] :
0 0 2 0 2

(b) The outer radius of each washer when revolving around the line x = —5is z — (—5) =
y'/? + 5, and the inner radius is 0 — (—5) = 5. Therefore the volume is

X/_7T/04 {(y1/2+5)2_52]dy—ﬂ-/04[(y+10y1/2—|—25) —25}6@_#/04 (y+10y1/2)dy

1, 20 45" 1, 9 20 3/ 184
== - = ~(4 224 —_ol =] 2=
[2y+3y o 54"+ 5 (4) 0 37

(c) The outer radius of each washer when revolving around the line z = 5is 5 — 0 = 5,
and the inner radius is 5 — 2 = 5 — y'/2. Therefore the volume is

V—W/; {52— (5—y1/2)2]dy—7r/04 [25— (25—10y1/2+y)}dy—7r/04 (10y1/2—y)dy

20 45 1 ,]" 20, 55 1 o 136
[3y ] = |F - gar] -0} = | S

(d) The outer radius of each washer when revolving around the linex =b>2isb—0=15
and the inner radius is b — x = b — y'/2. Therefore the volume is

V=7T/04 [bz— (b—yl/z)z}dymr/: [b2— (b2—2by1/2+y)}dy=7r/04 (2by1/2—y)dy

D[4 g 151N f[4b s 1, 3w . [3m-—:
_[3y 2V T EWT W Oy = s Ty
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Applications and Extensions

51. (a)

(b)

53. (a)

(b)

55. (a)

The graph is an upper semicircle, centered at (0, 0) and with radius a.
¥
a
The radius of each disk when revolving around the z-axis is y — 0 = Va2 — 22.

Therefore the volume is

V:w/a (m)ﬂm

—a

Because the function is an even function and is therefore symmetrical around the
y-axis, we can make this slightly faster to calculate by integrating from 0 to a and
then doubling the result:

V:2[7r/0a (m)zdx} :27r/0a (a2—xz)dx=2w[a2x—%x3r

=27 { [a2(a) - %(a)ﬂ - o} =27 §a3 = %wS

The radius of each disk when revolving around the z-axisis y — 0 = Therefore

the volume is
1 1 2 1 1
V=7r/ (2—) d:vzw/ ——dz
0 x +4 0 (x2+4_)

Using an online algebra and calculus app, this equals

_1
r24+4"

2+ 5tan~! (%)

~ 0.1
%0 7= 0.170

The ellipse is centered at (0, 0) and has semi-major axis length 3 vertically and semi-
minor axis length % horizontally.
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(b) The radius of each disk when revolving around the z-axis is y — 0 = 9 — 4a2.
Therefore the volume is

V—7T/3/2 (\/9—4x2)2dx

-3/2

Because the function is an even function and is therefore symmetrical around the
y-axis, we can make this slightly faster to calculate by integrating from 0 to % and
doubling the result:

[ (Y ] o [0 4 e aefar - 3]
~orfo(3)-3(3) ] o} - om0

57. The graph of y = kz — 22 intersects the z-axis at x = 0 and again at z = k. A graph of
kx — 22, with the region in question shaded, is below:

V=2

¥

(a) When the region is revolved around the z-axis, we use the disk method; the radius is
kx — 22, so the volume is

K 2 k 1 1 18 1
Ve = 7r/ (lm - xz) dx = 7r/ (k2:102 — 2%ka3 + x4)dx =g|=k%2® — Skat + 2% =| =7k5 |
0 0 3 2 5 1, 30

(b) This is just the area between the function and the x-axis, so the area is

A= /Ok (kx — 2%) de = [%k:ﬁ - %:v?’}: = Bk(k)Q - %(k)ﬂ —0= K
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59. The region is shown below, with the line of revolution shown as a dashed line:

075) y = cos(x)

0.5F

0.25F

(0,0
T - x
n 2

Revolving about the line y = 1, we use the washer method. The outer radiusis 1 —0 =1,
and the inner radius is 1 — cosz, so the volume is

/2 /2
v 7r/ (12 -(1- cosx)2) dr = 7r/ (2 cosz — cos® :C) dz
0 0

/2

7r/ <2cos:1:— (M>) dx
0 2
71'/2 1 1

7r/ <2cosa:————cos2a:> dzr
0 2 2

/2

1 1
w[2sinx— —r — —sin2x}
2 0

2

W(Z—%): 2#—%.

Challenge Problems

61. P(x) together with the line y = e~ is below:

y

(v, ")

(a) No matter what k is, P(0) = 0, so that (0,0) is always on the graph. Evaluating at
b, we also have P(b) = kb2 = e~*", so that k = b%e’bQ. Therefore P(z) = b%eszxz.

(b) The line y = e~ intersects the curve at = b. Also, for 0 < z < b, we have gg—j <1

b2

and so P(z) = gg—je*bQ < eibz, so that the region is bounded above by y = e and
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(c)

below by P(z). The left edge of the region is at = 0 and the right edge is at x = b.
Using the shell method, we get for the volume

b b2 1 b2 b2 b 1
V= 27T/ zle’ — e 22 ) dz = 2re™ / x— —23 ) dx
0 b 0 b?

b
1 1 I
= 2me”?’ [—:102 — —x4} =

2" |

Regarding the volume V as a function of b, it reaches its maximum either at a critical
point or at b = 0, which is the left end of its interval. However, we need not consider
b = 0 since we are assuming b > 0. Now,

1
V' (b) = wbe " + §7Tb2e_b2 (=2b) = me P (b — %),

so the only critical points are when b — b3 = 0, so for b = 0 or b = £1. Since we are
assuming b > 0, the only relevant critical point is b = 1. Then

1 1
V(1) = gm- 1%t = Sre /2~ 0578,

Since limy_,oc V(b) = 0 as the exponential term dominates, it follows that is
in fact a global maximum.

AP® Practice Problems

1. V=

7r/03 (e*)? da
W/j (¢**) da

T 9,13
5[62 ]0

T

CHOICE B

3. V=

8 8
7r/ (2—0)2dy—ﬂ'/ (z —0)*dy
0 0
8 8
7r/ 4dy—7r/ z? dy
0 0
8 8
7r/ 4dy—/ y2/3dy
0 0

47r[y]§ a [y5/3} )

5 0
An(8 — 0) — 3?” (85/3 - 0)
967
37 — 8
™75
64
5

CHOICE B
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1
5. V:ﬂ'/ (z —0)dy
~1
1
=2 |:7T / (z —0)? dy} ,since the function is symmetrical about the z-axis
0
1 2
= 271'/ (\/4 — 4y2) dy
0
1
= 271'/ (4 - 4y2) dy
0

437"
_zﬂ[zly_i}
0

3
4
=2r(4—2-0
“(1-5-0)
[16
= 37‘(
CHOICE D
Ty=vux
CC:y2

V:7r/02(4—0)2dy—7r/02(4—x)2dy
:W/Oz(a;_o)zdy—w/oz(4—y2)2dy

82, 64
=7 — _—
5 ' 3
_|224

157

CHOICE B
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9. Determine the point of intersection of y = = + 2 and y = 2z, for the upper limit on the

integral.
r+2=22
x=2

2 2
= x — (=D dz—n z— (=1)) dx
V‘”/o (2 +2) — (~1)Pd /0[2 (~1)2d
2 2 2 2
:71'/0 (x +3) da:—ﬂ'/o 2z + 1) dx

2 2
w/ (x2+6x+9)dac—7r/ (4x2+4x+1)d:v
0 0

2
w/ (—3:102 +2x—|—8) dx
0

=7T[—:103+:v2+8:v](2)
=7(-8+4+16 —0)

 [121]

CHOICE B

6.3 Volume of a Solid of Revolution: Cylindrical Shells

Concepts and Vocabulary

1. False. When using the method of shells, the integration occurs along the axis perpendicular
to the axis of revolution.

3. False. Sections 6.2 and 6.3 present methods for determining such volumes under rotation
about either the = or y-axis.

Skill Building

5. The region is shown below:

(0, 0) (1, 0)

o 0‘.5 F *

When revolving about the y-axis, using the shell method, each cylinder has a radius of x
and a height of 22 + 1, so the volume is

! ! 1, 1,0 [3
V=27r/ :v(x2+1)dx:27r/ (2° +2) de =2r |~z + =2?| =|Zm|
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7. The region is shown below:

When revolving about the y-axis using the shell method, each cylinder has a radius of x
and a height of v/ — 22, so the volume is

! ! 2 1, [3
V=27r/ x(ﬁ—xz) dw=27r/ (x3/2—:v3) do =2m |22%/2 — 24| =|=r|
0 0 5 4 |, 10

9. The region is shown below:

@
©.8)

(0, 0)

L
0.5 1. 1.5

When revolving about the z-axis using the shell method, we first solve y = 3 for z, giving
x = y'/3. Then each cylinder has a radius of y and a height of /3, so the volume is

8 8 8
szﬂ/ y-yl/?’dy:%/ M3 dy = o [%7/3} _| 768
0 0 7 0 7

11. The region is shown below:

y

@
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When revolving about the z-axis using the shell method, each cylinder has a radius of y
and a height of ,/y, so the volume is

1

1 1
2
V:27T/ y'\/z7dy:27f/ y?’/zdy—%{—ywﬂ =|zn|
0 0 ) 5

0

13. The region is shown below:

y

1.} (1, n

0.5

0, 0)

0.5

When revolving about the x-axis using the shell method, we first solve the two equations
for x, giving z = y and x = ,/y. Then each shell has a radius of y and a height of |/y —y,

so that the volume is

! ! 2 1,10 [2
V=27r/ vy (VY —v) dy:27r/ (y?’/z—yQ) dy =2m | =% — —3| =| =7
o o 5 3V 1, 7|15

15. The region is shown below:

y

When revolving about the y-axis using the shell method, each shell has a radius of x and
a height of e™*" | so that the volume is

2
V= 27r/ ze~% de.
0

Now use the substitution u = —z2, so that du = —2xdx. Then & = 0 corresponds to
u =0, and xr =2 to u = —4, so we get

1 —4 ) 1
V:—§'27T/0 e du= —mle"], :w(1—8—4).
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17. The region is shown below:

2.4

e

I
3

When revolving about & = 4 using the shell method, each shell has a radius of 4 — z (the
distance from x to 4) and a height of 42 — 2% — 2% = 42 — 222, Therefore the volume is

2 2 2
1
V= 27r/ (4—2)(4r—22%) dx = 27r/ (22 —122%4+16x) dv = 27 53:4 — 42° 4+ 822 =|167|
0 0 0

19. The region is shown below:

1= an

(1,0

When revolving about = 1 using the shell method, each shell has a radius of z — 1 (the
distance from z to 1) and a height of z2. Therefore the volume is

2 2 1, 1357 [17
V:2ﬂ'/ (xz —1)2? dx:27r/ (23 —2?)de =27 | -2t — —2®| =| 7|
) \ N
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21. The region is shown below:

1
. 1

0.5

(0, 0)

-0.51

mmmmmdfimmmmmmmmmmmmmmmmmmmmmmmmmmEm ...

When revolving about y = —1 using the shell method, each shell has a radius of y — (—1) =
y + 1 (the distance from y to —1) and a height of y — y2. Therefore the volume is

1 1 1
1 1
V:27T/ (y+1)(y—y2)dy:2ﬂf (—y3+y)dy—2ﬂ[——y4+—y2} |z
0 0 4 271y 2

23. (a) To rotate about the z-axis, use the disk method; the radius of each disk is 222 — x3.
Therefore the volume is

r 128
—T |
o 105

2 2 4 2 1
V= 7r/ (2% —2®)? do = 7T/ (4a* 42" +2%) dox = 7 [—:105 — Zab o
o o 50 T30 77

(b) To rotate about the y-axis, use the shell method; the radius of each shell is = and its
height is 222 — 23, so the volume is

2 2 1, 1% [16
V= 27r/ (22 — 2%)dx = 271'/ (223 — 2 dx = 27 {—x‘l - —xﬂ =|—m|
0 0 2 5 Jo 5

(c) In each case, we chose to integrate by partitioning along the z-axis, since partitioning

along the y-axis would entail solving y = 222 — 23 for z and then using one solution
as the lower bound and the other as the upper bound.

25. (a) To rotate about the z-axis, use the disk method; the radius of each disk is 2% + 1, so
the volume is

T _[ 206
15" |

2 2
1 2
V:w/ (:102+1)2d:v:7r/ (w4+2x2+1)d:v=7r —2d+
0 0 5 3 o

(b) To rotate about the y-axis, use the shell method; the radius of each shell is = and its
height is 22 + 1, so the volume is

2 2 2
1 1
V:27T/ a:(x2+1)dx:27r/ (x3+:17)da:—27r{1x4+5x2} =127
0 0

0
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(c) In each case, we chose to integrate by partitioning along the a-axis, since partitioning
along the y-axis would entail splitting the integral into two separate integrals, one
from y = 0 to y = 1 and the other from y =1 to y = 5.

27. The region is shown below:

N

0, 0)

This could be done using shells along the y-axis or washers along the z-axis. Since y = z/3

becomes = = y?, which is somewhat simpler, we choose the shell method. Then the radius
of each shell is y and its height is y3, so the volume is

2 2 RE o1
V:27T/ y-y3dy=27r/ yrdy =2m |[=y°| =|—=n|
0 0 57 |o 5

29. The region is shown below:

N
L+ (1,1

Either disks/washers along the y-axis or shells along the z-axis could be used. Since we

are given y in terms of x, we choose shells. The radius of each shell is x, and the height is

x — 23, so the volume is

1 1 1
4
V:2ﬂ'/ x(x—xg)d:rz%rf (2 — %) dr =27 [—xg——:zrﬂ =|—m|
0 0 o 15
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31. The region is shown below:

y
30
28
26
24
22
20
18
16
14
12
10
8

(1,29)

6
N 1,3)
N )3

I I I
0 1 2 3

If we use disks along the y-axis, we will need two separate integrals, since the outer radius
changes equations at y = 27. So use shells along the z-axis. The radius of each shell is =z,
and the height is 30 — z — 322, so the volume is

3 3 3
1 3
V:27T/ x(30—x—3x2) dx:27r/ (30$—ZC2—3$3) dr =27 15%‘2—5.’[:3—1&[:4
1 1 1
308
=|—m
3

33. The region is shown below:

7+ (1,7

1 1,1

If we use shells along the y-axis, we will need two separate integrals, since the outer radius
changes equations at y = 4. So use washers along the z-axis. The outer radius is 8 — 22
and the inner radius is 22, so the volume is

2 2 2
V= 7T/1 ((8—:172)2 — (3:2)2) dr = 71'/1 (64— 163:2) dr=m {643:— ?:173] = @ﬂ' .

1 3
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35. The region is shown below:

This can be done either using washers along the y-axis or shells along the z-axis. Since we
are given y in terms of x, we choose shells. The radius of each shell is  and the height is
x — 2, so the volume is

1 1 1
V=27T/:C(:v—:v2)d:v=27r/ ($2—$3)d$=2ﬂ'|:l$3—l$4:| = ﬁ.
0 0 3 4 |, 6

37. The region is shown below:

(1, 17)

(1) @— “,2)
.

I I
1 2 3 4

Revolving about the y-axis, if we use washers along the y-axis we will require two separate
integrals. So use shells along the z-axis. The radius of each shell is z, and the height is
18 — 2% — \/, so the volume is

4 4 4
1 2
V=27r/ x(18—x2—\/5)dx:27r/ (1890—963—903/2) dx:27r[9x2—1:v4—3x5/2
1 1 1
[
0 "

Applications and Extensions

39. Use the shell method along the z-axis. The radius of each shell is z and the height is
ﬁ, so the volume is

1
T
V=2 —  _dx.
”/o @+12 "

Now use the substitution v = 22 + 1, so that du = 2z dx. Then z = 0 corresponds to
u=1,and x =1 to u = 2, so that we get

1 (%21 177
V:27T-—/ —du=m|—— :z,
2 ), u? ul, 2
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41. The region is shown below:

0.75

0.5

0.25

L
1

(a) To revolve about the z-axis, use the disk method. The radius of each disk is 2z — 22
so the volume is

3

2 2
V:w/ (2:6—:62)2dx=7r/ (4$2—4$3+$4)d£C=7T|:é$3—$4+1$5
0 0

2 116
3 5

_1—57T.

0

(b) To revolve about the y-axis, use the shell method along the z-axis. The radius of each
shell is = and its height is 2z — 22, so the volume is

2 2 2 1,1% 8
V= 27r/ T (2:10 — xz) dr = 27r/ (2:102 — :103) dr =27 |22 — =2*| =|=7|
0 0 3 4 0 3

(c) To revolve about the line = 3, use the shell method along the x-axis. The radius of

each shell is 3 — z (the distance from z to 3), and the height is 2z — 22, so the volume
is

2 2 2

1 5)
V= 27r/ (3—x)(2z—2?) dx = 27r/ (z° — 52 + 62) do =27 [Zfl - §I3 + 3172} =
0 0 0

16

(d) To revolve about the line y = 1, use the washer method along the z-axis. The outer
radius of each shell is 1 —0 = 1, and the inner radius is 1 — (22 —2?) =22 -2z +1 =
(x — 1)2. Therefore the volume is

2

V-7T/02(12—((x—1)2)2) dx_ﬁ/02(1_(x_1)4) da:—ﬂ'{x—é(x—lf] = gﬁ.

0

43. Using the disk method to compute the volume gives

: 2 Lis g4, 43
| flx)?de=—-k>+k*+ k>
) 5 3
Assuming that the antiderivative of f(x)?, evaluated at 0 is zero, we see that $£°+k*+ 33
is 7 times the antiderivative of f(x)? evaluated at & = k. Therefore f(z)? has as an
antiderivative 1 (12° + 2* + 32%), so that f(z)? = L (2* + 42® + 42?) = 12%(2? + 4o +
4) = 1 (z(z + 2))°. Since we are given that f(z) > 0, taking square roots gives f(z) =
1

%x(z—l—Z} = z® +2z) |

=
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45. The region is shown below:

0.75

0.25

(0, 0)

=3
O

-

We should use the shell method, as the washer method will involve solving y = sin® z for z
and then integrating. With the shell method, the radius of each shell is z — (—7) = z 4,

and the height is sin® 2. Therefore the volume is (using a CAS)

V= 27r/ (z + ) sin® x dx ~ 12.566m ~ 39.478 ~ 472
0

47. (a) By the Shell Method, the radius of each shell is z, the height is y = cosz, and the

radius of the base of the solid is from z =0 to x = 7, so

/2
V= 27r/ T cosx dx
0

By the Disk Method, the radius of each disk is © = cos™ 'y, and the height of the
solid is from y =0 to y =1, so

1
V= 7r/ (cosfly)2dy
0

(b) Using technology, V = ‘ m(r—1)=~ 3.586‘

49. Consider the region A. Suppose that it is wholly contained between the vertical lines
x=a>0 and z = b > a. Integrate it using the shell method. At any z > 0, A consists of
one or more line segments. Define g(z) to be the total length of all of those segments at
2. Then using the shell method, the volume of the solid of revolution about the y-axis is

b
V= 27T/ xg(z) dx.
When revolving A about the line x = —k, the heights at x are the same, g(z), but the
radius in each case is now = + k. So using the shell method in this case gives

b

b b b
Voe—r = 271'/ (x+k)g(x)dx = 271'/ zg(z) da:+2ﬂ'/ kg(z)dz = V—|—27rk/ g(x)dz = V4+2rkA,

as desired.
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Challenge Problem

51. (a) From the diagram, f(z) is constant and equal to f(a) for 0 < 2 < a, and also g(z)
is constant and equal to g(a) for 0 < x < a. So using the shell method, we get two
separate integrals, one on [0, a] and one on [a, b]. For the first, the radius of each shell
is « and the height is f(x) — g(z) = f(a) — g(a), while for the second, the radius is x
and the height is f(z) — g(x). Therefore the volume of the solid is

a b
V= 2r ( / £[f(a) — g(a)] dz + / x[f(x)—g(af)]dx>

0
b

— rf(a) - g(@)] + 27 [ alf(@) - g(a) do.

a

(b) Using the disk method, we also get two separate integrals, one from y = g(a) to
y = g(b) = f(b) and one from y = f(b) to y = f(a). For the first integral, the radius
of the disk is ¢~ !(y) and for the second it is f~!(y). Therefore the volume is the sum
of these integrals, or

g(b) f(a)
V=n 1) dy + 7 “16)1? dy.
/g " [ ()] dy /f N [~ dy

AP® Practice Problems
1. By the Shell Method,

V= 27r/xf(:v)dx

3
= 27r/ a:(—x2 + 33:) dzr
0

Il
N
3
—
L
w
N—
[
+
w
)
|
(en)
| I
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By the Disk Method:

First, solve to get z as a function of y:

y=—2°+3z

9
— L4,/
3 9 —4y
=4
T 1
L 3EVITy
B 2
Then

ot 134+ O—1dy 2 4 13 \JO—1dy 2
= f—o dy — f—O dy
0 0

/9/49+6\/—9—4y+9—4y—(9—6«/—9—4y—|—9—4y)d
™ Yy
4

0

/9/4 12,/_9—4yd
———dy
4
0

Il
w

9/4 1o
T (9—4y) /" dy
0

j) [(9 - 4)*"?] 2/4

(
- (%”) (0- @)
(i

2
27w
2
=
CHOICE B
3. Determine the point of intersection of y =4 — § and y = /.
4 — Lo T
2
8—x =27

64 — 162 + 22 = 4x
22— 20z +64=0
(x—4)(z—-16)=0
r=4
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(Testing = = 16 in the original equation shows that it is an extraneous solution.)

y = /7 intersects the z-axis at z = 0.

y =4 — 5 intersects the r-axis at x = 8.

i

8 2

T
/ da:—l—wA (4—5) dzr
22
/xdaz—|—ﬂ'/ <16—4x—|—z>daj
-
2

378
16z — 2
<[5, el )

12 4
=87 {128—128+51—2—<64 32+6 ﬂ

12

448
=38 — =32
7T—|—7T|:12 ]

CHOICE B

2
5. (a) V:w/ (—2x3+4:62)2d:1c
0

2
(b) |V = 271'/ z (—22° + 42°) dw
0

6.4 Volume of a Solid: Slicing

Concepts and Vocabulary

1. Answers vary. When computing the volume of a solid whose cross sections have a regular
geometric shape whose area we can compute, we can integrate over the area of each slice

of the solid along one of its axes.
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Skill Building
3.

The equation of the circle is 22 + y? = 4, so that for a given value of x, y can range from
—v4 — 22 to V4 — 22. Therefore, for each value of x from —2 to 2, the cross section is a
square of side 2v/4 — 12, so that its area is 4(4 — 2%). Therefore the volume of the solid is

2 2 2
V:/ 4(4-2°) dw=4/ (4 —=2%) d:c=4{4x—%x3} _ |2
2 -2

s 3

(a) From the figure, these two curves intersect at (0, 0) and at (4, 2), so we will integrate

from 0 to 4. For each value of z, the cross section is a semicircle of diameter 1/ — %:102,
so its area is

2
_1 2_1 \/E—%CCQ o N2
A=—mrc == (f —5(8\/5—1')
s

D 2"
== (64:1: —162°/2 + 174)

Therefore the volume is

4 4
2 1
V = / T (6417 — 1622 + x4) dr = T 3222 — 3—177/2 + 22 9
o Hl12 5

=|—
512 7 s 135

(b) For each value of z, the cross section is an equilateral triangle with base B = /x — %:c2

and height H = @B = @ (Vo — Lx?), so its area is

o (=) B o) )
1

\/g 15
_ V9 i 52, L o4
4(20 420 +64x>.

Therefore the volume is

4 4
1 1 1 1 2 1 1
V—/O {E<x—1x5/2+ax4)da¢—§[—xQ——-—:cWQ—i- 5}

2" T 17 64 5" |,
V31 o 1 1 V3 72 | 18V3
42 42— 45 ol = R el
4 {<2 14 T 320 ) 4 35 35

7. (a) For each value of z, the cross section is a square with side s = y —0 = 22, so its area is
2 2)2 4
A=s"= (x ) =zx".

Therefore the volume is

4 5712 5
V—/x4d:17—x} :2——02 32
0 0

5 5 5
(b) For each value of x, the cross section is a semicircle with diameter D = 2? and
. 2 . .
therefore radius r = % = %, so its area is
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Therefore the volume is

2
VZZ/ x4dxzﬁ-g: éw
8 Jo 8 5

using the integral from Part (a).

(c) For each value of x, the cross section is a triangle of base B = x? and height H = ‘/nger,

so its area is
1 1 3 3
A=-BH = =22%- £x2 = £:174.
2 2 2 4

Therefore the volume is

2
V—Q/fldx_@-g e
A 15

5

using the integral from Part (a).

9. Find the intersections of the two curves, for the limits of integration:
z? =3V3z
2
(x2)2 = (3\/3:6)

zt =27z
zt =27 =0
x(z3—27)20

z(x—3)(z*+32+9) =0
z=0,s0y=(0°=0
orz=3 soy=(3°=9

(Algebra or technology shows that 2 + 3z + 9 is always positive.)
Solve each equation for z as a function of y:

3V3z = Y
(3v3)" =

27x = 3?
Loy
=y

=i

(Positive y/y because the region is in the first quadrant.)
(a) For each value of y, the cross section is a square with side s = |/y — Q%y2, so its area is

A:52: \/g_iyz ’
27
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Therefore the volume is

V/Q\/_ 122d/9 252 4 Lyt d
), \V¥ g ) = oY T g 7297 | Y

1, 2 2., 1 1.)° I e 729
= |2 2.2 — .= —|(2.42- = .4 = 45) —ol =22
{y o7 7 T 5V, T2 89 " T 3615 70

(b) For each value of y, the cross section is a semicircle with diameter D = ,/y — g—; and

. _ Q _ l _ L 2 . .
therefore radius r = 5 = 3 (\/y 57y ), so its area is

r [° 1 ,)\° T 729 [729
V=— - =) dy=< - =|—
8/0<\/§ 27y> Y7870 T 560

using the integral from Part (a).

(c) For each value of y, the cross section is an equilateral triangle with base B = /y — 2—17y2
and height H = @B = @ (VI — 397, so its area is

A_%BH—%(\/,_—%?J2>'§< y—%?ﬁ)—?@?—%?f)z-

Therefore the volume is

V3 [0 1 ,\? V3 729 | 7293
V:—/ \/y——yz dy:__:
1 /o 27 4 70 280

using the integral from Part (a).

11. Place the origin at the tip of the pyramid, with the z-axis along the axis of the pyramid.

Then at x, the cross section is a square with side 2z, so that its area is (2h)2 = 4h?m?2.
Therefore the volume of the pyramid is

40 3740 3

4 4.4 2 _
V:/ 422 dx = i} _ A0 [256.000 ) 5 g5 3333 m?
o 3 |, 3 3

Applications and Extensions

13. Place the center of the sphere at the origin. Then x ranges from —R to R, so that for each
x, the possible values of y are from —vR2 — 22 to v R2 — 22. Therefore the cross section

at z is a circle with radius vR? — 22, so its area is 7 (VR? — a:2)2 = 7(R? — 2?). So the
total volume of the sphere is

—7R3|

R 1 R 4
- 2 2d = 20 — 23 = . — 3:
V / m(R* — ) dx 7T|:R£C 3% . ™ 3R 3

-R

15. For each value of z, the cross section is a circle with diameter D = 32/% — z'/2, and

therefore radius r = % = %(%xl/?’ — xl/z) = %11/3 — %:vl/z. Therefore its area is

2
2 1 4 2 1
2 2 1/3 L 172\ _ 4 2/3 2 5/6 1
A=nr —w(3x 296 ) —w(gx 396 +4:v>.
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Therefore the volume is

1
4 2 1 43 2 6 11
V= 223 _E5/6 Lt N g |2 258 2 0 e 2 L2
”/0 (9“7 PR R R TR R T B R

= i.15/3_i.111/6+1.12 —0 :iﬂ
15 11 8 1320

1

17. Because of symmetry around the x-axis, for each value of = the radius of the cross section

. _ 2 . .
isr=e ¥ —0=-e 7. Therefore its area is

2 —z? 2 —2z2
A=mr-=xle =Te

By symmetry around the y-axis, the volume from x = —1 to = 1 is twice the volume

fromx =0 to x = 1: . L
V = 7T/ 2 gy = 27T/ e—22°
-1 0

Using technology, the volume is | =~ 3.758 |.

19. A diagram of the water in the glass, in a three-dimensional view on the left and a two-
dimensional projection on the right, is shown below:

=

-r r

For a given value of z, the length of the water line along the base is 2v/r? — 2, since
the base is a circle of radius . To determine its height, use similar triangles (look at the

two-dimensional picture): if H is the height, then g = %, so that H = %x So the cross
section at z is a rectangle with dimensions 2v/r2 — 22 x %:v Therefore the volume of this

amount of water is
r
h
V = / —x-2¢/r?2 —22dx |
0

r

Challenge Problems

21. The volume removed is almost a cylinder with radius 2, except for the ends, which are
spherical caps. Let’s first determine the z-coordinate of the point where the bore reaches

the edge of the sphere (which is the “edge” in the front of the diagram). We have 22+ =
25, since the sphere has radius 5. But at this point, y = 2, so that 2> = 21 and = = /21.
Then the volume of metal removed consists of three pieces: a cylinder of height 2v/21 and
radius 2, and two spherical “caps” of height 5 — /21 taken from a sphere of radius 5.
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We can compute the volume of those spherical caps using Problem 14 with R = 5 and
h =5 — /21, giving a volume of

7h? (R—%) =7(5 — V21)? (5—5_73\/ﬁ> =7r<2—§0—18\/ﬁ>.

Then the total volume of the bore is

V = volume of cylinder + 2 volume of cap

2
:w-22-2\/ﬁ+2w<%—18\/2_1> = 7r<5—20—28\/ﬁ>.

23. Place the origin at the tip of the cone, with the positive z-axis pointing in the direction of
the base, so that the base of the cone is an ellipse at x = h:

Then for a given value of x, similar triangles tell us that the cross section at z is an ellipse
x

with major axis 2a3 and minor axis 2b7. We must integrate over the area of these ellipses.
Now by the hint, the area of each ellipse is

SORGE

h h
_ ab , _ab 1 317 |1
V—/O (ﬁhzx)dx—th {39:}0— 37rabh.

so the volume is
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AP® Practice Problems

1. Determine the point(s) of intersection of f(x) = 3z and g(z) = 2*:
Let 3z = 22
22— 32 =0
z(xr—3)=0

z=0o0orzxz=3

2 510
3(3%) 3°
3
_l3(3) 5t E o]
|81
110
CHOICE B

4
3. V:/ (7" +1-0)"dw
04
:/ (e +2e " +1)dx
0

—2 4
= [e — 277 4+ x}

_2 0
_8 0
B O e S0
—(_2 +4> (_2 2e 0)
1 2 1
= Stdtg 2
—2¢8
= < - +13>
1
= 5(13—e 4e™*)

CHOICE D
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CHOICE C
7. Fory=1Inx, x = €Y.

Then

\%

Il
N
R
DO | =
3
7N
Y
| |
S
~__
[\v]
IS
<

CHOICE B

6.5 Arc Length; Surface Area of a Solid of Revolution
Concepts and Vocabulary
1. False. The integrand should be /1 + [f(x)]2, not \/1+ [f(z)]?: s = f: V14 [f(x))? dx.

Skill Building

3. With f(z) = 3z — 1, we have f/(z) = 3. Since f’(z) is continuous everywhere, the Arc
Length Formula applies, so that the arc length is

3 3
s:/ \/12+32dx=/ \/ﬁd:ﬁz.
1 1

Using the Distance Formula, we get s = /(3 — 1)2 + (8 — 2)2 = V4 + 36 = /40 = 210,
and the answers are the same.
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11.

13.

. First solve for y, giving y = %x + % and y' =

. The derivative of y = =

2. Since f’(z) is continuous everywhere, the

Arc Length Formula applies, so that the arc length is

s-/“l2 da:—/ —d:z:— 13.

Using the Distance Formula, we get s = +(4-2)2=+9+4 =13, and the

answers are the same.

w

The derivative of y = 2%/% + 1 is y = 2271/3, so that y has a continuous derivative on an

interval containing 1 and 8. Therefore the Arc Length Formula applies, and the arc length

8
s—/ \/12 —1/3> de = - /\/9+4x—2/3d:§——/ x=1/3\/922/3 4+ 4 da.
1

Now use the substitution u = 922/3 4+ 4, so that du = 62~/ dz. Then x = 1 corresponds
to u = 13 while x = 8 corresponds to u = 40, and we get

s L 1/40 Vadu = 112,32 0 _1 (403/2 _ 133/2) | L (80@— 13@)
. 83" |, 57 '

3 6

3/2 ; /2,

isy = 53: so that y has a continuous derivative on an interval
containing 0 and 4. Therefore the Arc Length Formula applies, and the arc length is

4 3 2 1A
s :/ 12 + (51'1/2) de = 5/ V4 + 9z dx.
0 0

Now substitute u = 4 + 9x; then du = 9dx. Further, x = 0 corresponds to u = 4 while
x = 4 corresponds to u = 40, so we get

40
11 1 [2 1 1
VA 9zde === [ u'?du=— |Zu¥?| =_—(40V40-8) =|-=(80V10—28)]|
/ tovar 29/ Y 18[3“ , 27( ) o7 )

First solve for y, giving (since we are given y > 0) y = 22%/2. Then y = z'/? has a

continuous derivative on an interval containing 0 and 1, so that the Arc Length Formula
applies, and the arc length is

52/01\/124-(:61/2)2d:v=/01\/1+—£6dx: [§(1+x)3/2}:= §(2¢§—1).

We have 3 = (22 + 1)/ . 2z = 22v/22 + 1, which is continuous on an interval containing
1 and 4. Therefore the Arc Length Formula applies, and the arc length is

s—/4\/12+(2:17\/:172+1)2d:17
1

4
:/ VAzt + 422 + 1dx
1
4
:/ V(222 +1)2 dx
1

4
:/ (22% + 1) dx
1

2 4
[
3 1

:.
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15. We have

2 3
Y = §\/g. 5(3;52 +1)Y2 . 62 = 2v3xV/322 + 1.

This is continuous on an interval containing —1 and 2, so the Arc Length Formula applies
and the arc length is

2 2
s:/ \/12+(2\/§1‘\/3$2+1) dx
1
2
:/ V36xt + 1222 + 1dzx
1
2
:/ V(622 + 1)2 d
1

2
:/ (62 4 1) dx
-1
= 21:3—|—:c2
[ I

:.

1

17. Solving for y gives y = % + 4%2. Then 3y = ””—23 — 2m3’ which is continuous on an interval

containing 1 and 2. Therefore the Arc Length Formula applies, and the arc length is

2 3 2
_ oy (T L
s—/\/l—i— 2 5.3 dx
1
/\/1+—_— Fd(b
1'6
/ T +3 +

=/ 5
2 3
€T 1
= —+—d
/1<2+2x3> .
x4 1 2
_{g_@}l

33

16 |
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19.

21.

23.

25.

We get ¢/ = =1~ . (—cosx) = —cotz. This is continuous on an interval containing T
sin z 6

and %, so the Arc Length Formula applies. Using the identity 1 + cot? x = csc? x, the arc

length is
/3
s:/ \/12 + (= cotz)? dx:
/6
w/3
:/ V1+cot?zde
/6

/3
:/ cscx dx
/6

= [In|cscx — cot z|]

/3
/6

ln'%—%’—ln 2 - V3| |

This expression can be simplified to | — In(2v/3 — 3) |

Since y > 0, solving for y gives y = %(x + 1)3/2, so that y/ = %\/x + 1, which is continuous
on an interval containing —1 and 16. Therefore the Arc Length Formula applies, and the
arc length is

16 2 16
1
s:/ \/12+<§\/:c+1> de = = V9x + 25dx.
1 1

4 4 )_
Now use the substitution © = 9x + 25, so that du = 9dz. Then x = —1 corresponds to
u = 16 and z = 16 corresponds to u = 169, so we get
1 [ 11 [1% 12 | 79
- V9r +25de = = - = V20u=— |Zu?| =13 -4%)=|—=|
4/,1 v x49/16“ =363 ], T =13

Since y' = %afl/ 3 is not continuous (or even defined) at z = 0, we try partitioning the

y-axis instead. Solving y = z2/3 for x gives = y3/2, so that 2/ = %\/g Note that this
is the same curve as the one we are interested in, just expressed differently, so that it has
the same arc length. Now, z = 0 corresponds to y = 0, and x = 1 to y = 1. Since %\/@

is continuous on an interval containing 0 and 1, the Arc Length Formula for partitioning
along the y-axis applies, and the arc length is

1| 2 1
3 1
.s:/ 1+<§\/§> dy:§/ V4 +9ydy.
0 0

Now substitute u = 4 + 9y; then du = 9dy. Further, y = 0 corresponds to u = 4 while
y = 1 corresponds to u = 13, so we get

1/1\/4+9d _ 1 1/13 12 gy = 1 (2302 U 1(13\@ 8)
2 /s, R AT ~l27 '

4

Since we wish to partition along the y-axis, we solve for z, giving z = 2y3/2 —1. (Note that
we took the positive square root of 4y since we have = > —1.) Then 2/ = 3y'/? = 3V

which is continuous on an interval containing 0 and 1. Therefore the Arc Length Formula
applies, and the arc length is

S—/01\/12+(3\/g7)2dy—/01\/mdy.



616 Chapter 6 Applications of the Integral
Now make the substitution v = 9y + 1, so that du = 9dy. Then y = 0 corresponds to
u =1, and y = 1 corresponds to u = 10, so we get
1 10 10
1 12 2
9y + 1dy = = V20 = = 2632 =] =(10v10-1)|
/(Jy+y9/1”u93“127( )
27. (a) We have y' = 2z, which is continuous everywhere, so the Arc Length Formula applies
and the arc length is
2 2
:/ V12 4+ (22)% dx :/ V4xz? + 1dz.
0 0
(b) Using technology, this evaluates to s|a 4.64678|.
29. (a) ¥ = (25 —2?)"/2 . (—22) = —x(25 — 2%)~/2. This is continuous on an interval
containing 0 and 4, so the Arc Length Formula applies, and the arc length is
12 4+ 25 _ 2 1/2 d — /
/\/ ! v / 1+ 55— d \/25—x2
(b) Using technology, this evaluates to s|~ 4.63648|.
31. (a) y' = cosz, which is continuous everywhere, so the Arc Length Formula applies. The
arc length is
/2 /2
s:/ \/12+(cos:1:)2d:1::/ V14 cos?zdx.
0 0
(b) Using technology, this evaluates to s|~ 1.9101 |.
33. If f(z) = 3z + 5, then f’(x) = 3. This is continuous everywhere, so the Surface Area
Formula applies. Therefore the surface area is
2 2 2
S = 27r/ (32 +5)\/1+ (3)* da = 27T/ (3x +5)V10dx = 27T\/1O/ (3x +5) dx
0 0 0
=2mV10 [ z +5x} =2mV10 K 2245 2) —0] =27V10-16 = 327V/10 |
0
35. If f(x) = V3z = (3:6)1/2, then f/(z) = %(31:)71/2 3= 2\/— This is continuous on an

interval containing 1 and 2, so the Surface Area Formula applies. Therefore the surface
area is

3\’ 2 [T 9 2 3
S =2 V3 — | dx =2 vV 1+ —dzx =2 vV 1+—4d
7T/ < \/3_17) €T 7T/1 3z + Ton €T 71'/1 3z +4$ €T

_on / Ners “? :wx/ﬁ/jmdx.

Now let u = 4x + 3, so du = 4dx, so dx = %du. Also, when z =1, thenu =4(1)+3=7
and when x = 2, then u = 4(2) + 3 = 11. Therefore

s [ L 8 [ gy 2] ey

= gw(nﬂ_—?ﬁ).
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37. If f(z) = 2y/@ = 222, then f'(z) =2 3271/2 = ﬁ This is continuous on an interval
containing 1 and 4, so the Surface Area Formula applies. Therefore the surface area is

—271'/ 2\ - ,/1+ dx_27r/ 27 - \/rdx_%/ 2\ - \/md:r

_2w/1 2/ - \F _47r/ Vi + ldz.

Now let u = z + 1, so du = dz. Also, when & = 1, then u = (1) + 1 = 2 and when z = 4,
then w = (4) + 1 = 5. Therefore

5

> 2 2 8
S = 471'/ u'/?de = 4#[—u3/2} = 47 - —(53/2 - 23/2) = —77(5\/5— 2\/5) .
\ 3 3 3

2

39. If f(z) = 23, then f'(x) = 3z%. This is continuous everywhere, so the Surface Area Formula
applies. Therefore the surface area is

2 2
S:27T/ $3\/1+(3$2)2d1‘=2ﬂ/ 3/1 4+ 924 da.
0 0

Now let u = 1 + 924, so du = 36z3dz, so 23dx = %du. Also, when x = 0, then
u=1+9(0)* =1, and when z = 2, then u = 1+ 9(2)* = 145. Therefore

145 145

145 9
S =2 Vu- —du——8/ u1/2duzﬁ{§u3/2}

s
= —(145%2 - 13/2)
. 27(

1

1
= ﬁ7r(145\/145—1) :

1/2 -1/2 x :

A1 If f(x) = VA—a? = (4—2?)"'", then f'(z) = 1(4—2?) (—2z) = vzt This

is continuous on an interval containing 0 and 1, so the Surface Area Formula applies.
Therefore the surface area is

S:2w/1ﬂ-\/1+ ‘F)

_I2+I2 = = 4T - Xr = 7T£C1* ™ — = ™
—271'/ V- — = _271'/0 Vadz =2 2/0 do = 4r[z]) = 4n(1 - 0) = [4x]

2

(E—27T/ \/ —(E2 ﬁd(ﬂ

€T

43. (a) If f(z) = 22, then f’(a? = 2z. This is continuous everywhere, so the Surface Area
Formula applies. Therefore the surface area is

3 3
S:27T/ 2?1+ (22) do = 271'/ 22\/1 + 422 de |,
1 1

(b) Using technology, this evaluates to S =~ |257.508 |.
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45. (a) If f(z) = 2*/3, then f'(z) = 22713 = 5275 This is continuous on an interval
containing 1 and 8, so the Surface Area Formula applies. Therefore the surface area
is
® o 2\’ * o 4
(b) Using technology, this evaluates to S & | 126.220|.
47. (a) If f(x) = €®, then f’(a? = e”. This is continuous everywhere, so the Surface Area
Formula applies. Therefore the surface area is
3 3
S = 27T/ e“\/1+ (e*)’dz S = 27r/ e’V1+e2rdu|.
0 0
(b) Using technology, this evaluates to S ~|1273.371}].
49. (a) If f(x) = sinz, then f’(z) = cosz. This is continuous everywhere, so the Surface
Area Formula applies. Therefore the surface area is
/2 5 /2
S=27r/ sinzy/ 1+ (cosz)” dx = 27T/ sinazy/1+ cos? x dx |
0 0
(b) Using technology, this evaluates to S & |7.212]|.
51. If F(z) = / V' 16t2 — 1 dt, then F'(x) = +/1622 — 1. This is continuous on an interval
0
containing 0 and 2, so the Arc Length Formula applies. Therefore the arc length is
2 3 2 2 2
s:/ \/1—!— (\/16172—1) dx:/ \/1+(16x2—1)d:17:/ \/16:172d:17:/ dr dx
0 0 0 0
112
= 4[5:1:] =2(22-0%) =[8]
0
3z
53. If F(z) = /O el — &dt, then F'(z) = /e®®) — L. L(3z) = 3,/ed* — L This is

continuous on an interval containing 0 and 4, so the Arc Length Formula applies. Therefore
the arc length is

4 7\’ 4 1 4
s:/ 14 [ 3y/e3* — = da::/ 1—|—9<e3z——) dx:/ V14 (9e3 — 1) do
0 9 0 9 0

4 4
= / V9e3r dx = / 3e37/2 dg.
0 0

ow let u = =, so du = 5 dx, so drx = 3 du. so, when x = 0, then v = == = 0, an
Now 1 2 5o du = 3dx, so dv = 2 du. Also, wh 0, th 30 — 0, and

when x = 4, then u = @ = 6. Therefore

6
s=3/ e“-%duz?[e“]g=2(eﬁ—eo): 2(e® —1)
0
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Applications and Extensions

55. The hypocycloid is shown below:

a

—a

All four arcs are the same (the graph is symmetric in both = and y, since (—z)?/3 = 2%/3

and (—y)2/3 = y2/3), and the arc in the first quadrant is symmetric about the line x = y,
so the total arc length is the length of half of that arc, multiplied by 8. The arc in the
first quadrant is divided in half at the point where the z-coordinate and the y-coordinate

are equal, which is when 22%/3 = %3, or 2 = 5%>. So consider the arc from 2 = 5> to
x = a in the first quadrant. Then z,y > 0, and solving for y gives

3/2
y= (a2/3 _ x2/3) 7
so that

Y = g(az/B _ :172/3)1/2 ) <_§x1/3> — _ /3 (xz/s _ az/s)l/zl

Now, y' is continuous on an interval containing 575 and a, so the Arc Length Formula
applies and the total length of the hypocycloid is therefore

¢ 2
s = 8/ \/12 + (—$_1/3 (a2/3 _ 1'2/3)1/2) do
a/(2%/2)
8/ \/1 4+ x—2/3 (a2/3 _ xz/g) d
a/(28/2)

8/ Va2/3x=2/3 dx
a/(2%/2)

= 8/ a3 dx
a/(23/2)

—8{§a1/3x2/3]
2 a/(25/?)
2/3
_ 1/3.2/3  1/3 @
= 12<a a a 7(23/2)2/3>
= 12(@— g) = ba.

The arc length of the hypocycloid is .
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57. The region in question is shown below:

The perimeter of the region is composed of two pieces. The length of the first, along the
line y = z, can be computed using the Distance Formula: s = /(1 —0)2 + (1 — 0)2 = /2.
For the second, we use the Arc Length Formula. If we try to partition along the z-axis, we
get y = 22/3, so that y' = 2271/3, which is not continuous at = = 0. So partition instead
along the y-axis. Solving the equation for z gives = y*/2, so that 2/ = 2/, which is

continuous on an interval containing 0 and 1. Therefore the Arc Length Formula applies,
and the arc length is

1 2 3 3
s=/ ,/1%(%@) dy:%/ \/4+9ydy:%[%(4+9y)3/2] :%(31\@—13\/@.
0 1 1

So the total arc length is

V24 %(31\/3—1 —13V13) |
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i : _ vy 1 ;R 1 L )
59. Solving for x gives x = Y =5 T Then 2’ = % — 77 which is differentiable on an

interval containing 1 and 2. Therefore the Arc Length Formula applies, and the arc length
is

_[#_1
16 2y 1
|17
12
61. We have y’ = Csim - (= cotx cscx) = — cot z, which is continuous on an interval containing

7 and 3. Therefore the Arc Length Formula applies, and the arc length is

1
/2 /2
SZ/ \/12+(—cot:v)2d:v=/ V1 + cot? x da.
/4 /4

Now use the identity 1 4+ cot?z = csc? x; since we are integrating for angles in the first

quadrant, cscz > 0, so we get for the arc length
/2
x = / Vese? xdx
/4

/2
= / cscxdx = [In|cscx — cotxmf1
/4

=Inl-In(v2-1)=|-In(v2-1)|

63. (a) As mentioned in the comment to Example 3 on page 509, the derivative of y as a
function of z will not be continuous at = 2. Therefore solve for x as a function of
y and integrate along y:
4+ 42 =4
22 =4 — 4y
= /4 —4y? = 2,/1 — 2 (positive in the first quadrant)
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65.

Next, to find one of the limits of integration, find the y-value of the intersection of
this with y = a:

y=2y1-—9y?
2(2 1—3/2)2:4(1—y2):4—4y2
y =4
4
5 f

Find the other limit of integration, when = = 2:

2v/5
= T (positive in the first quadrant)

(2)° + 4y =4
44942 =4

y* =0

y=0

o =2yT—32 =2(1-2)"" then o’ =2 L(1-42) "% . 2y = \/f—v_ This is
')

continuous on an interval containing 0 and 2 ‘/_ , so the Arc Length Formula applies.
Therefore the arc length is

2v5/5 9 2 2vE/5 | A2
Y Y
5= 14+ | —— dy:/ 14 d
/0 (s/l—y2> 0 1—y?
2V5/5 (1 — y2) + 42 2V5/5 1 4 3y2
- o W W
0 -y 0 -y

(b) Using technology, this evaluates to s | 1.519|.
(c) From Example 3, the arc length from (0, 1) to (%ﬁ, %5) is s = 0.903. Adding that

to the result from Part (b) above gives the arc length of one quarter of the ellipse, so
the arc length of the entire ellipse is s 2 4(0.903 + 1.519) =|9.688 |.
Use the z-axis as the axis of the parabola and the axis of rotation, with the vertex of
the parabola at the origin. Then find the equation of the parabola, using the fact that it
contains the point (4, %)

z = Ay?

1 1\?

Z‘A<§) =14
1

A—4-Z—1

r=1-y>=y>

Solving for y as a function of z would give a function whose derivative is undefined at
x = 0, so stay with x as a function of y and integrate along .

So x’ = 2y. This is continuous everywhere, so the Surface Area Formula applies. Therefore
the surface area is

1/2 1/2
s:27r/ y\/1+(2y)2dy:2ﬂ'/ yv/ 1+ 4y? dy
0 0
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Now let u = 1+ 4y2, so du = Sy dy, so ydy = %du. Also, when y = 0, then v = 1+4(0)% =
1, and when y = %, then u =1+ 4(%)2 = 2. Therefore

2 2
1 2
s=27r/ Vi gdu =T Sut?| = B (22 - 182) = | 2 (202~ 1) m?
VRt TY L6 6

3
67. (a) Since ¢’ = asinhZ -1 =sinhZ, and y'(10) = 2, we get 3 = sinh 12, so that a =
bmhlﬁ. Now, compute the height of the endpomts above b the lowest point; this is
10 10 .3
—b=acosh— —a=———(coshsinh > 2 — 1.
Yy acosh——a=——73 (cos sinh ™" 7 )

Since cosh? z = 1 + sinh? 2 for all z, we can simplify the above formula as follows:

1 1
.7?13 (coshsinh_1 3_ 1> = 7?13 \/1 + sinh? sinh 3_ 1
sinh™ ¢ 4 sinh™ ¢ 4

10 9
=———[y/1+=-1
sinh ™! < * 16 )
10 2,
~sinh 12\ V16

10 15
sinh™ 3 4 2Sinh_1%

[N

lwo

5

Therefore the height of the supports is | b+ ———— |
2sinh™" 7

(b) We determine the arc length by partitioning along the z-axis. From part (a), we know
that y' = sinh £, so that the arc length is (using the identity cosh? z = 1 4 sinh? z

again)
s—/ 1/12—|— smh d:z:
1/1+sinh2£dx
1 /cosh2 dx
= / cosh dzr
—10 a

10
= {asmh }
—-10

1
= 2asinh —O
a

Now substitute the value of a from part (a), giving

1 1
s=2- %sinhsinh_l 3_ , 60_1 - =|- i =~ 21.6404 m |
sinh™" 3 4 4sinh™ 3 sinh™ " 2
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69. (a) Let the parabola be h(x) = az? + bx +c. Since h(0) = 0, we must have ¢ = 0, so that
the equation of motion is h(z) = az?® + bx = x(az +b). Since h(0) = h(150) = 0, we
see that 150 must be a zero of az + b, so that h(z) = ax(x — 150) = az? — 150az. It
follows that b = —150a. Finally, h/(z) = 2ax — 150a, so that h/(z) = 0 when x = 75.
We are given that h(75) = 46, so that

46
46 = h(75) = a - 75 - (75 — 150) = —75%a, so that a = Bk
Therefore the equation of motion is

h(z) = — r — 150) = 0 (1502 — 2?).

752 752

(b) The total arc length is twice the length of the arc from z = 0 to the top of the arc,
at x = —g. Using a CAS to integrate, we get

—b/a

150 99 2
s=2 V12 + (2ax + b)? dw—2/ 1+ 752 +7—5) dzr

625 92
=12v14089 + =" sinh ! o= 363.704 m |

Challenge Problems
(a) The total angle around point O is 360°, and the polygon divides it into 2" equal angles,

each of which must be % = 21891 = 2n > degrees. But the dotted ray emanating
from O is the perpendicular bisector of the opposite side of an isosceles triangle, so it
also bisects its angle. Therefore o = % . 23—92 = 2‘332.

(b) The right triangle of which « is one angle has hypotenuse 1. The side opposite «
therefore has length sin . Since there are 2™ sides in the polygon, there are 2 - 2™ =

2"+ segments of length sin «, so that the sum of all of these segments has length

o

2"l ginag = 2"t gin ——.
2n—2

(c) A table showing the value of this expression for several values of n is below. The true
circumference of the circle is 27r = 27 ~ 6.283185307:

) 10 50 100 500 1000
6.273096981 6.283175451 6.283185307 6.283185307 6.283185307 6.283185307

73. Since s is as given, with y = f(z) we must have

5= e — f(a) _/Ox\/l—i—(f’(t))?dt.

Taking the derivative of both sides and using the Fundamental Theorem gives

e“—f'(x) = /14 (f'(x))2; now square both sides to get e**—2e” f'(z)+(f'(x))? = 14+(f/(x))?.

Cancel the quadratic terms and solve for f'(z), giving

e —1 1

P@) = S = e =),

Now integrate to get
1
f(z) = 5(61 +e )+ C =coshz+ C.
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Since f(0) = 1, we get C = 0, so that f(z) = coshz. As a check, compute the arc length
of f from 0 to = (use ¢ as a dummy variable):

s = / vV 12+sinh2tdt=/ \/costhdtz/ coshtdt = sinhx — sinh 0 = sinh x.
0 0 0
But 1 .
e’ — f(z) = e® —coshz = e* — 5(61 —e ") = §(ew + e ") =sinhz,

and the two are equal.

AP® Practice Problems

1. flz) = —z* 42

f'(z) = —4a®
10 10
L= / V14 (—423)? do = / V1 + 1626 da
0 0
CHOICE D

= —tanx

3. f(z) =In(cosz)
;. —sinz
F) = cos T
/3

L= V1+ (—tanx)? dz

0

w/3
:/ V1+tan?z dx
0
/3
:/ Vsec? x dx
0

/3
:/ secx dx
0
/3

= [In|[secx + tan z|]

= 1n‘sec% +tang’ —In[sec0 + tan 0|

:1n‘2+\/§’—1n|1+0|

=|In(2+v/3)

CHOICE B

6.6 Work

Concepts and Vocabulary

1. True. See the first sentence of this section.

3. A unit of work is called a newton-meter, or joule, in SI units and a foot-pound in the
customary U.S. system of units.

5. A spring is said to be in equilibrium when it is neither extended nor compressed. See the
discussion in subsection 2 of the text.

7. True. See the note in Example 4.
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Skill Building

9. The work is the integral of the force through the distance, so

20 20
1 2
W:/ (40 — ) dx = {401:——;02} _ |85 5
5 2" |, 2

11. Following the method of example 1, since the density of the chain is 3 kg/m, and the
portion of chain z m below the bridge must be lifted 40 — z m, we get (since g = 9.8 m/s”)

40

40
3
W= 9.8/ 3(40 — z) dz = 9.8 [120x - 5;52] =[23520 J ]
0 0

13. Since the restoring force is —3 N, we have

—3:—1{&, so that k:.

15. We are stretching the spring 0.6 m beyond equilibrium, so the work done by the spring

force is
0.6 5 106
| sna= |32 ~[F0s3]
0 0
17. (a) Water that is z feet above the bottom of the pool must be lifted 4 — « feet. The

(b)

19. (a)

cross-sectional area of the pool at any height is the area of a circle with radius 12 ft,

which is 1447 ft>. The water at the bottom must be lifted 4 feet, while the water
at the top is lifted 0 feet, so the limits of integration are from 0 to 4, and the work
performed is

4 4
/ [62.42 - 1447 - (4 — x)] dx = 8988.48#/ (4—2x)dz
0 0

4
1
= 8988.48 {4:1: - 51:2} ~[2.250 x 10 ft 1b |
0

The same as in Part (a), except that now the water must be lifted 9 — z ft. So
4 RE
W= 8988.487r/ (9 — 2) de = 8988.457 {9x - 5#}
0 0
1 4
= 8988.457 [(9 -4 — 3 42> — 0] = 8988.457 - 28 = 251,6777 ~ | 7.907 x 10° ft 1b|.
0

Each horizontal cross section of the pyramid is a square; the side lengths of this square
decrease linearly from 2 at the top to 0 at the bottom, so at a point x meters below

the top of the container, the side length is 2 — %:C ft. Therefore the cross-sectional

area of the slurry at height z is (2 — %1)2 ft?, and this must be lifted  m. So the

work performed (since the container is only filled 4 meters deep) is

5 2 \? 5 8 4
9.9/1 17.9 - (2 - gx) szl dr = 175.42/1 <4:c - 5:62 + %:173> dx

1 5
= 175.42 {21:2 - 18—5173 + %x‘*} =(1197.534 J |

1
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(b) The size of the square cross sections are only proportional to the depth while the water
is still inside the container, so this will be easier to solve if we now let = represent the
distance from the bottom of the container.

If s represents the side of each square cross section, then, by similar triangles, 2 = g—ﬁ,

ors =2z, s0 A=s?= (%x)z = s=a?. Also, each cross section now has to be lifted

8 — x m. Therefore, the work done is

4 4

4 175.42

W = 175.42/0 (8—x)- %gﬂ do = % ; (322 — 42°) da

175.42 [ 32 17542 /32 175.42 1280
= [3173—174} =5 [<? .43—44> —o] =3 2993835 )

0

Applications and Extensions

21. The elevator itself is lifted 400 ft, so this takes 10,000 x 400 = 4 x 10° ft-lbs of work.
The remaining work is lifting the cables themselves. For each cable, the portion of the
cable x feet from the top must be lifted x feet. The cable weighs 0.36 1bs/in, which is

0.36 x 12 = 4.32 lbs/ft, so the work involved in lifting all six cables is

400

o = 2.0736 x 108 ft-1bs.

400
6/ 4.32z dz = 6 [2.162°]
0

The total work is the sum of these two, or ‘ 6.0736 x 10° ft-lbs ‘

23. Pulling the bucket itself to the top requires lifting a mass of 75 kg through a distance of
10 m, which takes 75 x 10 x 9.8 = 7350 J. The remainder of the work expended is for the

chain itself. The mass density of the chain is % = 2 kg/m, and the portion of the chain z

m below the roof must be lifted  m, so the work expended is

10
9.8/ 20 do = 9.8 [+%],” = 980 J.
0

Therefore the total work is 7350 + 980 = [ 8330 J |.

25. The force required to extend the spring from 1 m to 3 m, which is 2 m beyond its equilibrium
point, is —3 N, so the spring constant is given by —3 = —k - 2, and therefore k = % Then
the work expended to extend it 1 m from equilibrium (to a length of 2 m) is

1 1
3 3 3
—— | xdr = — —xz] =|—=1J|
/0 ( 2) {4 o |4

27. The force required to extend the spring by 4 ft is 2 1b, so the spring constant is given by
—2 = —k-4, and then k = % So

—9 ft-1b :/ (—h) dt = — [ltﬂ = —1x2 ft-1b.
0 2 4 1, 4

Simplifying gives 22 = 36, so that = 6 (since we are extending the spring, we take the
positive solution). Therefore the total length of the spring is 6 + 4 = .

29. The radius of the cone, which is 4 m at the top and 0 m at the bottom, decreases linearly
with height, so at a distance of x m from the top, its radius is 4 — x m. Therefore the cross
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31.

33.

35.

sectional area of the cone x m from the top is 7(4 — z)? m2. That cross section must be
lifted  m, so that the total work required is

4 4 4
9.8/ 1000 - - (4 — x)* dx = 98007T/ (4 —z)?dx = 98007r/ (162 — 82® + 2%) dx
0 0 0

4
1 272

08007 |8z — 348 4 Lpa] _[627200 |
3 1", 3

To determine the radius of the cross section x m below the top of the bowl, consider the
following diagram, which shows a vertical cross section through the center of the bowl:

At a height x m below the top, the radius of the cross section is v/16 — x2, so that the area

of the cross section at that height is (16 — z?)mr. That cross section must be lifted 2 m, so
the work performed is

4

4 4
1
9.8/ 10002(16 — x2)7 do = 98007r/ (162 —2) de = 98007 {sﬁ - Zx‘*] = (3528007 J |
2 2

2

The area of each cross section is 47 m?2, since the tank has a diameter of 4 m.

(a) The cross section 2 m below the top must be lifted  m. We wish to lift only the top
half of the water, so the integration bounds are from 0 to 3 and the total work is

3 3
9.8/ 1000z - 47 dx = 9.8/ 4000z dxz = 9.8 [200077:172]3 ~|5.542 x 10° J|.
0 0

(b) Now each cross section must be lifted x + 3 m. We wish to lift the entire tank, so the
integration bounds are 0 to 6. Therefore the work done is

3 3
1
W =98- 40007r/ (z + 3) dz = 39,2007 [5;8 + 390]
0 0

1 27
= 39,2007 [<§ 3243 3) - 0} = 39,2007 - 5 = 529,2007 ~ | 1.663 x 10° J |.

The area of each horizontal cross section is 25 x 15 = 375 ft2, and the cross section z ft
below the top must be raised x ft. The integration bounds are from 1 to 5 since there is
water in the bottom 4 feet of the pool. Therefore the total work is

5
/ 62.422 - 375 do = [11703.82%]" = 280890 ft-1bs,
1

Since the motor can do 550 ft-Ibs of work per second, the time required to empty the pool

is
280890 511
) sm5llszmminz.

It takes between 8 and 9 minutes to empty the pool.
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37. From the discussion in the text, the work required to move a mass m kg from the surface
of the Earth to a distance d meters above the surface of the Earth is

R
P
ng( R—i—d) J,

where g &~ 9.8m/s? is the acceleration due to Earth’s gravity and R ~ 6.37 x 10° m is the
radius of the Earth. So to move a mass of 1000 kg a distance of 800 km = 800000 m above
the Earth’s surface requires

_ 6370000
6370000 + 800000

9.8-6.37 x 10°- 1000 (1 ) ~[6.96524 x 10° ],

39. Since the water weighs 20 1b at the bottom, and loses a fourth of its weight, it weighs 15 1b
at the top. So at a depth x from the top of the well, the weight of the water in the bucket
is 15+ 53z = 15 + ¢ lb. Since the bucket weighs 1.5 lb, the total weight being lifted at
height z is 16.5+ ¢ 1b. To compute the work, note that there is no need to multiply by = in

this integration, since we are lifting this weight “infinitesimally higher”, so the expression
above is the complete integrand. Another way of looking at this is that in the previous
problems, we lifted the cross section all the way to the top, so we needed to multiply by =z,
the distance to the top, in order to figure out how far to lift it. Here we are lifting it only

dx.
25

25
1
/ (16.5+ %) do = [16.5x+ 1—0x2] —[475 fe-Ibs |
0 0

41. A vertical cross section of the container, with the level of the water source shown, is below:

At height y, a horizontal cross section of the container is a washer with inner radius /y

and outer radius 2 (see the figure), so its area is 7 (22 - (\/5)2) = (4 — y)m. To lift that

water to height y, it must be lifted y 4 2 units since the source is 2 units below the z-axis.

Finally, the container is bounded by = = %2, so by y = 22 = 4. Therefore the total work
performed is

= | =7

r 80
s L3

4 4
1
/ (y+2)(4—y)7fdy=7f/ (—y2+2y+8)dy=7r[—§y3+y2+8y
0 0

6.7 Hydrostatic Pressure and Force

Concepts and Vocabulary
1. Pressure is defined as the force exerted per unit area.

3. (b), Pascal, is correct. See Table 2.
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Skill Building

5. At each height (y-coordinate), the depth of the water above that height is 5 — y, so the
force on a slice at that height is 3pg(5 — y)Ay. Therefore the total force is the integral over
the possible slices, or

5 75
= —pg.

5
1
/ 3pg(5 —y) dy = 3pg [5y - =y 5
0

27 o

Using SI units, we have pg = 9800, so we get % -9800 =| 367500 N |.

7. Assuming that the diagonal lines make the same angle with the z-axis, we get the following
diagram of the end of the container:

i 3 , s 6
The diagonal line on the left passes through (2,0) and (0, 1), so it has equation

1-0 1 1
y—120_2(1—0)2—5x, or y=1—§x, or T=2-2y.

The diagonal line on the right passes through (4,0) and (6, 1), so it has equation

1-0 1
=6_4(x—4), or y:§x—2, or x =4+ 2y.

Y

At a height y, the distance below the surface of the water is 1 — y, so the force on a slice
at that height is

pg(L—y)((4+2y) — (2= 2y)) = pg(1 — y)(2 + 4y) = pg(—4y> + 2y + 2).

Therefore the total force on the plate is

1 1

4 5 49000

/ pg(—4y* + 2y +2) = pg [—gyg + 92+ Zy] =3P9=|"3— ~ 16333.3 N |.
0 0

9. At any depth, the width of the plate is 2 m, so the force on a cross section at height y is
2pgy Ay. Therefore the total force on the plate is

6
/O 2pgydy = [pgy?], = 36pg =[352800 N,

Applications and Extensions

11. At any depth, the width of the pool is 20 ft. Therefore the force on the short side of the
pool is (since the pool is 6 ft deep)

6
/O pg20y dy = 62.5 [10y°]; =[22500 Ibs .
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13. Place the trapezoid on a Cartesian grid:

15.

17.

(2, 0) 3.0)

L L L
1 : 4 5

Then the equations of the two diagonal lines are:

0—2

y_():2_0(:1:—2) or y=2-—=zx or r=2—-y
0—2

y—0= (x —3) or y=x-—3 or T =1y+3.

T 3-5

So at any height y, the height of the water above a slice at that point is 1 — y (since the
trough is filled only to a depth of 1 m), and the width of the slice is (y+3)—(2—y) = 2y+1,
so the force on the end of the trough is

1 1

1
2 1
/pg(l—y)(2y+1)dy:pg/ (=2y*+y+1)dy = pg —§y3+5y2+y
0 0 0

= 9800 - % = @ ~ 8166.67 N |.

With the origin at the dot in the diagram, water at a given value of y has width 2/4 — y?2,
since the left edge of the trough will be at z = —4/4 — 2 and the right edge will be at

/4 — y?. Since the trough is filled, water at a given value of y is at a depth of —y m. So
the total force is
0 0
/ pg(—y)2V/4 —y*dy = pg/ (—2y\/4 - y2) dy.
-2 -2

Now make the substitution u = 4 — 32, so that du = —2ydy. Then y = —2 corresponds to
u=0,and y =0 to u =4, so we get

0 4 4
2 16
pg/ (—2yv4 — y2) dy = pg/ u? du = pg {§u3/2] =3P ~ 52266 N |.
-2 0 0

Placing the origin at the center of the bottom of the dam, the face of the dam is shown
below:

(100, 60)

=25 25 50 S 100

The two diagonal lines have equations

60 -0 12 12
— P — (— = —— = — — —1
y—0 _100_(_75)(17 (=75)) or y 5(x+75) or y =3 80
— 12 12
V0= g ) o y= P oT) or y=a- 150
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Solving for x gives

5 5
x——ﬁy—75 or x—ﬁy+75.

Therefore the width of a cross section at height y is
5 5 5
il Y . - = 1
(12y+75) < Y 75) 6y+ 50,
and such a cross section lies 60 — y m below the surface. Then the total force is

60 5 60 5
/ pg(60 — ) <6y + 150> dy = pg/ (9000 — 100y — 6y2> dy
0 0

60
5
= pg [90003/ — 50y2 — 1—8y3] =[2.94 x 10° N |

0

19. Place the origin at the center of the viewing plate; then the situation is shown below:
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The equation of the viewing plate is 22 + y? = 1, so at any y-coordinate, the width of a
cross section of the plate is 24/1 — y2 (see the figure), and that cross section is 5 — y m
below the water surface. (Note that if y < 0, as drawn, then 5 —y > 5, which makes sense
since this part of the plate is more than 5 m below the surface.) Therefore the total force

1S
1
/ pg(5 —y)-2v/1—y>dy
1

Evaluating numerically, with pg = 1025 - 9.8, gives bpgm|~ 157,786 N |.

21. Placing the origin at the center of one end of the tank with the positive y-axis pointing
down, the face of the tank is shown below:

y 0.25

Since the tank’s radius is 0.25 m, it is half-full. At a given y-coordinate (depth), the width

of the cross section of that end is 21/0.252 — 2, and the cross section lies y m below the
surface. So the total force is

0.25
/ pgy - 24/0.25%2 — y2 dy
0

Now use the substitution v = 0.25%2 — y2, so that du = —2y dy. Then y = 0 corresponds to
u = 0.252, while y = 0.25 corresponds to y = 0, and we get

0.25 0
/ pgy - 21/0.252 — y? dy = —pg/
0 0

1/2 2 39 0 2 3
u ' du = —pg gu = —pg-0.25
0.252

2
=3 690 -9.8-0.015625 =|70.4375 N |.

.252

6.8 Center of Mass; Centroid; the Pappus Theorem

Concepts and Vocabulary
1. (c), center of mass, is correct. See the first few sentences of this chapter.
3. True. See the discussion in subsection 2.

5. False. See Example 5 for one instance where it does not.
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Skill Building

7. The center of mass is

Y2 mam; 20-4450-10  [58
T = = 22

2 m 20 + 50

9. The center of mass is

S mir;  4-(=1)+3-2+3-4+5-3 [29
S ome 4+3+3+5 G

11. The moments are

My=> mz;=4-0+8-2+1-4=20
=1
3

My=> my;=4-2+8 1+1-8=24
i=1

and the mass is M =448 + 1 = 13, so that

o) — (Mo M 20 24
X = _— — = R — .
44 MM 13’ 13

13. The moments are

4

My=> mix;=4-(-1)+3-2+3-4+5-3=29
1=1
4

M, => my;=4-2+3-3+3-5+5-6=62
=1

and the mass is M =4+ 3+ 3+ 5 =15, so that

(7,7) = My M, _| (29 62
W=\ ) T\ 1) |

15. The lamina is shown below:
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Let the mass density of the lamina be p. Then the mass of the lamina is
2 2
M:/ p2x +3)dr =p [172—1-3:17]71 = 12p,
-1

and the moments are

2 2 2 3,17 21
M, :p/ x(2x+3)d:17:p/ (222 4+ 3x)dr = p | =2 + a? =—p
. . 3 2 L2
1 [? 1 J1 2 342 57
M, = - 20 +3)%de = =p |=(22+3)3| ="p="0p.
2p/_l(ﬂch )* dx 2p[6(w+ )]1 5P = 5P

Therefore the centroid is
oy = (Mo Mo\ _ (@200 (5T/2p) (2 5T _[(7 19
W=\ ) "1z 12 ) T\ 22) T\ R )|

17. The lamina is shown below:

y

Let the mass density of the lamina be p. Then the mass of the lamina is

3 1 .13
M:p/ xde—p[gzzr?’} =9p
0 0

and the moments are

3 3 1 3 81
My:p/a:-xzd:c:p/ :zrgda:_p[—:zz4] =—p

0 0 4 0 4

13 L0 13 1 [1 % 243
Mx:_ 2 d:— 4d = — _5 = ——.

NS IR G

Therefore the centroid is

(2.9) = (% %) _ <<819/;1>p7 (2439/[)10>p> B <% %) ) <% %> |
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19. The lamina is shown below:

L
1 2 3

Let the mass density of the lamina be p. Then the mass of the lamina is
4 4
1 32
M:p/ (4x—:172)dx—p[2:172——x3} =—0p
0 3 1, 3
and the moments are

My:p/ x~(4x—x2)dx:p/ (4x2—x3)dx—p{—x3——
1
2

1 16

1 /4 4
Mz:ip/ (4x—x2)2dx:—p/ (16x2—8x3+x4) dx = p[g‘r — 2zt 4
0 0

2

Therefore the centroid is

o= (3 )- (130 ) (. 23)-

21. The lamina is

L L L
1 2 3

Let the mass density of the lamina be p. Then the mass of the lamina is

4 4

2 16

M:p/ xl/2dx:p{§x3/2} =—3p
0 0

and the moments are

M= /4 12 5 /4 3/2 5 _ [2 5/2]464
y=p | z-x/%dr=p | z¥°dr=p|=2 =—0p
0 0 5 0 5

1t 2 1t 171,
M, = = (1/2)d:—/ dr = =p | =22| = 4p.
2p/0 x x 2p0:v:v 5P |5 . 0
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Therefore the centroid is

w0 = (5 51) = (o moms) = (165 ) =| (5 1)

23. The circle and the surface are shown below:

3k

The circle has a center of (4,0) and a radius of 3. It is symmetric about the point (4,0), so
its centroid is (Z,y) = (4,0). The distance from (4, 0) to the axis of revolution (the y-axis)

is 4, and the area of the circle is 7 - 32 = 97. The circle does not intersect the y-axis, so by
Pappus’ Theorem, the volume of the solid of revolution is

orAd = 27 - 9 - 4 =| 7272 |

Applications and Extensions

25.

27.

If the mass density is p, then the mass is the mass of the circle of radius 1 plus the mass
of the square of side 2, so it is (4+7)p. By symmetry, since the figure is symmetric around
the line x = 1, we have T = 1. To compute y, we will need the moment M,. This figure is
the union of a non-overlapping square and circle, so its moment is the sum of the individual
moments. The center of the square, at (1,1), is its centroid, and its mass is 4p, so we have

M
1="2, sothat M; = 4p.
4p
The center of the circle, at (1,3), is its centroid, and its mass is 7p, so we have
M.
3= —2, so that My = 3mp.
TP

So for the figure as a whole, we have M, = (4 + 37)p, and then
_ (4+3m)p 4+ 3w
— 1 _—_— = 1 .

This triangle has a base of 2¢ and a height of b, so its area is bc and then its mass is bep,
where p is the mass density of the lamina. The triangle is composed of two nonoverlapping
triangles, one of which has vertices (—¢,0), (a,0) and (a,b) and the other of which has
vertices (a,0), (¢,0) and (a,b). The moments of the given region about either axis are
the sum of the moments of these two triangles about that axis. For the first triangle, the
equation of the diagonal edge is

b-0

y—():m@—(—c))a ory =

a+c($+c)'
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Therefore its moments are
M, =p / ' T (
it / 2?4 cx) dx
§

EC.’E :| .

o)) di

.a—l—c

a—i—c(é (2a* + 3a c—03)>

— 1 + )2
=P e 6 2a —c)(a+c

éb(2a— c)(a+c)p

1 [*( b g

Mw—§p/_c(a+c(x+c)) dx

1 ( b\
_§p(a—|—c> ‘/%(gc—i—c) dx

1 (b \*[1 “
_§p<a+c> [§(x+c)]_c

1 1 3
=3t 319
zlb %(a + c)p.

(@)

For the second triangle, the equation of the diagonal edge is

b—0 b
(z—c), ory =
a—cC a—cC

y—0= (x —¢).

Therefore its moments are

Myzp/:x(afc(x—c)) do

=p- b /(xQ—cx)dx

a—c

b J1 1 ¢
=p- {—:cg - _sz]

3 2
b

a—cC

(-%(2% ¢)(a - 0)2)

= —%b(2a +c)a—c)p
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1

= —Ebz(a —)p.

So the moments for the figure as

a whole are

1 1 1
M, = 6b(2a —c)la+c)p— 6b(2a +c)a—c)p= gabcp

1 1 1
M, = b (a+c)p — gb(a—c)p = gb%cp.

Then the centroid is

29. The mass of the lamina is

“h h [* h[1 5]° h 1 1
M= —22drx=p — 2de =p- — |=2° .= . Za® = Zahp.
p/o QQ,T €T paQ/Ox €T paQ[:v pa2 3a anp

The moments about the axes are

“ h
M, = p/ x (—2x2) dx
0 a

1 ["(h L\ 1 K2 (e 1 h2[1 % 1
M, = 5 —2?) de=<p — Yde=-p- — |=2°| = —ah®
2p/0 (aZx) Tk ), T TP [5I 10"

Therefore the centroid is

@ - (5 5

31. (a) The mass of the bat is

L L 1 L 1
M:/ )\dac:/ kxdr = [—W] =|ZkL?|
0 0 2 0 2

2.2 - (e ) [ )

3

h [ Rl 0% 1,
—p~p/0xd:r—p-p{zx} :Zahp

- (G ) | (5 5)]

(b) Solving the result of part (a) for k gives

2M

k= "7 |
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(c) The center of mass of the bat is

xr =

L L L
Ad
M 2 kw%i:v:i Fxﬂ %L,
0

M kL? ), 2|37 ], ~

The center of mass is % of the way from the handle to the end.

(d) Answers will vary. The “sweet spot” is at the center of mass, since at that point the
bat is neither underbalanced nor overbalanced, and you will be more likely to make
solid contact.

(e) Answers will vary. A small slice through the bat at any x gives a slice whose density
is approximately A\ = kx and whose width is Az, so the total mass is the limit of

>~ kxAx as Az — 0; this is a Riemann sum whose limit is fOL kx dx = fOL Adz.

33. The region is shown below:

3F 6.3 x+2y=9

2+ 3.2
(5.2

This triangle has base 5 — 3 = 2 and height 3 — 2 = 1, so its area is 1. We are revolving
about the y-axis, so to apply Pappus’ Theorem we will need to know the distance from the
centroid of the region to the y-axis; this distance is Z, so we must compute M,. This is

5 5 5
99—z ) 1 ) 1 11
M, = — 2 dx = “p— —g? de = |- 2248 = —.

Therefore T = % (since M = 1), so that by Pappus’ Theorem the volume of the solid of
revolution is

27TAd:27T-1'E: g71'.
3 3

35. The region is shown below:

3.3) (5,3)

11
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We are revolving this about the x-axis, so using Pappus’ Theorem, we will want the y-
coordinate of the centroid, y. We must split this up into two integrals, one from z = 1 to
x = 3 and the other from z = 3 to z = 5. The equation of the diagonal line from (1,1)

to (3,3) is y = x; the equation of the other diagonal line is y = (2 + 1). Then computing

M, gives
13 1 2 1 [° 1 ?
M, =~ 2 (= 1 dr + = 32— (= 1 d
2/1 <:C (2(9c+ ))) x+2/3< (2(:v+ )) x
1L /273, 11 IR 1 35
== S22 - Zx— =) de+ = ——2?— x4+ )d
2/1 <4x 27 4> x+2/3<4x 2I+4) v

_11312131 1, 1, 35 7°
_2{4$ 1" 4}+2 ' TIv T,

()

4

w

Therefore § = % = %, so by Pappus’ Theorem, the volume of the solid is

27TAd:27T'2-z: ﬁw.
3 3

Challenge Problems

37. The triangle with two of the medians drawn is shown below:

©, ¢

(a, 0) (b, 0)

Here A is the midpoint of the side opposite (a,0), B is the midpoint of the side opposite
(b,0), and M is the point of intersection of those two medians. So we must show that M
is the centroid of the triangle.

Since A is the midpoint of the segment from (0,¢) to (b,0), its coordinates are 1((0,c) +
(b,0)) = (2, g) Similarly the coordinates of B are (%, %) So the equations of the two
medians are

¢
y—0=2 (x —a), ory= ¢ (x —a)
y—OZ%_O(:C—b) ory = (x — D).
o ’ ~ 2
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(Note that b—2a > 0 since b > 0 and a < 0, so that the denominator in the first expression
is nonzero. Similarly, a — 2b < 0. Therefore the denominators in these equations cannot
be zero.) These two lines intersect when

c c

b—2a(x_a):a—2b

(x — ).

Clearing fractions gives

cla —2b)(x —a) = ¢(b —2a)(x —b)
acx — a*c — 2bcx + 2abe = bex — b — 2acx + 2abe
(ac — 2bc)x — a’c = (be — 2ac)x — b*c
(ac — 2bc — be + 2ac)z = (b* — a*)c
3c(a—b)r = (b—a)(b+a)c

—3x=—(a+b)
a+b
T = .
3

Again note that dividing through by (a — b)c is justified since a — b < 0 and ¢ > 0, so the
product cannot be zero. Then

c c <a+b > c b—2a ¢
—a ) —

P A O “b—2a 3 3
So the point M has coordinates (£ (a +b), 3¢). Now consider the third median, from (0, ¢)

to the z-axis. If a = —b, then the midpoint of the lower side of the triangle is the origin,
and the median is the line = 0 from (0, ¢) to the origin. In this case, the point M has

coordinates (O, %c) since a + b = 0, and so the median from (0,¢) passes through M as

well. If a # —b, then the midpoint of the lower side of the triangle is %2, and the median

2
has equation
0—c 2¢
@(x—()), ory ==c— a+bx

y—c=

Substituting the z-coordinate of M for x in this equation gives

2c a+bd 2 1
— . =c—=-c==c¢
a+b 3 3 3
so that again the median passes through M. Therefore M is the point of intersection of
all three medians.

It remains to show that M is the centroid of the triangle. The triangle has base b — a and

height ¢, so its area is %c(b —a). This triangle is composed of two smaller triangles, one in

the first quadrant and one in the second quadrant. The first quadrant triangle is bounded
above by the line y = —fx + ¢ (note that b # 0), so its moments are

b c b c 1 c !
M, = / x (——:E + c) dr = / (cw - —:102) dr = [—cw2 — —$3:| = —cb?
Y 0 b 0 b 2 3b |, 6

1 (b e 2 1[ by e 31 1
= [ e =3[ (e -
2A prte) o 2[30 pr e 6 °
The second quadrant triangle is bounded above by the line y = —<x + ¢ (note that a # 0),
so its moments are

y=c
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The moments of the entire figure are the sum of the moments of each figure, so the centroid

of this triangle is
(M, M,
(Z,9) = (ﬁ’ W)

_ ((1/6)Cb2 —(1/6)ca? (1/6)bc? — (1/6)a62)
(1/2)e(b—a) = (1/2)c(b—a)

d&=%=)
- (%(a—i—b), %c) .

These are the coordinates of the point M computed above, so that the centroid of a triangle
is the intersection of the medians.

39. The region is shown below:

-1.

The mass of the lamina is

1 1
3 1 8
M:P/ (I2/3—$2) dx—p{—x5/3——x3} = —p.
—1 5 3 ], 15

By symmetry, T = 0, so we need only compute M, to be able to find . From Problem 38,
M, is

1 [t 2 2 1 ! 1 |3 1 ! 8
2/1( T (x) pdz 2p ) T T T 2p 790 5:10 ) 35p

Therefore the centroid is
M, 3
T. 1) = 0 e = O — .
(Z,7) (M> (7)
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41. The region is shown below:

y=-x*+2

I I I I x
-1 -0.5 0.5 1.

By symmetry, the area of the region is twice the area of that portion of the region lying in
the first quadrant. In the first quadrant, y = |z| is the line y = z, so we get for the total
mass

1

1 1
1 1
M:2/ ((—:172+2)—a:)d:17:2/ (—x2—x+2)pdx:2p ——a — 2?4+ 2 :zp.
A . 37 72 . 3

Again by symmetry, = 0, so we need only compute §. Using symmetry yet again, the
moment of the first quadrant region and the moment of the second quadrant region about
the z-axis are equal, so to compute M,, we compute it for the first quadrant region and
double it (using the hint preceding Problems 25-30). Therefore the moment of the entire
region about the z-axis is

e 2 2 _ 2 Yo 2 L s 53 b 38
M, =2-= (—2*+2)>—2%) pdz=p (z* = 52* +4) de=p 52— 32 + 4z = 15P
0 0

2 0
co-(2)-[03)

Therefore the centroid is

43. The region is shown below:

The mass of the region is

1
1 9
M:/ ((4—:62)—(x+2))pdx:p/ (-2 —2+2)dz=p —513—5124—21 = 5P
—2 -2
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45.

By Problem 38, the moments are

1 1
1 1
M, = x((4—x2)—(a:+2))pdxzp/ (—2® —a® +2z) do = p | —za' — 22° 4+ 22 :_gp
—92 -2 4 3 -2 4
1 ! 272 2 1 ! 4 2
My =5 [ (4=0®)?=(@+2)°) pdo=5p [ (o' =02° — 4 +12) du
) —2

11 !
ol [3x5 —32% — 222 + 123:} B == r

Therefore the centroid is

o= (35.4)[(59)

Suppose the region is defined as shown in Figures 69 and 70 in the text. As in the text,
partition the interval [a, ] into n subintervals

la,z1], [z1,22],...,[Tn1,b] a =m0, b=,

Each of these has width Az = b*Ta. Let u; be the midpoint of the i*" interval for i =
1,2,...,n. That is,

u — Tl +
! 2
So we have partitioned the lamina into n nonoverlapping regions R; for ¢ = 1,...,n, each

of which is roughly rectangular. Within R;, the density of the lamina is roughly constant
at p(u;), so the centroid of R; is the point (ui, %f(ul)), since that is the center of R;.
Further, the height of each rectangle is f(u;), and the width is Az, so the mass m; of R; is

m; = p(ui)Ai = p(ui) f(ui) Az

The mass of the lamina is therefore approximated by
n n
M = Zmi = Zp(uz)f(uZ)A:r
i=1 i=1
This is a Riemann sum whose limit as n — oo is

b
M= [ pla)s (o) e
The moment of R; about the y-axis is
My(R;) = msu; = p(uq)u, f (u;) Az,

since the distance of the centroid from the y-axis is u;. Adding up these moments over all
rectangles gives

i=1

This is a Riemann sum whose limit as n — oo is

b
M, = [ p@ar(e) de
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Similarly, the moment of R; about the z-axis is the product of its mass and the distance
of its centroid from the z-axis:

M(Re) = i 5 () = plua) () A 5 ws) = () ()2

Adding up these moments over all rectangles gives

n

M, ~ % S plu) () A

i=1
This is a Riemann sum whose limit as n — oo is

1

b
M= [ @ de

Therefore the centroid of the lamina is

@ g)_(% %)_ <ffp(x)xf(x)dx %ffp(ar)f(x)zdx)
’ MM JJp@)f@)de " [} pla)f(x)du

47. The region is shown below:

v

From Problems 38 and 45, the mass of the lamina is
8
M= / p(x)B3—Va+1)dr
0
8
:/ (3x—x\/:17—|— 1) dx

0

:/8(3x—(x+1)\/w+1+\/$+1) dz

= /08 (3:1: —(@+ 12 4+ (z+ 1)1/2) dx
8

2 2
= [ng — o+ 1)°%/2 4 S+ 1)3/2]

248
157

0
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The moments about the two axes are

M, / Vi +1)dz

/ (32% — VT 1) da

r

(32
/8( x+15/2+2(x+1)\/ﬁ—\/ﬁ)dx
0

(

(2> +2z2+ 1)V + 14+ 2z +1)Vo+1) do

8
/ 322 — (z+1)>2 +2(x +1)%? - (:c+1)1/2) dzx
0

8

= xS

(@) 4 2w+ )2 - 2+ 1)3/2}

\lll\D

0
6688

105

M, = %/08 p(x) (32 - (\/x—+1)2) do = /0856(8—:5) da = /08(855—:52) do = [4952 _ %ﬁr

Therefore the center of mass is

(7, 5) = My, M.\ _| (836 80
Y=\ ) T\ ) |

49. From Problem 45, the mass of the lamina is

i 4 1,1t 111
M= / x)dr = / 23z —1)dx = / (32% —z)dx = [xg - —:102] =—.
1 1 2 1 2

The moments about the two axes are

4 4 . ,
My:/1 P(I)xf(x)dxzfl x2(3x—1)dx:/l (3$3—x2)dx: [%I4—%x3] :@

1 ! Lt
Mm:§/1 p(x)f(a:)de:/l x(3:17—1)2d:17:§/1 (9x3—6x2+x) dx

179 , 4 1,]*% 1821
= — | — —2 — :—'
2{4:” S P

Therefore the center of mass is
gy (Mo MY [ (227 g7
D=\ ) T\ \7a o 1a8) |
51. From Problem 45, the mass of the lamina is

. . 1, 1,]" 57
M = / dx—/ (x—l—l)xdx:/ (22 +2)de = |z + —2?| ==
) ) 37 T3 2
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The moments about the two axes are

My:/14p(:v)xf(x)dx:/14(:v+1).x.xd:v:/l4(x3+x2) dx = [Z:E +%x
1

M ——/4 <x>f<x>2d:c—1/4<w+1> x2dx—1/4<x3+x2>dx—l Loay L] 339
1_2 1 p _2 ) —2 . —2 4 3 = 3 .

Therefore the center of mass is
o) — (My M _| (113 113
Y=\ ) T I\380 76 ) |

Chapter 6 Review Exercises

1. The region is shown below:

N

(0, 4) y= 4 (In(4), 4)

©, 1)

I I I I I I I
0.2 0.4 0.6 0.8 1. 1.2 1.4

Partitioning along the z-axis, we have e < 4, so the area is

In4
4— e dr = [4a — et =41In4 — 3|
( 0

0

3. The region is shown below:

0.5+
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Since we are given z in terms of y, it is more convenient to partition along the y-axis.
There, we have 2y? < 2, so the area is

! 2 10 8
2-2y%) de =2y — —¢y°| =|3|
/71( y)x [y 3y]—1 3

5. The region is shown below:

(-4, -12) -12+

Partitioning along the z-axis, we have 4 — 22 > 3z, so the area is

1 1
1 12
/ (4— 2% —3a)do = |4z — 2o~ 322 |15
—4 3 2 4 6

7. The region is shown below:

y
(2,0) (3,0)

—0.1
=02

—03r y=x2-5x+6

-04f

-0.5%-

We use the shell method along the x-axis. Each height is —22 + 52 — 6, and each radius is
x, so the volume is

3 3 3
1
V:27r/ x(—x2+5x—6) da::2ﬂ'/ (—x3—|—5x2—6x) de =27 —Zx4+§x3—3x2
2 2 2

5
=|=7|

6
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9. The region is shown below:

y
1.} a1n

051 I

(1,0

L
0.5

We use the disk method along the z-axis. Each radius is %, so the volume is

2 2 2 2
1 1 1 1
V=7r/ (—) dx:w/ —de:w[——] =|=m|
1 T 1T x|, 2

11. The region is shown below:

©.0) ‘ y=0 ‘ “.0)

1 2 3

We use the disk method along the z-axis. Each radius is 4z — 22, so the volume is

4 4 4

16 1 512

V:w/ (43:—:1:2)2 da::w/ (163:2—8173—1-174) de =7 | =2 — 22 + =2°| =|=r|.
0 0 3 5 0 15

13. The region is shown below:

(0, 0)
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15.

17.

19.

It is easiest to use the shell method along the z-axis. Each height is %3, and each radius is
x, so the volume is

2 3 2 2
1 32
V:27T/£C'x—d$:7T/ rde=m|22®| =|Zx)
0 2 0 5 0 5

The region is shown below:

To revolve about z = 4, we could use either shells along the z-axis or washers in the y
direction. We choose to use shells. Solving y? = 2% for y gives y = x%/? (we choose the

positive square root since this is a first quadrant region). Then each height is 8 — z%/2 and
each radius is 4 — x. Therefore the volume is

4 4
V:27T/ (4—x)(8—x3/2) dx:27r/ (32—8x—4:173/2+x5/2) dx
0 0

4

8 2 3456

=27 [32:10 — 4z% — g955/2 + ?x7/2]0 =| 5=}
We have y' = 2 — -1 50 that

2 2 2 2 2 2

"2 x 1 x 1 1 x 1 1 x 1
1= —— — 1= -4+ 41==2_94= _ (™ '

(v')" + (2 2:1:2)* T stiatl=Ttyta —+ 5

Then the arc length is

6 6 /g 1 2 171°% [209
= 72 — i I - | _ — | =2
L /2\/(,1/) T ldy /2(2+2I2> da [6 2{5} )

The center of mass is

iy M _ 1-(—1)—1—3-2—}—8-14—1—1-0:@
S mg 1+3+8+1 '
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21. The region is shown below:

x—y+1=0
3x+y-13=0

The lines ¢ —y +1 =0 and 3z + y — 13 = 0 intersect when
y=x+1=13—3x, so that 4o =12, or = 3, which is the point (3,4).
The lines v —y+1 =0 and x + 3y — 7 = 0 intersect when
x=y—1=7-3y, sothat 4y =8, or y = 2, which is the point (1, 2).
The lines 3z +y — 13 =0 and = + 3y — 7 = 0 intersect when

7 1 8 32
y=13—-3x = 3~ gac, so that gx =3 or = 4, which is the point (4,1).

We partition along the z-axis, so we end up with two integrals, one from z =1 to x = 3

and one from z = 3 to x = 4. The first has lower bound y = % — %x and upper bound

y = = + 1; the second has the same lower bound but has upper bound y = 13 — 3z. So the

area is
A= 13 ((:v—i—l)— (g—%x>> d:v—i—/: ((13—3;5)—(;—%;5)) do
:/13 (%x—g) d;c+/:(—§x+§) da

2., 4 3+ 4o B2 *
- — -z —=T —x
3 . 3 3

3

23. The region is shown below:
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25.

27.

29.

Using the shell method along the y-axis, we solve for z, giving v = /9 — %yz. Then the

volume is ) )
[ 9
V:27T/ Y Q—Zyzdy:ﬂ'/ y+/36 — 9y? dy.
0 0

Now use the substitution u = 36 — 932, so that du = —18ydy. Then y = 0 corresponds to
u = 36, and y = 2 to u = 0, and the integral becomes

2 0 0
1 2
V:”/o yV36 = Sytdy = (_E)/a “l/gd“—‘f—s[ﬁuw] =[5}
36

6

The base is shown below:

v

4x+5y=20

©, 0

1 2

Solving 4z + by = 20 for y gives y = 4 — %x, so for a given value of x, the area of the
semicircular cross section is

2 4
44
171' é :lﬂ' 57 :171' lﬁ—gzzr 16
2 2 2 2 8 5

—z% ).
25 >
Therefore the volume of the solid is

10

5 5
1 32 16 1 16 16
V=1 -n(16-"2+—2%)de==n|160— —2®+—2®| =|=n|
/087r( 5:10—}—25:10) T 87T|: T 590 —|—75:v . 37r

+

The anchor must be lifted 150 ft; since it weighs 800 1b, the work involved in lifting the
anchor itself is 800 - 150 = 120000 ft-lbs. The remainder of the work expended is for the
chain itself. The weight density of the chain is 20 1b/ft, and the portion of the chain z ft
below the boat must be lifted x ft. Therefore the total work expended in lifting the chain
is

150
0

So the work required to lift the anchor and chain is 120000 + 225000 = | 345000 ft-1bs |.

To determine the radius of the cross section x m below the top of the bowl, consider the
following diagram, which shows a vertical cross section through the center of the bowl:

150
/ 20z dz = [102°] " = 225000 ft-1bs.
0

I
Q!
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At a height x m below the top, the radius of the cross section is v/36 — x2, so that the area
of the cross section at that height is (36 — #2)7r. That cross section must be lifted 2 m, so
the work performed is

6 6 6
1
9.8/ 10002(36—2%)7 dx = 98007r/ (36h—x3) dz = 98007 [18:52 - Z:v4] = \ 2.5088 x 1057 J |
2 2 2

31. Let the equilibrium length of the spring be s, and the spring constant be k. Then

1.4—s 1 1.8—s
/ (—kzx)dx = = / (—kx)dx
1-s 2 1.2—s
1.4—s 1.8—s
1 1 1
] =23
2 1-s 2 2 1.2—s
g1l4—s 1 [ 971.8-s
[I ]l—s = 5 [.I }1.2—5

2((14 -5 —(1-5)?)=(1.8—5)* - (1.2—s)?
—1.6s4+1.92=-125s+1.8
0.4s = 0.12
s =0.3.

The equilibrium length of the spring is .

33. Since the tank’s radius is 5 m, it is half-full. Position the y-axis at the center of one end
of the tank, with the positive y-axis pointing down. Then at a given y-coordinate (depth),

the width of the cross section of that end is 21/5%2 — 42, and the cross section lies y m
below the surface. So the total force is

> 1 2
/ pgy - 2v/52 — 42 dy = 2pg {_5(52 . y2)3/2] _ _gpg ((52 _ 52)3/2 _ (52 -~ 02)3/2)
0 0
2 2
= —gpg - (—125) = 3 737-9.8-125|~ 601883 N |.

5

35. The region is shown below:

The mass of the region is

9 9 9
M:p/ \/de:p[—ﬁ/ﬂ = 18p,
0 3 0
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and the moments about the axes are
9 9
2 486
Muzp/ x\/Ed:C:p/ x3/2d:v—p[ 5/2} =)
) 0 0 5 0 5

10 2 10 11,17 81
Mmzp-§/ (V) dxzip/ :vdac:§p [512]
0 0

Therefore the centroid is
M, Mg\ |[27 9
M’> M) |\5°8)

4P

0

6 3,6)

2x+y—-12=0

Since we are dealing with areas, we may assume that the region is a homogeneous lamina,
and we must compute its centroid. The diagonal line has equation y = 12 — 2z, so we have

6
A= /(12—21:)d [122 — 2%]; =36 - 27 =9

1 1 ) 6 1
:_/ (12 - 22)d 9/(123:—23:)61 5{6I2—§x3}3—§(72—36)_4
1 4 6
QZZA/ dx——/ (144 — 482 + 42?) dx :1_8[144:6_2412—"5953 3
= 288 — 252 2.
18( )=

Then the centroid is at (4,2). We are revolving about the y-axis, so the distance from the
centroid to the line of revolution is 4. The area of the region is 9. So by Pappus’ Theorem,
the volume of the solid of revolution is

V =2rAd=2r-9-4=721]

39. If f(x) = 4v22 = 4(22)""%, then f'(z) = 4- §(22)""/* -2 = —L-. Therefore the surface

8

area is

4 2 4 4
4 1
S:27T/ 4/ 2x 1—|—<—) :2#/ 4/ 2x 1+—6dx:2ﬂ'/ 4/ 2x 1—|—§d:17
1 V2 1 2x 1 T

4 TR 4
:27r/ 4V 2z f/—_’—sd:vz&r\/i/ Vo +8dx
1 T 1
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Let u=x+ 8, s0o du=dz, u(l) = (1) +8 =09, and u(4) = (4) + 8 = 12. Then
12 9
S = 871'\/5/ ut/? du = 872 {gus/z]
9
16v2
3

12
_ 1672 3/2 _ 3/2
= — (12 9

9 3

m(12%2 -27) or 16v2(8v3—9)r

AP® Review Problems
4 2
™ 2x
V== — ) d
Lv=3 [ (%) «
4
E/ 2% dx
2/
Y
S 2\3 )/,

CHOICE A

3. By the Shell Method

2 2
V= 27r/ x(4e™* ) dx
0

= [e(F) e,
e

= —471'(6_4 — eo)

= 47r(1 — 6_4)




Chapter 6 Review Exercises 657

By the disk method

y=4e "
Y_ e
4
o(2) )
In (%) = —2%(Ine)

4 4/e*
V:w/ :v2dy+47r/ dy
4/et 0

4 4 4/e*
:7r/ ln(—)dy+47r/ dy
4/et Y 0

4 4/e*
:w/ (ln4—lny)dy—|—47r/ dy
4 0

/et

4 4 4/e*
:7T1n4/ dy—w/ lnydy—l—47r/ dy
4/et 4/et 0

4 4/64
=[(m 1114)(9)]3/64 - w[[y lny]j/e4 —A dy| + 471'/ dy
0

Jet

[By integration by parts on [ 44/64 Iny dy]

4 4[4 y
= 7r1n4<4 - e_4> — 7T<41n4 - 6—4111 (e—4)> +7T[y]j/e4 +47T[y]3/

47 1n4 4 4 47 167
:47T1n4— 64 —47T1n4+e—41n<e—4>+47r—6—4+?
Arln4 4 12
—drind — ——= —dxind + — (Ind —Ine*) +dm + —
(& (& (&
Arlnd Arlnd 16 12
—drind — /= —dxind+ = - T pdn4 =1
(&4 (&4 (& (&
A
:47T—e—4
= 47r(1—ei4)

CHOICE D
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5. Determine the point of intersection in the 1st quadrant of

y=sinz and y=cosx:
y =sinx = cosx
tanz =1
70

4
/4 /4
V=7r/ (cosx—0)2d;v—7r/ (sinz — 0)* da
0 0

/4
7r/ (cos® z — sin® z) da
0

/4
1 —sin?z —sin? z) dz
(

Il
3
hc\h

™

/4
(1 — 92sin? :1:) dx

/4
= cos (2z) dx
B [Wsin 2$:|7T/4

2 0

m 1
13
CHOICE B
7. (a) For the limits of the Area Integral, determine the points of intersection of f(z) = /z
and g(z) = 5.
x
fla) = gla) = Vi= 2
72
Xr = Z
4o = 22
22 —4r =0
x(x—4)=0
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~~
o
N’
<
Il
3
S—
S
—~
B
S—
o
Q
8
|
3
C\ka
A~
N8
~—
)
Q
8

95/2 23
g
5 61,
5/2 3
_ 2(4) _ 4_ _0
5 6
64 32 192 — 160 64
=21l —— | =271 ——— | =| —7
5 3 15 5

By the Disk Method:

For f(z) =y =V, x =y
For g(z) =y =3, 2 =2y

V—WAﬂ%f@—#L%ff@
:WAQ@%@—WAQ¢My
2 2
-5, 5,

_(32m o) _ (32 _ ;) _ 160m —96m _|[6dn
T\ 3 B 15 | 15
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27
9. (a) W= pg(lOOw)/O (36 — x) dz

2727
= (1000)(9.8)(1007) [36”” - %} o
272

= 980,0007 [36(27) - 7]

= 980,0007(607.5)
= 595,350,0007

~ 1,870,347,186 ~| 1.870 x 10° J

27
(b) W= pg(lOOw)/o (40 — z) dz

227
= (1,000)(9.8)(1007) [‘M - %] 0
272

= 980,0007 {40(27) - 7]

= 980,0007(715.5)

= 701,190,0007 ~ 2,202,853,353 ~| 2.203 x 10° J



